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OLYMPIC TOAN NGA 2017

§1. VONG 1

@ LOP 6

1. Seryozha danh dau 6 ngay lién tiép ctia thang Tu trén lich va ghi ra cac ngay d6. Cau thu dugc
6 s6 nguyen lién tiép tang dan. Masha nhan 4 s6 dau tién v6i nhau, Tanya nhan 4 s6 cudi véi
nhau, con Seryozha nhan tat ca cic s6 lai ngoai trit s6 16n nhat va nhé nhat. Chit s6 tan cung
clia cac tich mad Masha va Tanya tinh ra la giong nhau, nhung chit s6 tan cling trong tich ctia
Seryozha lai 1& mot s6 khac. Hoi chit s6 tan cling trong tich ctia Seryozha 1a chit s6 nao? Hay
tim tat ca cac dap an co thé va ching minh ring khong con dap an nao khac.

(A. Golovanov)

1 0 —1 —2 —3 —4
anpessi| |anpena| |anpena| |aopens amnpens | | anpend
cybbora fredag jueves mercredi wtorek monday

2. Trén duong vanh dai Uryupinsk c¢6 5 ngoi lang. Tt méi lang, c6 thé di xe buyt méat 2 gio dé
dén 2 ngoi lang nao do, va di xe dap mat 4 gio dé dén 2 ngoi lang con lai (qua trinh di chuyén
di thang khong dimg va trén doan duong di qua khong qua mot ngoi lang trung gian). Van téc
xe buyt luon khong doi, van téc xe dap ciing khong doi va nhé hon van téc xe buyt. Hoi di xe
buyt hét mot vong dudng vanh dai mat bao lau?
(A. Golovanov)

3. Trén mot bang 6 vuong 4 x 9 ¢6 9 6 t6 mau do, 11 6 mau xanh duong va 16 6 mau trang. Khi
nhap chuot vao mot hang hodc mot cot, quy tic ddi mau sé nhu sau: néu trong dudng ludi do,
s6 Iugng 6 clia mot mau nao dé nhiéu hon sé hugng 6 clia mo6i mau trong hai mau con lai, thi
toan bo dudng luéi dé sé duge doi sang mau do; néu khong c6 mau nao chiém sé lugng vugt
troi nhu vay thi khong cé gi thay doi. Ngusi ta nhan thay, néu nhap chuot lan luot vao tat ca
cac hang roi dén tat ca cac cot, thi moi 6 déu bién thanh mau d6. Con néu thay vao dé nhap
tat ca cac cot trude, roi méi dén tat ca cac hang, thi moi 6 déu bién thanh mau xanh duong.
Hay chi ra mot vi du vé bang théa man diéu kién do.

(O. Ivanova)

4. Trong mot khu dan cu c¢6 5 toa nha, s6 cut dan séng 6 do lan luct 14 5,15, 25, 35, 45 nguoi. Biét
rang moi ngudi déu cé it nhat hai ngusi trimg tén véi minh trong tong s6 dan ciia khu. Chiing
minh rang c6 ai d6 c¢6 ngudi tring tén song trong cling toa nha véi minh.

(O. Ivanova)
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LOP 7

5. Hinh bén phai 1a mot bang duge dién theo quy luat "con ran": hang thit nhat dién cac s6 ting
dan tir trai sang phai, bat dau tir 1; hang thi hai tiép tuc day s6 nhung viét tit phai sang trai;
hang thit ba lai viét tir trai sang phai; va cit thé tiép dién.

1123
6 | 5| 4
71819
12 | 11 | 10

Andrey c6 mot bang 16n hon, ciing duge dién theo kiéu con ran, bat dau tit s6 1. Trong bang

clia Andrey xuat hién mot hinh vuong 2 x 2 chita céc so:

13 ] 12
32 | 33

Hoéi bang ctia Andrey cé tat ca bao nhiéu cot? Hay dua ra tat cd cac phuong an c6 thé va
chiing minh khong con phuong an nao khac.
(A. Solynin)

6. Trén bang c6 viét 10 s6 tu nhién. Tat ca cic chit s6 tan cung ctia ching déu phan biet. Ngoai
ra, tat cd cac chit s6 4p chét (hang chuc) ctia ching ciing phan biét. Chitng minh ring tong
ctia 10 s6 d6 khong thé 1a mot s6 chinh phuong.

(A. Golovanov)

7. Trong dai duong c6 ba hon ddo A, B, C, véi khoang céch tit A dén B va tit B dén C' déu bing
50 km, con tit A dén C'1a 70 km. Cling lic, mot du thuyén xuat phat tit A dén C, va mot ca-no
xuat phat tit C' dén B, ca hai déu c6 van téc 10km/h. Sau 2 gio, du thuyén mac can va phat
tin hieu cap citu. Ca-no lap titc doi hudng, tang van toc gap doi va lao dén du thuyen. T déo
B, mot xuong cttu ho cling xuat phat dén du thuyén véi van toéc 20 km/h. Chitng minh réng
xuong cttu ho va ca-no sé dén chd du thuyén cing mot lic.

(A. Kuznetsov)
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8. Doc theo mot con duong & xi sd Ngoc Nghéch c6 moc 10 bui cay, trén mdi bui c6 9 dong
xu. Nguoi qua dudng phai hai 2, 3 hosic 4 dong tit mdi bui, nhung khong ai dugce hai s6 xu
bang nhau & hai bui ké nhau, néu khong linh canh sé& bat giit ngudi vi pham. Alice, sau dé 1a
Buratino va cudi cuing l1a Basilio lan lugt di doc con dudng va héi hét toan bo s6 xu. Alice hai
duge khong dué6i 35 dong. Chitng minh rang mot trong hai ngudi con lai hai duge it hon 26
dong xu.

(K. Sukhov)

@ LOP 8

9. Gia tri ctia mot vien kim cuong tinh theo rap bang binh phuong khéi lugng ctia né tinh theo
gam nhan vdi 100; con gia tri clia mot vién pha lé nui tinh theo rap bang 3 1an khéi lugng clia
né tinh theo gam. Hai anh em dudc thita ké mot sé vien da cé tong gia tri 3000000 rip. Ho
cua doi moi vien da va mdi ngudi lay mot nita ciia ting vien. Két qua 13 mdi nguoi nhan duge
s6 da tri gia 1000000 rip. Hoi ban dau s6 kim cuong trong khéi thita ké tri gia bao nhiéu?
(A. Solshin)

Hena
99,999m? pyo.

10. Xem bai 4.

11. Trong mot dé thi olympic c6 7 bai toan, mdi bai duge danh gia téi da 8 diém. Két qua cham
thi cho thay moi thi sinh déu dat s6 diém khac nhau. Ban t6 chiic da am tham stta céc diem
0 thanh 6, 1 thanh 7, 2 thanh 8. Két qua clia sy gian lan nay 1a tht tu xép hang ciia cac thi
sinh bi ddo nguoc hoan toan. Héi sé luong thi sinh 16n nhéat ¢6 thé 1a bao nhieu? Hay dua ra
mot vi du va chitng minh ring khong thé c6 nhiéu thi sinh hon.
(V. Frank)
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12. Cho tam gidc ABC c6 dudng trung tuyén AD. Diéem E nim trén doan AC sao cho ADB =
CDE. Chiing minh rang chu vi tam gidc ADC' 16n hon chu vi tit gidc ABDE.
(A. Kuznetsov)

A

B  p  C

13. Hai s6 tu nhien hon kém nhau 10. Dang biéu dién thap phan ctia tich hai s6 nay chi gom toan
chit s6 9. Hay tim hai s6 d6.
(A. Kuznetsov)

@ LOP 9

14. Tam thiic bac hai 2* 4+ pzx + ¢ ¢6 hai nghiém nguyéen phan biet khac khong 1a a va b. Biét ring
a + p chia hét cho ¢ — 2b. Héi s6 a c6 thé nhan nhing gid tri nao? (Dua ra tat ca cac dap an
va chitng minh rang khong con déap an nao khac.)

(A. Khrabrov, S. Berlov)

15. Nguoi ta dem cua 100 hinh chit nhat bing gd dan kich thude 5 x 6 (ké s&n 6 vuong) doc theo
cac duong lu6i thanh nhiéu manh, va tit tit c cAc manh nay, ho ghép thanh mot s6 hinh vuong
2 x 2 va mot s6 hinh dang 0. Héi s6 manh it nhat c6 thé cit ra la bao nhieu dé lam dudgc viec
nay, néu cic manh duge phép quay va lat mat?
(A. Khrabrov)

16. Trén cac canh bén AB va CD ctia hinh thang ABC D, lan lugt 1ay cac diém X va Z. Céac doan
thang CX va BZ cit nhau tai diém Y. Biét ring ngi gidc AXY ZD noi tiép. Chiing minh
rang AY = DY
(A. Kuznetsov)
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17. Truée gio md cilta phong quan 1y nha 6, da c6 100 nguoi xép hang cho sdn & quay; trong ngay

hom d6 tiép tuc c6 dong ngudi dén thém. Moi khi ¢6 mot khach hang tién lén quay lam viec,
nhan vién sé chia déu lugng thoi gian con lai cho dén cudi ngay cho téng s6 ngudi dang c6 mit
trong hang (bao gom ca ngudi vira bude lén quay), va tién hanh phuc vu nguoi dé ding béng
thoi gian tinh duge. Tong cong da c6 130 ngusi dude phuc vu trong ngay. Chiing minh ring
ton tai 5 khach hang duge nhan ctiing mot luong thai gian phuc vu bang nhau.

(Gia thiét rang khong c6 git nghi trua va khong ¢ ai nhap hang ding vao thsi diém khach ké
tiép budc len quay.)

(N. Vlasova)

18. Trén man hinh ctia mot chiéc may tinh cam tay chi c6 mot nit bam dang hién thi mot sé tu
A . . . 1 ) . s
nhién n. Moi lan bam nat, may tinh thay so n bang so [(1 + \/§)n + 5] . Dima bam ntat nhiéu

1an, c4c s6 lan lugt xuat hién trén man hinh. Chitng minh rang méi s6 tiép theo trén man hinh
lic nao cling bang gap doi tong ctia hai s6 lién trude né.
(A. Khrabrov)

@ LOP 10

19. Xem bai 14.
20. Lieu do thi ctia cac ham sb

y=ar+0b, y=axr+c, y=br+c,
y=br+a, y=cr+a, y=cr+b>b

c6 thé chia cac canh va dudong chéo clia mot ti giac ndo do hay khong?

(A. Solshin)

21. Nguoi ta dem cua 100 hinh chit nhat bang gb dan kich thudc 6 x 7 doc theo cac duong ludi
thanh nhiéu manh, va tit tat cid cdc manh nay, ho ghép thanh mot s6 hinh dang (I v mot s

hinh dang 0. Hoéi s6 manh it nhat c6 thé cit ra la bao nhiéu dé lam duge viéc nay, néu céc
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manh dugc phép quay va lat mit (mot hinh c6 thé duge ghép tit s6 lugng manh tity ¥, ké ca 1
méanh)?
(A. Khrabrov)

22. Tam giac ABC noi tiép mot duong tron w. Biét A = 43°. Céc duong phan gidc ngoai cua B
va C c¢it nhau tai D. Tt D ké tiép tuyén DE dén duong tron w. Tinh BEC.
(A. Kuznetsov)

A C

23. Day s6 tu nhién (a,) duge xac dinh bdi s6 hang dau a; > 2000 va quy tac:
(07
2 )
3a, +1, néu a, lé.

néu a, chan,
Upt+1 =

Chitng minh rang trong diy nay sé xuat hién mot sé chia hét cho 4.
(N. Filonov)

@ LOP 11

24. C6 thé dién cac so tit 1 dén 63 vao bang 7 x 9 sao cho trong moi hinh vuong con 2 x 2, tong
bon s6 luon 1a s6 1é hay khong?
(A. Khrabrov)

25. Xem bai 17.

26. C6 ton tai cac s6 tu nhién a,b, ¢ sao cho a va b c¢6 ding 1000 u6c chung, a va ¢ c¢6 ding 720
uéc chung, con a, b, ¢ ¢6 dang 350 w6c chung hay khong?
(A. Solnich, F. Petrov)

27. D6 thi clia da thitc bac ba y = 2° + az? 4 bx + ¢ ¢t mot duong thang song song vdi truc hoanh
thanh hai doan thing c6 do dai bang 1, dong thsi cdt mot dudng théng song song véi dudng
thing y = x thanh hai doan thing, trong d6 mot doan c6 do dai bing V2. Hoi do dai doan
thing con lai c6 thé bang bao nhiéu?

(A. Golovanov, F. Petrov)
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28. Diéen tich toan phan cta tit dien ABCD bang S. Biét AB =6, BC =9, CD =7, DA = 2.
Chitng minh rang S > AC - BD.
(A. Kuznetsov)
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@ LOP 6

29. Trén bang viét 10 s6 tir nhién. Biét rang tich ctia bat ky 4 s6 nao trong dé ciing déu chia hét
cho 30. Chitng minh ring c6 it nhat mot sé trén bang tu né chia hét cho 30.
(A. Golovanov)

30. Ta goi phép doi cho ké nhau ctia mot sb6 tu nhién 1a thao tac doi vi trf hai chit s6 lién ké bét
ky clia né. Hay tim tat ca cac s6 c6 19 chit s6 sao cho sau moi phép doi chd nhu vay (ngoai trit
nhiéu nhat mot phép), s6 do déu tang gia tri.

(S. Berlov)

31. Cau bé Vasya séng trong mot toa nha N tang c6 thang may (c6 cdc niat bam cho moi tang tir
1 dén N). Sau khi Vasya nghich, thang may bat dau hoat dong bat thuong. Cu thé, néu dang
§ tang a va bam nat tang b, thang may chi chay dén d6 néu théoa man maot trong hai diéu kién:
a+ b chia hét cho 2017, hodc a — b chia hét cho 2018. Vasya chéng ché rang véi thang may nay
van c6 thé di tit bat ky tang nao dén bét ky tang nao khac. Héi gia tri nhé nhéat ctia N dé 1oi
Vasya c6 thé ding 13 bao nhieu?
(A. Solynin)

32. Trén mot tam bang rat 16n ¢6 viét s6 ty nhien 100...000 (gom 2017 chit s6 0). Vasya va Petya
luan phién nhau di, Petya di truéc. O méi luct, ngudi choi cé thé x6a s6 dang co trén bang va
thay bing mot s6 nhé hon nhung khong duge 1a ude ctia s6 cii. Ai khong thé thuyc hien duge
nuée di sé thua cudc. Hoi ai 1a ngudi ¢o chién luge chién thing, bat ké doi thi di thé nao?
(A. Chukhnov)

33. TAt c& cdc 0 clia bang 8 x 9 ban dau dédu dude t6 mau xam. O hai goc déi dien ctia bang c6
dat hai quan cd "Thg son TDX" (Tréng-Dé-Xam) va "The son TXD" (Trang-Xam-D6). O méi
lugt di, quan Tho son TDX di chuyén sang mot 6 tréng ké canh va déi mau 6 dé theo quy
trinh: tir trang thanh dé, tit d6 thanh xam, tit xdm thanh tring. Quan Thg son TXD ciing
di chuyén sang 6 trong ké canh nhung déi mau theo quy trinh: tit tring thanh xam, tit xam
thanh do, tit dé thanh trang. Hai tho son di luan phién, Thg son TDX di truée. Chiing minh
rang Thg son TXD, bat ké nuéc di ctia déi phuong thé nao, déu cé thé hanh dong sao cho sé
6 mau xam trén bang luon khong it hon 40 6.

(E. Kulikova)

34. Trong mot trudng hoc, ti 16 hoc sinh nam chiém mot s6 nguyén phan tram trén tong s6 hoc
sinh. Sau ky nghi Nam M6i, truong c6 them 1 hoc sinh nam va 2 hoc sinh nit chuyén dén, va
ti 1é hoc sinh nam van 14 mot sé nguyén phan tram. Ching minh rang truée Nam Méi, tong
s6 hoc sinh ctia truong it hon 200 em.

(A. Solynin)
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35. C6 thé cat duge nhidu nhat bao nhiéu chit ci F khong giao nhau (nhu hinh vé) tit mot hinh
vuong kich thude 300 x 3007 Céc hinh chit F ¢6 thé duge quay va lat mat.
(A. Solynin)

36. Trén cac canh AB va AC clia tam giac ABC, lan lugt lay céc diem D va E sao cho AD = AE.
Chitng minh ring tit ba doan thang BE, CD va BC c¢6 thé ghép dugc thanh mot tam giac.
(A. Kuznetsov)
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1

A E C

37. Trén bang viét cac s6 tit 1 dén 1000000. Andrey x6a tat ca cic s6 nguyéen to. Sau d6 Nadya

x6a moi s6 chia hét cho it nhat mot sé trong day:
2.3.4.....100, 1000,1001,1002, ... ,10000.

Chitng minh rang tich ctia cdc s6 con lai trén bang l1a mot liy thita (v6i s6 mi 16n hon 1) clia
mot s6 tu nhién nao do.

(S. Berlov, A. Solshin)

38. Trong mot cau lac bo c6 49 hoc sinh. Biét rang néu c6 ba hoc sinh doi mot khong quen biét
nhau thi luén c¢6 hai ngusi trong s6 ho c6 mot ngudi quen chung trong cau lac bo. Chiing minh
rang c6 it nhat mot hoc sinh quen khong dudi 6 ngudsi trong cau lac bo.

(S. Berlov)

39. Cho tit gidc 161 ABCD. Biét A = 45°, ADC' = ACD = 75°, va AB = CD = 1. Tinh do dai
doan BC.
(A. Solyunin)

3

v R D

40. Mot s6 tu nhien duge goi 1a s6 Palindrome néu doc tit trai sang phai hay tit phai sang trai déu
nhu nhau. Cho s6 nguyén t6 p < 2017. Chiing minh rang ton tai mot sé Palindrome c6 khong
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qué 449 chit s6 va chia hét cho p.
(A. Solyunin)

41. Trong mdi 6 clia hinh chit nhat m x n, ngusi ta ké hai duong chéo, két qua 1a hinh chi nhat
bi chia thanh 4mn tam gidc nhé. Tat ci cac tam giac nay dude t6 mau den hodc trang sao cho
mdi tam gidc trang luon cé chung it nhat mot canh véi mot tam giac den. Hoéi s6 lugng tam
giac den it nhat c6 thé 1a bao nhieu?

(N. Vlasova, S. Berlov)

@ LOP 8

42. Xem bai 35.
43. Xem bai 37.

44. Seryozha viét lien tiép cdc s6 phan biét thanh mot hang ngang. Dbi v6i mdi s6 méi duge viét
ra, trong s6 nhitng sd da viét trude do, so6 lugng cac s6 16n hon né va s6 lugng cac sdé nhoé hon
no6 chénh lech nhau khong qua 1. Biét rang s6 thit 84 nho hon s6 thit 219. Ho6i s6 nao 16n hon:
s6 thit 83 hay s6 thi 20177
(A. Golovanov)

45. Trén canh CD ctia hinh binh hanh ABCD, lay hai diém E; va E, sao cho:
AB = BE, = BE;.

Trén tia AF; lay diém F} sao cho BE; | CF}, va trén tia A, lay diem F, sao cho BE, || CF.
Chitng minh rang DF, = DF,.
(A. Kuznetsov)

A . B
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46. Mot doanh nghiep c¢6 nhiéu nhan vien, mitc luong clia moéi ngudi 1a mot s6 nguyén tugrik (cac
nhan vién khac nhau c6 thé c6 mic luong khac nhau). Doi thu ngan mang dén doanh nghiép
n dong meénh gia 1 tugrik, n dong ménh gia 2 tugrik, ..., n dong ménh gia 2017 tugrik. Tong s6
tién mang dén ding bing tong quy luong phai tra cho toan bo nhan vien. Héi s6 lugng nhan
vien 16n nhat c¢6 thé 1a bao nhiéu dé chic chin doanh nghiép luon c6 thé phat ding sb tién
luong cho tung ngusi?
(V. Frank)

47. Cac dudng trung tuyén clia tam gidc ABC cit nhau tai diém M. Trén dudng thing di qua
A va song song véi BC, lay diém D sao cho CMD = 90°. Dién tich tit giac AMCD bang S.
Chitng minh rang AB - CD > 2S.

(A. Kuznetsov)

D A

M
C B

48. Petya va Vasya choi mot tro choi trén dai 6 vuong kich thude 1 x 99, trong d6 6 dau tién va o6

cudi cting dudge danh dau cham. Hai nguoi di luan phién, Petya di truéc. Mdi nude di, nguoi
chdi c6 thé t6 mau hai 6 chua t6 ké canh nhau. Ngoai ra, trong toan bo van chai (chi ap dung
mot lan duy nhét cho cd hai ngudi), mot ngudi c6 thé to6 mau mot 6 c6 dau cham chua duge
t6. Ai khong the thuc hien dude nuée di sé thua cude. Hdi cau bé nao sé 1a ngudi gianh chién
thang néu ca hai déu choi t6i wu?

(S. Berlov)

@ LGP 9

49. May tinh ctia Sasha c6 thé thuc hién hai thao tac. Néu nap vio may mot thé ghi sé a, may sé
tra lai thé d6 va in them mot thé ghi s6 @ + 1. Néu lan lugt nap vao may hai thé ghi s6 a va b,
may sé tra lai ca hai thé va in ra céc thé ghi moi nghiém thuc clia tam thitc bac hai 2* +ax +b
(c6 thé in ra hai thé, mot thé hodc khong in thé nao). Ban dau Sasha chi c6 mot thé ghi s6 s.

C6 ding 1a v6i moi s > 0, dén mot lic ndo dé Sasha luon c6 thé nhan duge thé mang s6 /s
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hay khong?
(A. Khrabrov)

50. Trong tam giac ABC, trén canh AB ton tai mot diém X sao cho 2BX = BA + BC. Diém
Y déi xiing v6i tam I ctia duong tron noi tiép tam giac ABC qua diém X. Ching minh ring
YIg L AB, trong d6 Ip la tam dudng tron bang tiép goc B (tiép xtc véi canh AC) clia tam
sidgc ABC.

(F. Bakharev)

QIB

/X B

Y

51. Petya, Vasya va Tolya choi tro choi sau trén ban ¢ 100 x 100. Ho lan lugt (Petya di trudc, roi
dén Vasya, r6i dén Tolya, roi lai quay vong vé Petya, v.v.) t0 mau cdc 6 ndm & bién clia ban
cd (tic 1a céc 6 ¢6 chung canh véi bién ngoai). Cam khong duge t6 vao 6 ké canh véi mot 6 da
dugce to trude dé. Ngoai ra, cling khong duge phép to vao 6 ddi xiing qua tam ban cd véi mot
o da dugc t6. Ai khong thé di tiép sé thua cuoc. Liu Vasya va Tolya c6 thé théa thuan phdi
hgp véi nhau dé ép Petya thua hay khong?

(S. Berlov)

52. Trong cac 6 clia bang 3 x n c6 dién cac so6 tu nhién. O méi hang, cac s6 1,2,...,n déu xuat
hién ding mot lan. Déi véi mdi cot, tong ciia cac tich doi mot ctia ba s6 ndm trong cot dé chia
hét cho n. Hoi diéu nay cé thé xay ra véi nhitng gia tri ndo ciia n?
(N. Filonov)

53. Trong tam gidc khong can ABC, géc B bang 130°. Goi H la chan duong cao ké tu dinh B.
Trén cac canh AB va BC ton tai cac diem D va E sao cho DH = EH v tit giac ADEC noi
tiép. Tim s6 do DHE.

(D. Shiryaev, S. Berlov)
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54. Céac 86 a,b va ¢ nam trong nita khoang [0,1) va théa man he thitc a® +b* + ¢* = 1. Hoi gia tri
nhé nhét cé thé ctia biéu thiic

a L b . c
Vi—a? V1= 1-¢2

l1a bao nhiéu?
(A. Khrabrov)

55. Ta goi gdc phan tu ké 6 la phan tu mit phing nam phia trén truc hoanh va bén phai truc
tung, dugc chia thanh cac 6 vuong cé canh bang 1. Trong goc phan tu ké 6 nay c6 n? 6 duge
t6 mau. Chitng minh réing trong goc phan tu nay luon ton tai khong it hon n? 4+ n 6 (bao gom
cd nhing 6 da t6 mau) c6 chung canh véi it nhat mot 6 duge to mau.

(S. Berlov, D. Shiryaev)

@ LOP 10

56. D6i v6i mot tam thitc bac hai, ta duge phép thay thé bat ky hé s6 ndo trong ba hé s6 ciia n6
bang chinh bigt thitc (Delta) clia tam thitc d6. Liéu c6 ding la tit moi tam thitc bac hai vo
nghiém, sau mot s6 lan thie hién thao tac nhu vay, ta luon co thé thu duge mot tam thiic bac
hai ¢6 nghiém hay khong?

(A. Kuznetsov)

57. Day s6 (a,) théa man cac diéu kien a; > 10 va
a, = a,_1 + UCLN(n,a,_1) khin>1.

Biét rang trong day nay c6 mot s6 hang 16n gap doi chi s6 (vi trf) ctia n6. Chiing minh rang
c6 vo sO cac sd hang nhu vay trong day.

(A. Khrabrov)

58. Trong tam gidc nhon ABC, ké duong trung tuyén AM, duong cao AH va dudng phan giac
AL. Ngudoi ta thay rang cac diém B, H, L, M,C cing nim trén duong thing BC theo dung
thit tu d6, va LH < LM . Chiing minh rang BC' > 2AL.

(A. Kuznetsov)
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59. Trén bang viét cac sb tit 1 dén 2000, Vasya da chon ra tit d6 2000 s6 c6 tong nhé hon tong ciia
tat ca cac so trén bang ding 2000 lan, va t6 dé ching. Chitng minh ring ban Petya c6 thé to
mau tat ca cac s6 con lai biang 1999 mau khac nhau (mdi mau t6 ding 2000 s6) sao cho tong
cac sO cling mau clia mdi mau déu bang nhau.

(A. Golovanov)

60. Cho cac s6 duong z, y, z thda man dang thiic \/ryz = zy+x2+yz. Ching minh ring z+y+2z <
1

(?)A. Khrabrov)

61. Trong tam giac nhon ABC, ké duong cao AH va duong trung tuyén BM. Trén dudng tron
ngoai tiép tam gidc BHM, danh dau diém D sao cho AD || BM va hai diém B, D nim & hai
nita mit phang khac nhau bo 1a duong thing AC. Ching minh réing BC = BD.

(A. Kuznetsov)

62. O mot quobc gia ng, mot s6 cap thanh phd duge noéi véi nhau bang cac duong mot chiéu, sao
cho tit bat k¥ thanh pho nao ciing c¢6 thé di dén duge moi thanh phé khac. Tt médi thanh phd
c6 it nhat hai con duong di ra va ciing c6 it nhat hai con duong di vao. Chiing minh rang c6
thé tim dugc mot 16 trinh khép kin (chu trinh) 16i x6a bé toan bo cac con duong thuoc 16 trinh
d6 ma van dam bao tinh chat: tit moi thanh phd déu c6 thé di dén duge moi thanh phd khac.
(D. Karpov)
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63. Hoc sinh trong trudng tham gia vao m cau lac bo. Moi cau lac bo ¢6 ding mk em tham gia.
Chitng minh ring c6 thé phan bo tat ci hoc sinh trong trudng vao k& phong hoc sao cho trong
mdi phong déu c¢6 it nhat mot dai dién ctia mdi cau lac bo (m, k 1a cac s6 tu nhién).

(D. Cherkashin)

64. Mot duong tron di qua hai dinh A va B ctia tam gidc ABC, cat ciac canh AC va BC lan luot
tai hai diem P va (). Dudng trung tuyén ké tit dinh C chia doi cung PQ ctia dudng tron nay.
Chitng minh rang tam gidc ABC 1a tam gic can.

(D. Maksimov)

C
P/INC

A B

65. Cac sb z,y,2,t € (0,7/2] théa man diéu kién
cos? x 4 cos® y + cos® z 4 cos’t = 1.
Hoi gia tri nhé nhat cé thé ciia bicu thiic
ctgx 4 ctgy + ctg z 4 ctgt

la bao nhiéu?
(A. Khrabrov)

66. Goi s6 tu nhién n 1a mot so gan binh phuwong néu n cé thé biéu dién duge dudi dang n = ab,
trong d6 a, b 14 cac s6 tir nhién théa man a < b < 1,01a. Chitng minh rang c¢6 vo s6 s6 tu nhién
m sao cho trong day m,m +1,m +2,...,m + 198 khong c6 bat ky s6 gan binh phuong nao.
(A. Golovanov)
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67. Trong tit dien PABC, ké duong cao PH. Tit diém H, ha cac duong vuong géc HA', HB' va
H(C’ 1an lugt xudng cac duong thang PA, PB va PC. Hai mat phang ABC va A'B'C’ cat nhau
theo giao tuyén £. Goi O la tam duong tron ngoai tiép tam giac ABC. Chitng minh ring hai
duong thang OH va ¢ vuong géc v6i nhau.

(A. Kuznetsov)

..

68. O mot nude no, mot sd6 nha toan hoc c6 quen biét nhau; va v6i moi cach chia cac nha toan hoc
thanh hai nhém khong réng, luon tim duge hai ngudi quen nhau nam & hai nhém khac nhau.
Biét them rang néu xép bat ky nhém nao gom tit 4 nha toan hoc trd lén ngoi quanh mot chiée
ban tron sao cho hai nguoi ngdi canh nhau bat ky déu quen nhau, thi trén ban luon tim duge
hai nguoi quen nhau nhung khong ngoi canh nhau. Goi ¢; 1a s6 lugng cac nhém gom 7 nha toan

hoc doi mot quen biét nhau. Chitng minh rang:
61—02+C3—C4+...:1.
(F. Petrov)

69. Trén mit phang cho mot da giac 16i c6 cac dinh 1a cac diém nguyén va chita gbe toa do O nim
hoan toan bén trong. Goi V; 1a tap hop cac vects di tit O dén cac dinh cia da giac, va V5 1a
tap hop cac vecto di tit O dén tat cd cac diém nguyén nim bén trong va trén bién ciia da giac
(nhu vay Vi C V4). C6 hai con chau chau nhéy trén cac diém nguyén: mdi bude nhay ctia con
thit nhat dich chuyén n6 theo mot vecto thuodc tap Vi, con con thit hai dich chuyén theo mot
vectd thuoc tap V,. Chiing minh réng ton tai mot hing s6 ¢ sao cho ménh deé sau ding: néu ca
hai con chau chau déu c6 thé nhay tit O dén mot diem A nao do6, va con thit hai can n bude
dé lam diéu do, thi con tht nhat ciing c¢6 thé dén duge A v6i khong qua n + ¢ bude nhay.

(A. Azhopyan)
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§3. OLYMPIC TRUONG 239
@ LOP 8,9

70. Xét tat ca cac hoan vi aq, ..., a, cla tap hop cac s6 tit 1 dén n. V6i mdi hoan vi, ta tinh gia

tri ctia biéu thic:
1

aj(a; +as)(ay +as+az)... (a1 + ...+ a,)

Chiing minh ring tong ciia cic gia tri nay trén toan bo n! hoan vi luon bang 1/n!.

(F. Petrov)

71. Cho dudng tron w di qua hai diém A va B. Xét mot diem C niam bén trong w. Lay mot diém
X tiy ¢ trén doan thing CB. Tia AX cit dudng tron w lan thit hai tai Y. Chiing minh ring
ton tai hai diém c6 dinh trén mat phang sao cho dudng tron ngoai tiép tam giac C XY luon di

qua hai diém nay, bat ké cach chon diém X.

(A. Kuznetsov)

72. Tim tat ca cac hop s6 n sao cho véi moi cach phan tich n = xy thanh tich cia hai s6 tir nhién,

tong x + y luon 1a mot liy thita cia 2.

(P. Khodupov)

73. C6 mot chiéc xe tdng vo hinh nam trén mot 6 cia ban co kich thude 100 x 100. O mdi luot,
phéo binh c6 thé ban vao 60 6 bat ky. Sau loat bin, xe ting sé di chuyén sang mot 6 ké canh
(n6 ¢6 the di chuyén vao chinh 6 vita bi ban tring). Qua trinh nay ct 1ip lai lien tuc. Héi phéo
binh ¢6 chién luge nao dé dam bao sau mot s6 lugt ban nhat dinh chic chin sé trang duge xe

tang hay khong?
(S. Berlov, D. Shiryaev)
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74. Cho ti gidc ngoai tiép ABCD théa man dieu kien
V2(BC — BA) = AC.
Goi X 1a trung diém ctia dudng chéo AC. Chiing minh ring

2BXD = DAB — DCB.

(F. Bakharev, S. Berlov)

B

75. Trén bang ¢6 viét hai s6 ty nhién = va y (v6i y > z). Ta duge phép thuyc hién thao tac sau: lay
mot s6 da co trén bang chia cho mot s6 khac cling da c6 trén bang, roi viét phan du ciia phép
chia do6 len bang. Chiing minh ring ton tai mot s6 tu nhién k sao cho néu s6 ban dau y > k,

thi tong s cac gia tri phan biét c6 thé xuat hien trén bang khong vugt qua y/1000000.
(M. Antipov)

76. Tim gia tri 16n nhat ctia s6 s > 0 sao cho véi moi a, b, ¢ > 0, bat ding thiic sau luon ding:

( 1 . 1 N 1 )2> ( 1 N 1 N 1 )

= S .
a+b b+c c+a a?+bc b 4+ca c2+ab
(B. Baev)

77. Trong mot truong hoc c¢6 ba 16p. Mot s6 cap hoc sinh thuoc hai 16p khac nhau c¢6 quan hé thit
dich v6i nhau (khong c6 bat ky cap hoc sinh nao trong cuing mot 16p thu dich nhau). Biét réng
déi véi mdi hoc sinh ciia 16p thit nhat, s6 lugng hoc sinh 16p thit hai thu dich v6i em d6 luon
bang s6 lugng hoc sinh 16p thit ba thit dich v6i em d6; diéu tuwong ti cling dang déi vé6i cac hoc
sinh ctia 16p thit hai va 16p thit ba. Chitng minh rang s6 cip hoc sinh khac 16p c¢6 chung mot
ké thu luon khong nhé hon s6 lugng cac ciap hoc sinh thit dich nhau.

(I. Bogdanov)
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78. Lay diém D trén canh AC ciia tam gidc ABC. Goi I, I, I lan lugt la tam dudng tron noi
tiép clia cac tam gidc ABD, BC'D va ABC. Chiing minh rang néu I 13 tryc tam clia tam giac
BI, 15 thi BD la duong cao cua tam giac ABC.

(S. Berlov)

B

79. Xem bai 72.

80. Tim tat ci cac ham s6 f : R — R théa man diéu kién sau véi moi z,y € R:
(v + D f(yf(2) = yf(z(y + 1))

(S. Berlov)

81. Cho f(z) 1a mot da thiic ¢6 cac he sé nguyen. Dat

d(a, k) = | f(f(... f(a)..) —al.

k lan
Biét ring d(a, k) > 0 v6i moi s6 nguyén a va moi s6 ty nhién k. Chiing minh réng

k
d(a,k) > =
(a’ ) 3

v6l moi a € Z va k € N.

(M. Antipov)
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82. Xem bai 77.

83. Cho tit giac ngoai tiép ABC'D théa man diéu kién
V2(BC — BA) = AC.

Goi X la trung diém ctia duong chéo AC. Lay diém Y nim trén tia phan giac ciia goc B sao
cho tia X D la tia phan giac ciia goc BXY . Chitng minh ring duong tron ngoai tiép tam giac
DXY tiép xtc v6i duong thang BD.

(F. Bakharev)

B

84. C6 mot chiée xe tang vo hinh nim trén mot 6 ciia ban c& kich thuse 100 x 100. O mdi luot,
phéo binh c¢6 thé ban vao k 6 bat ky. Sau khi ban, xe tang sé di chuyén sang mot 6 ké canh (né
c6 thé di vao chinh 6 vita bi tring dan). Qua trinh nay lap lai lien tuc. Ho6i gia tri nhdé nhat

ctia k 1& bao nhiéu dé phao binh ¢6 chién luge chic chin bin ha dudc xe ting?

(S. Berlov, D. Shiryaev)

85. Xét mot tap hgp gom céc hinh binh hanh phan biét ¢6 dién tich bang 1. M&i hinh binh hanh
déu c6 mot dinh nam tai goc toa do O, va ba dinh con lai c6 toa do 1a cac sd nguyén khong
am. V6i moi hinh binh hanh OABC trong tap hgp, ta xét gia tri OA+ OC' — OB. Ching minh

rang tong clia cac gia tri nay tren tat ca cac hinh binh hanh d6 khong vuot qua 2.

(N. Kalinin, M. Shkolnikov)
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§4. CAC PE PHUONG AN 2

1. Andrey danh dau 6 ngay lién tiép ctia thang Sau trén lich va ghi ra cac ngay do6. Sau do, cau
viét 6 s6 tuong tng d6 theo thit tir gidm dan. Pavlik nhan bon s6 dau tién v6i nhau, Andrey
nhan tat ca cac s6 lai ngoai trit sé 16n nhat va nhé nhat, con Maya nhan bén s6 cudi véi nhau.
Chit s6 tan cung clia cac tich ma Pavlik va Andrey tinh ra la giong nhau, nhung chit s6 tan
ciing trong tich ctia Maya lai 1a mot s6 khac. Hoéi chit s6 tan cling trong tich ctia Maya la chit

s6 nao? Hay tim tat ca cac dap an co thé va ching minh rang khong con dap an nao khéc.

2. Trén mot tuyén duong vanh dai c6 5 ngoi lang. Vasya nhan thay rang tit bat ky ngoi lang nao,
cau cling ¢ thé dap xe mat 20 phit dé dén 2 ngoi lang nao dé, va di xe may mat 10 phit dé
dén 2 ngoi lang con lai (qua trinh di chuyén di thang khong ditng va trén doan dudng di qua
khong qua mot ngdi lang trung gian). Van toc xe may luon khong doi, van téc xe dap ciing
khong doi va nhoé hon van téc xe may. Hoi Vasya di xe may hét mot vong duong vanh dai mét

bao lau?

3. Trén mot bang 6 vuodng kich thuée 9 x 4 ¢6 8 6 t6 mau vang, 12 6 mau xanh la va 16 6 mau
trang. Khi nhap chudt vao mot hang hodc mot cot, quy tdc doi mau sé nhu sau: néu trong
duong luéi do, s6 lugng 6 clia mot mau nao dé nhiéu hon s6 lugng 6 clia moéi mau trong hai
mau con lai, thi toan bo duong lusi dé sé duge doi sang mau dé; néu khong c6 mau nao chiém
s6 lugng vuot troi nhu vay thi khong cé gi thay doi. Nguoi ta nhan thay, néu nhap chuot lan
luot vao tat ca cac hang roi dén tat ca cac cot, thi moi 6 déu bién thanh mau xanh 14. Con néu
thay vao d6 nhap tat ca cac cot trude, r6i méi dén tat ca cac hang, thi moi 6 déu bién thanh

mau vang. Hay chi ra mot vi du vé bang théa man dicu kién do.

4. Trong truong c6 5 cau lac bo, s6 hoc sinh tham gia lan lugt 1a 7, 10, 13, 15, 25 (mdi hoc sinh
chi tham gia ding mot cau lac bo). Biét rang mdi hoc sinh déu c6 it nhat hai ban cuing 16p
ciing tham gia trong 5 cau lac bo nay. Chitng minh réng c6 it nhat mot cau lac bo chita hai

hoc sinh hoc cuing 16p véi nhau.

5. Bang duéi day dugc dién theo kiéu "con ran": hang thit nhat dién cac s6 tang dan tit trai sang
phai, bat dau tir 1; hang thit hai tiép tuc day sd nhung viét tit phai sang trai; hang thit ba lai

viét tir trai sang phai; va ci thé tiép dién.

11213
6 | 5| 4
71819
12 111 | 10

Nadya c6 mot bang 16n hon, ciing duge dién theo quy luat nhu vay, bat dau tiu s6 1. Trong

bang ciia Nadya xuat hién mot hinh vuong con 2 x 2 chita céc so:

15| 14
38 [ 39
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Héi bang ctia Nadya c6 tat ca bao nhieu cot? Hay dua ra tat ca cac phuong an c6 thé va ching

minh khong con phuong an nao khac.

6. Trén bang c6 viét 5 s6 chdn. Tat ca cac chit s6 hang don vi va hang chuc ctia 5 s6 d6 déu 1a
cac chit s6 phan biét (khong c6 bat ky chit s6 nao bi lip lai). Chiing minh ring tong ctia 5 s6
nay khong thé 1a mot s6 chinh phuong.

7. Trong dai duong c6 ba hon ddo A, B,C véi khodng cach AB = 60km, AC = 60km, BC =
80 km. Cung lic, mot du thuyén xuat phat tit B dén C va mot ca-nod xuat phat tit C dén A, ca
hai déu di chuyén véi van toc 20 km/h. Sau 1 gis, du thuyén méc can va phat tin higu cap ctiu.
Ca-no lap tiic doi huéng, ting van toc len gap doi va lao dén du thuyen. Tit ddo A, mot chiée
xuong cttu ho cting xuat phat dén du thuyen véi van toc 40 km/h. Chitng minh rang xuong ciiu

ho va ca-no sé dén chd du thuyeén cting mot ldc.

8. Doc theo mot con duong & xit s Than Tién c6 moc 12 bui hong, trén mdi bui c6 6 chiéc gai.
Khach qua duong phai ngat 1, 2 hosic 3 chiéc gai tit moi bui, nhung khong ai duge ngit s6
lugng gai biang nhau & hai bui ké nhau, néu khong linh canh sé bat gitt ngudi vi pham. Alice,
sau d6 1a Thg Mii Dién va cudi ciing 1a Boi Co lan lust di doc con duong va ngat hét toan bo
s6 gai trén cac bui hong. The Ma Dien ngat dugc it hon 19 chiée gai. Chiing minh ring mot
trong hai ngudi con lai ngat dugc khong dudi 30 chiéc gai.

9. Gia tri ctia mot vién hong ngoc tinh theo rap bang binh phuong khéi lugng ciia né tinh theo
gam nhan v6i 80; con gia tri cia mot vién thach anh tim tinh theo rip bang 5 lan khdi luong
ctia n6 tinh theo gam. Hai anh em dugc thita ké mot s6 vien da quy cé tong gia tri 5000000
rap. Dé chia déu, ho cua doi méi vien da va mdi ngudi lay mot nita ctia ting vien. Két qua la
mdi ngudi nhan duge sé da tri gia 2000000 riap. Hoéi ban dau s6 hong ngoc trong khdi thita ké

tri gia bao nhiéu?
10. Xem bai 4.

11. Trong mot dé thi olympic c6 8 bai toan, méi bai duge danh gia téi da 7 diem. Két qua cham
thi cho thay moi thi sinh déu dat s6 diém khac nhau. Ban t6 chic da am tham sita cac diém
0 thanh 5, 1 thanh 6, 2 thanh 7. Két qua ctia sy gian lan nay 1a thit tu xép hang ctia cac thi
sinh bi ddo ngude hoan toan. Héi sé luong thi sinh 16n nhat c¢6 thé 1a bao nhieu? Hay dua ra
mot vi du va chiing minh ring khong thé c6 nhiéu thi sinh hon.

12. Cho tam gidc ABC c6 diém M la trung diém canh AC. Lay diém K trén canh AB sao cho

—

AMK = BMC. Chitng minh rang chu vi ti giac KMCB nhé hon chu vi tam giac AM B.

13. Hai s tu nhién hon kém nhau 24. Biét rang tich clia ching 16n hon 1 don vi so v6i mot s6 ma

dang biéu dién thap phan ctia n6 chi gdm toan chit s6 1. Hay tim hai s6 do.

14. Tam thtic bac hai 2 + px + ¢ c6 hai nghiéem nguyén phan biét khac khong 1a s va ¢. Biét ring
s + p chia hét cho ¢ + 2t. Hoi s6 s c6 thé nhan nhiing gia tri nao? (Dua ra tat ci cic dap an

va chitng minh rang khong con diap an nao khéc.)
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15. Nguoi ta dem cua 200 hinh chit nhat bang gé dan kich thuéc 5 x 6 doc theo cac duong ludi
thanh nhiéu manh nhd, va tit tat cd cAc manh nay, ho ghép thanh mot s6 hinh vuong 2 x 2 va
mot s6 hinh dang (. Héi s6 manh it nhat c6 thé cit ra 1a bao nhieu dé lam dude viéc nay, néu

cac manh duge phép quay va lat méat?

16. Trén cac canh AB va CD cua ti giac 16i ABCD, lan lugt lay cac diem X va Z. Cac doan
thang CX va BZ cit nhau tai diém Y. Biét ring ngii giac AXY ZD noi tiép va AY = DY
Chitng minh rang AD || BC.

17. Vao dau ngay lam viéc, mot nhan vién van phong c¢6 130 email chua tra 10i; trong ngay hom dé6
tiép tuc c6 thém email mdi giti dén. Mdi khi bat dau tra 15i mot email tiép theo, nhan vién nay
lay lugng thoi gian con lai clia ngdy lam viéc chia déu cho s6 email chua tra 10i (bao gom ca
email dang chuan bi xtt 1), va tién hanh tra 16i email d6 ding bang thoi gian vira tinh duge.
Téng cong trong ngay, ngudi d6 da tra 16i duge 160 email. Chiing minh ring ton tai 6 email
duge nhan cing mot lugng thoi gian tra 16i bang nhau.

(Gia thiét ring khong c6 gio nghi trua va khong c6 email méi dén ding vao thoi diém bat dau

trd 16i mot email.)
18. Trén man hinh ctia mot chiéc may tinh cam tay chi c6 mot nit bam dang hién thi mot sé tu
nhién n. Mai lan bam ntt, may tinh thay s6 n bang s

(2+2\/§)n+% .

Sasha bam nut nhiéu lan, cac s6 lan lugt xuat hién trén man hinh. Ching minh ring mdi s6

tiép theo trén man hinh lic nao ciing bang 4 lan tong ctia hai s6 lién trude noé.
19. Xem bai 14.
20. Lieu do thi ctia cac ham sb
y=ar—>b, y=ar—c,y=br—a, y=br—c, y=cr—a, y=cr—>ob
c6 thé chia céc canh va duong chéo clia mot tit gidc ndo do hay khong?

21. Ngudi ta dem cua 100 hinh chi nhat bang gd dan kich thude 6 x 7 doc theo cac dudng ludi
thanh nhiéu manh, va tit tat cd cic manh nay, ho ghép thanh mot s6 hinh dang O v mot s
hinh dang [J. Ho6i s6 manh it nhat c6 thé cit ra la bao nhiéu dé lam dugc viéc nay, néu cac
ménh dugce phép quay va lat mat (mot hinh c6 thé duge ghép tit s6 lugng manh tiy ¥, ké ca 1

manh)?

22. Céac dudng thang chita canh AB va AD ciia tit gidc ABCD 1a cac duong phan gidc ngoai ctia
tam giac BCD. Biét C = 47°. Tit didm A ké tiép tuyén AK dén dudng tron noi tiép tam gidc
BCD. Tim s6 do BKD.

23. Day s6 tu nhién (a,) duge xac dinh bdi s6 hang dau a; > 1000 va quy tac:
Qp,
2 J
3a, — 1, néu a, lé.

néu a,, chin,
Ap4+1 =
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Chitng minh rang trong diy nay sé xuat hién mot s chia hét cho 4.

24. C6 thé dién céac sb tit 1 dén 55 vao bang 5 x 11 sao cho trong moi hinh vuéng con 2 x 2, tong

bon s6 luon 14 s6 1é hay khong?
25. Xem bai 17.

26. C6 ton tai cac s6 tu nhién x,y, 2z sao cho z va z ¢6 ding 1400 u6c chung, y va z c6 ding 1000

u6e chung, con x,y, z ¢6 ding 300 wéc chung hay khong?

27. Do thi ciia da thitc bac ba y = 2® + ax® + bx + ¢ cAt mot duong thing song song véi dusng
thing y = —z thanh hai doan thing c6 do dai bing V2, dong thoi ¢t mot dudng thing song
song vGi truc hoanh thanh hai doan théng, trong d6 mot doan c6 do dai bang 1. Hoéi do dai

doan thang con lai c6 thé bang bao nhiéu?

28. Dién tich toan phan ciia tit dien ABCD bang S. Biét AB =1, BC =7, CD =8, DA = 4.
Chitng minh rang S > AC - BD.
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§5. LOI GIAI BAI TOAN

1. Dap an: chit s6 tan ciing trong tich ctia Seryozha 1a 4.

Ta nhan thay moi chit s6 tan cting thu duge déu 1a s6 chan. Hon nita, trong 6 so lién tiép chac
chan c¢6 mot s6 chia hét cho 5. Néu s6 d6 khong ndm & hai dau, thi tich ctia Seryozha va tich
clla mot trong hai ban nit déu tan cting bang 0, mau thudn véi gid thiét dé bai.

Néu s6 chia hét cho 5 nim ¢ mot dau (ching han dau bén trai), thi s6 ¢ dau con lai ciing chia
hét cho 5. Khi d6 tich ciia ca hai ban nit déu tan cing bang 0, con cac s6 ma Seryozha nhan
c6 chit s6 tan cung thuoc tap {1,2,3,4} hodc {6,7,8,9}. Trong c& hai truong hop, tich cia
Seryozha déu tan cuing bang 4.

Nhan zét. Cling c6 thé tinh truc tiép: chit s6 tan cling ctia tich chi phu thudc vao chit sé tan

cling clia cac thira s6, ta xét 10 kha nang cho chit s6 tan cling clia s6 dau tien (tit 0 dén 9).

2. Dap an: 5 gio.
Goi nam ngoi lang 1a A, B,C, D, E. Theo dé bai, tit lang A dén céac lang khac theo cac tuyén
dusng A— B, A— B—C, A— E, A— E— D déu c6 thé di bang xe buyt hoiic xe dap ding theo

cac moc thoi gian da cho.

Gia stt tuyén A— B— C di bang xe dap mat 4 gio. Khi d6 cac ching A— B va B— C 1a cac
chang xe buyt 2 gio.

B

E

Suy ra di xe buyt tit A dén B 16i tit B dén C ciing mat tong cong 4 gid, bing ding thoi gian
di xe dap trén cuing tuyén A— B— C. Diéu nay vo 1y vi xe buyt chay nhanh hon xe dap.

Vay gia thiét trén sai, vdi A— B— C phai la tuyén di bang xe buyt mat 2 gio. Lap luan tuong
tu cho thay cac tuyén C— D— E, E— A— B, B— C— D, D— E— A ciing déu la cac tuyén di
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xe buyt mat 2 gio. Di hét ci 5 tuyén nay ttc 1a di tron vanh dai 2 vong mat 10 gio, suy ra di
1 vong mat 5 gio.

3. Mot cau hinh théa méan dieu kién 1a vi du sau:

KIK|K|K|]C]|C

Cl|ClC|C|C
clCc|C|C

*(Quy uéc: K - Xanh 14, C - Vang, khoang trang - Trang)*
Néu bam chon theo cic hang trude, ta thu duge hai hang mau vang, mot hang mau trang, mot
hang mau xanh 14; sau d6 bam chon theo céc cot thi toan bo bang chuyén thanh mau vang.

Néu bam chon theo cac cot trude, ta thu dudge 5 cot mau xanh 14 v 4 cot mau trang; sau do

bam chon theo céc hang thi toan bo bang chuyén thanh mau xanh 4.

4. Cach 1 (Nguyén ly Dirichlet).

Toéng dan s6 la 125. Mbi tén phai dude ding cho it nhat 3 ngudi, nén tong sé tén phan bist
nho6 hon 42. Do d6, trong toa nha dong dan nhat (45 nguoi) chic chan c6 hai ngudi trung tén
(theo nguyeén 1y chuong tho).

Cach 2 (Nguyén ly cuc han).

Xét toa nha dong nhat c6 45 nguoi. Gia st tat ca nhiing ngudi tring tén vdi cac cu dan trong
toa nha nay déu song § cac toa nha khac. Khi do, 45 ngudi trong toa nha nay phai c6 45 cai
ten phan biet, va mdi nguoi 6 ngoai toa nha khong thé dong thoi tring tén véi hai cu dan khac
nhau trong toa nha 45 ngudi nay. Vi mdi cu dan déu c6 it nhat hai ngudi trung tén trong khu,
nén s6 lugng "nguoi tring tén" can thiét song ngoai toa nha 16n nhat la it nhat 45 x 2 = 90
ngusi. Tuy nhién, bén toa nha con lai chi ¢6 tong cong 80 ngusi. Didu nay dan dén mau thun.

Vay trong toa nha 45 ngudi phai c¢6 it nhat hai ngudi trung ten.

5. Dap an: 11 cot.

Cach 1 (Duyng truc tiép). Hai hang ctia hinh vuéng con 2 x 2 cho sin chi ¢6 thé dugc kéo

dai duy nhat sang ben trai:

22121120119 18|17 |16 (15|14 | 13| 12
23124125126 (27128129 (30(31]32]33

Khi d6 ta thay ngay hang lién trude phai chita cic s6 tit 1 dén 11, do d6 bang c6 ding 11 cot.

Cach 2 (Chin hai dau). Hang dau tién ting dan tit trai sang phai, do d6 cac s6 12 va 13
khong thé ndm ¢ hang dau; suy ra sé luong cot khong vust qua 11. Mit khéac, tap hop céc s6
tit 12 dén 33 gdom 22 s6, buoc phai ndm tron trong ding hai hang, nén s6 cot khong thé nho

hon 11. Vay sb cot chinh xac bang 11.
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6. Viét 10 s6 theo cot doc dé thuc hien phép cong. O cot hang don vi, cac chit 6 0,1, ...,9 xuat
hien ding mot lan, téng 1a 45; do dé chit s6 hang don vi ciia tong S 1a 5 va nhé 4 sang hang
chuc. O cot hang chuc téng céc chit s6 ciing 1a 45, cong them 4 nhé sang thanh 49, nén chit s6
hang chuc ctia tong 1a 9.

Vay S tan ciing bang 95. Suy ra S chia hét cho 5 nhung khong chia hét cho 25, nén S khong
thé 1a s6 chinh phuong.

Hodc c6 thé nhan xét rang: s6 c6 tan cing 1a 95 chia cho 4 du 3, trong khi mot s6 chinh phuong
khi chia cho 4 chi ¢6 thé du 0 ho#c 1.

7. Goi D la vi trf tau mic can, E 1 vi trf clia ca-no tai thoi diem do. Khi ay:

AD =20km, CD =50km, CFE =20km.

Ngoai ra, do tam giac ABC' can nén BAC = BCA.

&)

—p

Suy ra hai tam giac BAD va DCFE bang nhau (theo truong hop canh-géc-canh), dan téi
BD = DE. Sau khi nhan dugc tin hiéu cap ciu, ca-n6é va xuong ciu ho di chuyén véi cling

mot van toc, vi vay ching sé dén vi tri D cling mot lic.

8. Tong s6 xu nhiéu nhat c6 thé hai trén hai bui cay ke nhau 1a 7 = 3 + 4. Do ¢6 10 bui (tic 1a 5
cap ké nhau), s6 xu 16n nhat c6 thé hai ma khong bi linh canh bat giit 1 35; diéu nay chi dat
duge khi hai luan phién 3 va 4 xu. Vi Alice hai dudgc it nhat 35 xu, nén trén thuc té Alice da

hai chinh xac theo quy luat luan phién do.

Khong méat tinh tong quét, gid st ¢ bui dau tien Alice hai 4 xu. M&i bui ban dau c6 9 xu, nén
phan du lai cho hai ngusi di sau chi c6 thé tuan theo mot trong hai cAch phan chia: 9 = 2+3+4
hodc 9 = 3 + 3 + 3. Tai bui thit nhat, do Alice da ngit 4 xu, hai ngudi con lai bat budc phai
lay 2 va 3 xu, tiic 1a thuoc cach phan chia thit nhat. Diéu kién nay kéo theo & bui thit hai ciing
phai ap dung cach phan chia thi nhat; qua trinh 1ap luan tuong tu chi ra ring moi bui déu
tuan theo céch phan chia thi nhat.

Gia st Buratino lay 2 xu 6 bui dau, con Basilio lay 3 xu. Khi d6 6 bui thit hai Buratino buoc
phai lay 4 xu (dé tranh lay tring s6 lugng ¢ hai bui lién ke), Basilio 1y 2 xu. Quy luat nay lap
lai: & cac bui vi tri 1é Buratino lay 2 xu, Basilio 1ay 3 xu; & cac bui vi tri chn Buratino 1ay 4
xu, Basilio lay 2 xu. Tong két lai, Basilio lay dudc tong cong 5 x 3+ 5 x 2 = 25 xu, con s6 nay
nho hon 26.
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9. DBap an: 2000000 rap.

Khi cit doi khoi pha lé nai, mdi nita c6 gia tri bing ding mot nita khéi ban dau, do dé tong
gia tri hai nita khong bi suy suyén. Tuy nhién, v6i kim cuong, khi cit doi, moi nita c6 khoi
luong gidm di mot nita, ma gia tri lai ti 1é thuan v6i binh phuong khéi luong, nén gia tri ctia
mdi nita lic nay chi con bing 1/4 gia tri ban dau. Suy ra tong gia tri ctia hai nita kim cuong
chi bang 1/2 gia tri vién kim cuong nguyen ban. N6i cach khac, viec cua doi lam boc hoi diung

mot nita gia tri ctia kim cuong.

Theo gia thiét, sau khi chia déu, tong gia tri ma hai anh em s6 hitu 14 2 x 1000000 = 2000000
rip, trong khi tong tai san ban dau tri gia 3000000 rip, tic 1a da hao hut 1000000 rap. Khoan
hao hut nay tuong duong véi mot nita tong gia tri clia luong kim cuwong ban dau. Vay s6 kim
cuong ban dau tri gia 2000000 rap.

11. PBap an: 8 thi sinh.

Chin trén. Diém ctia mot thi sinh duge cong thém 6k, trong dé k 1a sb luong bai toan dugc
cham 0, 1 ho#ic 2 diém. Hién nhieén 0 < k¥ < 7. Néu hai thi sinh c6 ciing gia tri k, muc diém
tang lén ctia ho 1a nhu nhau, dan dén tht tu xép hang gitta hai nguoi khong thay déi; tuy nhien
dé bai yeu cau thit tu xép hang bi ddo ngudc hoan toan, do dé cac gia tri k ctia moi thi sinh
phai doi mot phan bigt. Vi k chi c6 8 kha nang (tit 0 dén 7), s6 lugng thi sinh t6i da khong thé
vugt qua 8 nguoi.

Céau hinh théa man. Bang diém dudi day 1a mot vi du dat duge giéi han 8 thi sinh:

(el el Nl el el Ienll Renll INOV]
S|l ||| OO | W | W
SOOI || DWW | w
SOOI DD | W ]|W|W | W
SOOI | W | W ]|lW|lWw]|w
S| W ]| W | W ]|lW|w]|w
Sl W W lW | W |WwWw|w|w

12. Cach 1. Lay diém E’ trén doan thing AD sao cho DE’ = DE. Khi d6, hai tam giac BDE'
va CDE bang nhau (canh-géc-canh), suy ra BE' = CE.

Ta can chitng minh chu vi tam gidc ADC' 16n hon chu vi ti giac ABDE, tiic 1a chiing minh:
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B

AE'+ ED+DC+ AE+ EC > BD + AB+ AE + ED.

Gidn u6c doan thang chung AE, cac doan bing nhau DC = BD, E'D = ED, 16i thay EC
bang E'B, ta thu dudc bat dang thiic:

AFE' + E'B > AB,

diéu nay luon ding theo bat dang thic tam giac trong tam giac AE'B.

Cach 2. Duyng tam gidc DA'C' dbi xting v6i tam gidc DAB qua duong trung tryc ctia doan
BC'. Khi d6 ta co:
AD=A'D=AE+ ED, AB=AC.

Gian udc cac doan bang nhau BD = DC trong biéu thiic hai chu vi can so sanh, bai toan quy

vé viéc chitng minh:
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13.

14.

A A

B D C

AB+ AE+ ED < AD+ AE + EC.
Bé doan chung AE va thay thé bang cac dang thic & trén:
AC+ED < AE+ED + EC.
Tiép tuc bé doan ED, ta thu dugc hé thic ctia bat dang thic tam gidc trong tam gidc A’EC.
Dap an: 27 va 37.
Goi z 13 s6 tit nhién nhoé hon. Ta c6 phuong trinh:
2(z +10) = 99...9.

Cong thém 25 vao ca hai vé:
(z+5)*=10...024.

Néu vé phai co tit hai chit s6 0 trd lén thi n6 chia hét cho 8 nhung lai khong chia hét cho 16,
do d6 khong thé 1a mot s6 chinh phuong. O truong hop biéu dién ctia vé phai ban dau chi ¢6
1, 2 hosic 3 chit s6 9, ta lan lugt thu dugc:

(x+5)2=34, (vr+5)*=124, (v+5)*=1024.

Trong ba phuong trinh trén, chi phuong trinh cudi cing c6 nghiém nguyén duong 1a x = 27,

tit d6 suy ra so6 con lai 1a 37.

Dap an: a = 3 hodac a = 1.

Theo dinh Iy Viete ta c6: p = —a — b va ¢ = ab. Tu diéu kién ctia bai toan suy ra:

a+p=a+(—a—>b)=-b
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phai chia hét cho
q—2b=ab—2b=(a—2)b.

Néu a = 2 thi s6 chia bang 0, phép chia khong xac dinh. Néu a = 1 hodc a = 3 thi diéu kién
chia hét dugc théa man. V6i cac gia tri nguyén khéic clia a, tri tuyet doi ctia s6 chia luon 16n

hon tri tuyéet doi ctia s6 bi chia, nén phép chia hét khong thé xay ra.

C4 hai gia tri nay déu hop le, vi du dat duge doi véi tam thitc 22 — 4a + 3.

15. Dap an: s6 manh ghép nhé nhat can cat 1a 800.

Chin duéi. M&i manh ghép 6 dang hoan thién khong thé c6 dién tich 16n hon 4 6 vuong. Ban
than moi hinh chit nhat 5 x 6 c¢6 dién tich 30 6 vuong, do d6 phai dudc cat thanh it nhat 8
manh. Ap dung cho 100 hinh chit nhat, téng s6 manh ghép thu dude it nhat phai la 800.

CAu hinh théa man. Cit mdi hinh ch nhat ban dau thanh 8 manh theo so d6 minh hoa.
V6i phuong an nay, ta nhan duge cAc méanh 4 6 ding theo hinh dang can thiét, dong thoi du ra
100 manh domino 1 x 2; cdc manh domino nay c6 thé dé dang ghép tiép thanh 50 hinh vuong
2 x 2.

pm——F

|

Mot sai lam phé bién 1a cho ring dé t6i thiéu hoa s6 manh ghép, can wu tien "cit ra duge cang
nhiéu hinh nguyén ven cang tot" ngay tit nhitng nhat cat dau tién. Nhan dinh nay néi chung
khong chinh xac. Ching han, néu cit hinh chi nhat 4 x 12 dé thu lay cac "khung" 12 6 vuong,
ta chi can chia lam 8 manh la da dé ghép dugce 4 khung.

A

8 manh ghép duge 4 khung
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8 manh ghép duge 4 khung

Trai lai, néu c6 ép cat "khung nguyén ven" ngay lap tic thi ta chi thu dugc téi da 3 khung:

va ldc nay khu vige 6 vudng trung tam 2 x 2 lai phai bi cit vun thém it nhat thanh 2 manh,
day tong s6 manh ghép it nhat lén con s6 9.

16. Do ngii gidc AXY ZD noi tiép, ta co:
AXZ + ADZ = 180°.
Stt dung cac géc bl tuong ting ciia tit giac noi tiép, ta cling co:

BXZ + BOZ = 180°.
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X 7

A_\ ~___ /D

Suy ra tit gidc X BC'Z noi tiép duong tron. Vi vay:
BXC = BZC.

Hai géc nay lai cing bt véi cac goc noi tiép chan hai day cung AY va DY cila ngii gidc noi

tiép, do do hai day cung nay bang nhau.

17. Phan tich tinh hudng: gid sit nhan vién van phong vita phuc vu xong mot khach, ngay lap tc
bit dau tiép khach ké tiép, va trong chinh thoi diém chuyén giao dé khong c6 khach niao méi
bude vao xép hang. Khi do6, thoi gian phuc vu danh cho hai vi khach nay sé bang nhau. That
vy, néu thoi gian con lai ctia ngay lam viéc 1a T’ (don vi: micrd giay) va dang ¢6 n ngudi xép
hang cho, thi nguoi thit nhat duge phuc vu trong 7'/n micro giay. Ngay sau do6, thoi gian con
lai danh cho nguoi thi hai sé 1a

T-T/n T

n—1 n

micro giay.
Theo gia thiét ctia bai toan, nhan vién nay rét cudc sé xit Iy xong tat ca sé6 khach dén xép hang
(viéc ¢6 ngusi méi nhap hang chi lam giam di quy thoi gian phuc vu trung binh ctia nhing
ngudi chua dén lugt). Nghia 1a trong ngay lam viée, tong s6 ngudi da duge phuc vu la 130
ngudi. Trén truc thoi gian ciia ngay lam viéc, ta danh dau 130 diém mau dé dai dién cho cac
thoi diém bat dau phuc vu, va 30 diém mau xanh dai dién cho thoi diém cé khach hang méi
buée vao quay. 30 diém xanh nay sé chia 130 diém dé thanh 31 nhém rieng biét; theo nguyén
Iy chudng thé, vi 4 x 31 = 124 < 130, chic chin phai c6 mot nhém chita it nhat 5 diém do lien
tiép.
Diéu nay chitng t6 ton tai mot chudi 5 nguoi duge phuc vu lién tiép ma trong khoang thoi gian
tur lac khach thit nhat bat dau cho dén khi khéach thit ndm buée lén quay, hoan toan khong co
thém vi khach méi ndo xép hang. Két hop v6i nhan xét da ching minh & trén, chudi 5 ngudi
nay nhan dugce lugng thoi gian phuc vy bang nhau.

18. bat a, = m. Ta c6 cong thiic:

1
an+1:(1+\/§)m+§—6,

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 35/151


https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

. 1 . . R
trong d6 € la phan thap phan cua (1+ \/g)m + 3 Tiep theo, gia tri a,, .o dugc tinh bang phan

nguyén ctia biéu thiec:

<1+\/§)an+1+%=(4+2\/§)m+1+\/7§—5(1+\/§). (*)

Mat khac, xét bieu thiic:

Qi + 21 = (4 +2V3)m + 1 — 2. (**)

Vi ta da biét bicu thic (**) mang gia tri nguyén, nén dé chitng minh yéu cau bai toan, ta chi
can kiém tra xem gia tri tai cong thiic (*) c¢6 16n hon sb tai cong thitc (**) va nhd hon no 1
don vi hay khong, tic 1a kiém tra bat dang thiic kép:

O<\/7§+(1—\/§)5<1.

Diéu nay luon dang: vé phai hién nhien dang vi s6 hang thit hai (1 — v/3)e mang déu am; vé

trai clia bat dang thiic van ding ngay ca trong trudng hgp cic doan € = 1, vi

?+(1—\/§):1—§>0.

Ta c6 thé xét phien ban tong quat héa: gia sit a, 5 1a cac nghiém vo ti ctia tam thiic bac hai
t* —at — b (v6i a,b € Z). Xét day s6 nguyen (z,,) dudc xay dung theo hé thiec:

1
Tpt1 = [axn -+ 5] .

Khi d6 day s6 nay thda méan hé thiic truy hoi tuyén tinh
Tpya = ATpyy + by

khi va chi khi ] < 1.
*Chting minh ménh dé tong quat:*

Chiéu thuan: gia st |3| < 1. Ta can chiing minh x,, 1o = a,;1 + bz, véi moi n. Bing cach khai

trién nhu treén: .
Tpy1 = Ay + =

2_5n7

N 1
v6i 0 < e, < 1 la phan thap phan cua ax, + 3 Khi do:

1

Tpy2 = Qlpgy + 57 Ent1
1 1
:a(axn+§—sn) —|—§—€n+1
= oz, + @ ag, + 1 — €t
2 2
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Ap dung dinh 1y Viete: « = a + 3, b = —a. Dit phan chenh lech:

A=w,0—axry1 — bz,

= Tp+2 — (a + B)l'n-‘rl + Ofﬁl’n

o 1 1
- (a2xn+§—a6n+§—8n+1) — (a+08) (ozxn+§—en) + af,
1 1
=5t 8o g)

Biét trude ring A phai 14 mot sé nguyén, ta sé chiing minh |A| < 1 dé ép A = 0:

1 1
A ~  <n n__)
A= |5 =8 (- 3)]
1 1
g__n n - A
5~ Entl ‘ﬁ € 2)‘
< L +
9 1 2
1 1
<-4+ -=1.
575

Chiéu dao: xét truong hop || > 1. Ta sé chi ra sy ton tai ctia mot day s6 lam phan vi du sao

cho x3 # axs + bxy. Dat:

1 1
f=>—— >0

2 2|p]

. R 1 " .
Chon s6 hang khéi dau x; = k, khi d6 o = ak + 5 Te Ap dung dinh 1y Kronecker, phan
thap phan cla day y, = ak tri mat trong khoang [0, 1), nén luon ton tai gid tri k sao cho

{ak} € (% —5,%) :

Kéo theo d6 ¢, € (1 —0,1).
Dinh Iy Kronecker: néu 0 la s6 vo ti thi day phan thap phan {nf} trit mat trong khoang [0, 1].
Néu 3 > 1 thi

1 1 1 1
113—(11'2—17111:5—82—{—5(61—5) >§—€2+B(——(5):1—62>0.

Néu 8 < —1 thi

1 1 1 1
xg—axQ—bx1:§—€2+ﬁ(€1—§) <§—€2+ﬁ(——5):—€2<0.

Nhu vay trong ca hai kich ban déu thiét lap dugc day s6 phan vi du, bac bé kha nang hé thic
truy hoi luon ding.

19. Bai 19 trung v6i bai 14, xem 16i giai cia bai 14.

9Tham khao thém: A. I. Khrabrov, Dinh lj Dirichlet va cic day phan b6 déu, trong tuyén tap Olympic Toan hoc
sinh Saint Petersburg 2003-2005, NXB Nevsky Dialect, 2007, tr. 368-415.
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20. Dap an: khong thé.

Cach 1. Cac do thi trong dé bai déu la cac dudng thing, trong sd do c6 chita ba cip dudng
thing song song. Tuy nhién, mot duong thing song song véi mot dudng chéo clia ti giac thi
khong thé dong thoi déng vai tro 1a mot canh hay chinh dudng chéo ctia ti gidc do (di¢u nay
ding v6i ca tit giac 16i 1an tt giac khong 16i).

Cach 2. Xét hé cac duong thing chia cac canh va dudng chéo ctia mot tid giac bat ky, trén
mat phing budc phai ton tai 4 giao diém ma tai méi giao diém d6 c6 ding 3 duong thing dong
quy (chinh 1a 4 dinh cia tit gidc); ngoai ra, c6 nhiéu nhat 3 giao diém khac 1a giao ctia ding 2

dudng (gom hai giao diém clia cac cap canh do6i dién va mot giao diém ctia hai dudng chéo).

Déi chiéu véi he duong thang da cho, ta c6 cac giao diem (0, a), (0,b), (0, ¢) chi 1a giao clia ding
2 duong; ba diém nay phai phan biét, néu khong heé sé khong du 6 duong phan biet. Tuong tir,
ba giao diém (1,a+0b), (1,a+c), (1,b+c) ciing mang tinh chat la giao diém ctia ding 2 dudng
va ciing phai doi mot phan biet. Nhu vay, he duong thang nay tao ra t6i 6 giao diém kiéu "giao

clia ding 2 duong", vugt qua con s6 t6i da 3 cia cau hinh hinh hoc ctia mot tit gidc.

Céach 3 (Sit dung dudng thang ding). Tap hop giao diém giita cac canh va dudng chéo ciia
tit gidc bao gom: céac dinh, giao diém hai dudng chéo, va giao diém cac cip canh doéi. Hay goi
chung ching 1a cac "diém nat". Trong he duong thing da cho, cac duong thing cit nhau tai
(0,a),(0,b), (0,¢), suy ra ba diém nay déu la diém nit. Tuy nhién, ba diém nay lai cting nam
trén truc tung (dudng thang ding), trong khi truc tung khong nam trong s6 6 duong thang
ctia dé. Vay day la 3 diém nit khong ndm trén bat ky canh hay duong chéo nao, titc 1a ching

budc phai roi vao nhém: mot giao diem dudng chéo va hai giao diém canh déi.

Thé nhung ba diém nay khong thé thang hang. Déi véi ti giac 16i, dudng thang ndi hai giao
diém ctia cac canh doi dien luon ndm ngoai t1i giac, do dé khong thé di qua giao diém ctia hai
duong chéo (von nam bén trong). Ddi véi ti gidc khong 16i, ba diém tuong ting d6 nim trén

ba canh ctia tam gidc giéi han bén ngoai, hién nhien khong thé thing hang.

21. Dap an: s6 manh ghép nho nhat can thiét 1a 1100.
Chan dudi. Kich thuée téi da clia moi manh ghép 6 dang hoan thién 1a 4 6. Dien tich méi
hinh chit nhat 6 x 7 bang 42, nhu vay bat buoc phai cat ra it nhat 11 manh tit mdi hinh. Véi
tong s6 100 hinh, tong lugng manh ghép khong thé thap hon con s6 1100.
Céau hinh théa man. Cua mdi tam hinh chit nhat thanh 11 méanh theo so do. Nho vay, ta
thu dugc cac khoéi hinh 4 6 dang dang can thiét, dong thai du thém 100 khdi domino 1 x 2; tit
s6 khoi du nay cé thé xép thanh 50 hinh hoan chinh tiép theo.
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92. Dap an: BEC = 111,5°.

Goi I 13 tam duong tron noi tiép tam gidc. Hai duong phan gidc géc ngoai tai dinh B va C cét
nhau tai tam bang tiép D, nén D nam trén duong phan gidc Al.

Ta nhan thay cac goc chan doan 1D sau day déu 1a géc vuong: TIED (goc tao bdi tia tiép tuyén
va ban kinh), IBD va ICD (géc tao bdi hai phan gidc cia céc cap goc ké bit). Do d6 5 diém
I,E,B,D,C cung nam trén mot duong tron.

T tinh chat clia tit gidc noi tiép, ta suy ra:

—_— —_— 1/\
BEC = BIC =90° + iBAC.

23. Cach 1 (Khao sat truc tiép).
Néu a,, 1& thi quy tic & budc tiép theo sé sinh ra sé chén, tic 1a diy luon duy tri duge sy xuat
hién ctia cac s6 chdn. Khi gap s6 chin, ta lién tuc thyc hién phép chia 2 cho dén khi day tré

ve sb 18.
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Gia sit xét mot 6 16 a,,. Néu a, = 1 (mod 4), tic la a, c6 dang 4k + 1, thi:
Gpy1 = 3a, +1 =12k +4

s6 nay hién nhién chia hét cho 4.
Néu a,, = 4k + 3, ta mo phong quéa trinh tiép theo:

Api1 = 12k =+ 10,

Apy2 = 6k + 5,
s — 18k + 16,
Aptgq = 9k + 8.

Truong hop k chén, thi a,3 chia hét cho 4; vay ta chi can xét nhanh ma & 1a s6 18.

Dat tham s6 m = 2. Khéi dau véi a,, = 4k + 3, ta da co:
Unya = 3™k + (3™ — 1). (*)
(véi didu kien k 18). Tiép tuc viét k = 2k’ + 1 dé xét nhanh 18, suy ra:

s = 3™ - 2K + (237 — 1),

Unys = 3" 2k 4+ (2. 3™ — 2).
Néu &’ 1a s6 chén, gia tri thu dugc lap tiic chia hét cho 4; nhu vay chi xét nhanh ma &’ 18. Duéi
gia dinh nay ta co:

Ui = 3™ + (3™ —1).

Cau triic biéu thiic nay lap lai chinh x4c dang (*), di kem v6i viec &’ van duy tri tinh 1é, nhung
gié tri &' da bi thu nhé (K < k/2).
Bang lap luan tuong tu, néu day s6 cit chay mai ma khong bao gio xuat hién boi s6 clia 4 thi
sO tu nhién & phai gidm khong ngiing, day 1a mot dieu vo 1y.
Céach 2 (Theo s6 duw).
Gia st phan chiing ring khong c¢6 bat ky s6 hang nao chia hét cho 4. Khi d6, tinh ch&n/1é clia
cac sO hang trong day phai xen ké déu dan, dong nghia véi viéc hai quy tac "chia 2" va "nhan

3 cong 1" cling dugc thyc hién luan phién.

Gia st ay, chén, ag,; 1é. Ta chitng minh bing quy nap ménh dé: néu trai qua 2n budc ma day

van chua tao duge mot boi s6 ndo ctia 4, thi s6 hang khéi dau a; = 2" — 1 (mod 2").

Tt ménh dé nay suy ra a; > 2" — 1, diéu nay khong thé dang véi cac gia tri n di 1én. Do do,

day bat buodc phai chita mot boi s6 ciia 4.

Quy udc cach viét: "du 2" — 1" duge viét ngan gon thanh "du —1", "du 2" — 2" viét thanh "du

—2" v.v.
Buée co s6: aq 1a s6 1é.

Budc quy nap: gia st a3 = —1 (mod 2"1). Khi doé:

as =2a3 =—2 (mod 2")
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24.

25.

(gidi thich: viag =2 -2""' -1 =ay =2 -2" - 2).

Mat khéc, az = 3a; — 1 = —2 (mod 2") dan dén 3a; = —3 (mod 2"). Bang tinh chat co ban

ctia dong du, ta suy ra a; = —1 (mod 2").

Bo dé. Néu hai s6 N va k nguyen t6 ciing nhau, thi tit hé thic dong du:
ka=kb (mod N)

ta c6 thé gian udéc thanh:
a=b (mod N).

Cach 3 (Xay dung day phu).

Tiép tuc gia st phan ching rang day khong chita boi s6 ctia 4, dan t6i tinh chin/1é va hai quy
tc bién doi xuat hien luan phién. Tap trung vao cac sé6 hang chin a,, ta thiét lap mot day sé

phu (b,) gom toan s6 nguyén theo dinh nghia:
b, = a,, + 2.
Lic nay ta c6 hé thic:

an, b, — 2 b,
bn+1:an+1+225+2: 5 9

va tiép theo:
b2 = Gnyz +2 = (3an41 +1) +2

3
— 3(bn+1 - 2) aF 3 — 3bn+1 - 3 — ébn

3 . R . .
Tom lai b, = §bn. Néu b, phan tich chta ding m lan thita s6 2 (chia hét cho 2™ nhung

khong chia hét cho 2™), thi:
3m+1

bn+2m+2 — an

sé bi giy thanh mot phan s6 (khong con 1a s6 nguyen), mau thuén tryc tiép véi tinh nguyeén

clia day phu ban dau.

Pap an: hoan toan co thé.
*(Nguoi diing c6 thé vé mot bang 5 x 11 lam vi dy, danh dau "+" xen ké nhu ban co)*

Vi du, trong bang 6 vuong, ta c6 thé tu do dién cac sé chin vao cac 6 duge danh dau "+", va
1ap day cac sb 1é vao cic 6 con lai. Khi d6 moi hinh vuong con 2 x 2 déu c6 chita 3 6 1é va 1 6

chin (hodc 1 6 18 va 3 6 chn), tong luan phién ra sb 1é.

Bai 25 trung véi bai 17, xem 16 giai ctia bai 17.
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26. Dap an: khong ton tai bo s6 nao nhu vay.

Nhic lai cong thitc tinh s6 lugng wée s6: néu phan tich ra thita sé6 nguyéen to ctia n 1a
n=pi'py ... Py,
thi tdng s6 udc ctia n dude tinh béi

(i + D)+ 1)... (e +1).

Theo dinh nghia, s6 u6c chung ctia hai s6 a, b chinh 13 s6 lugng wée s6 clia u6c chung 16n nhat
ged(a, b); tinh chat nay tuong tu déi v6i nhém ba so.

Khéi tao dang phan tich:

a=pMps?. . .pt, b=pl P pk e=pl'p .. .p.

Khi dé uéc chung 16n nhat biéu dién dusi dang:

ged(a, b) = p'py’ ... Pt
ged(a, ¢) = p'ps? ... pYF,
ged(a, bye) = pi'ps? ... phr,

trong d6 p; = min{w, B;, v}, 7 = min{ay, 5;}, va 0; = min{ay, v;}. Ro rang do6i véi mdi chi s6
i, it nhat mot trong hai gia tri 7;, 0; (tham chi c6 kha ndng ca hai) phai biang dung p;.

Gia st ton tai cdc so6 théa man diéu kien de bai. Vi s6 udc chung ctia nhém ba s6 a,b, ¢ 1a
350 (chia hét cho 7), dua vao cong thiic tinh s6 lugng wde s6, chdc chan phai ton tai mot chi
s6 7 sao cho p; + 1 1a mot boi s6 ctia 7. Dya trén nhan xét phia trén, mot trong hai nhan ti
7; + 1 hodc o; + 1 lac nay ciing phéi chia hét cho 7. Do d6, lugng wdc s6 ciia ged(a, b) hoac ciia
ged(a, ¢) bat bude phai chia hét cho 7. Thé nhung c& hai con s6 1000 va 720 déu khong chia

hét cho 7, mau thuan hoan toan.

27. Dap an: do dai ctia doan thit hai bang:

V21 -1
V2

Theo gia thiét, hai doan thang dai 1 ¢6 chung mot dau mut, dit toa do clia giao diém dé la
(u,v). Tinh tién d6 thi theo vécts ¥ = (—u, —v), tuong duong véi phép doi bién z «» (z — u)
va y(x) ¢ (y(x) —v). Sau phép tinh tién, hai doan don vi d6 ndm hoan toan trén truc OX, va
giao diém chung tring véi goc toa do. Vi phép tinh tién khong lam thay déi hé s6 clia bac ba,
do6 thi mdéi thu duge c6 phuong trinh:

y=2z(x—1)(z+1).

Duong thang song song véi y = x sau tinh tién sé mang dang y = = + s. D thi ham s6 cit

duong thing nay tai 3 diém; mot trong cac doan thing giéi han béi giao diém c6 do dai v/2,
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28.

diéu nay tuong duong véi viec khodng cach gitta hai hoanh do ctia dau mut bang 1. Dat hoanh
do ctlia chiing 1a p va p + 1, con hoanh do clia giao diém thit ba la ¢. Ba gié tri p, p + 1, ¢ chinh
la ba nghiém ctia phuong trinh hoanh do giao diém:

zlx—1)(z+1)=x+s.
Khai trién ra dang 2® — 2z — s = 0 va ap dung dinh 1y Viete:
p++1)+q=0, plp+1)+pg+(p+1)g=-2.

Thé ¢ tit phuong trinh bac nhat vao phuong trinh thit hai, ta duge phuong trinh bac hai theo
p:
3p2+3p—1=0.

Tu day giai ra duge hai bo nghiem (sdp xép tang dan). Bo nghiem thit nhat:

v21 -3+ v21 3+ v21
ql:_37 b1 = B ) p1+1: 6 .

Khi d6, do dai hinh chiéu ctia doan théng can tim la:

1
pl—Q1:§(V21—1)

Bo nghiém thit hai mang tinh chat déi xing v6i bo thit nhat qua truc tung:

3 yA 3 Vol Vol

D2 G pptl=—-—  @=—F0,

do d6 cung cap cling mot dap so.

Vi duong thing tao véi truc hoanh mot géc 45°, do dai ctia doan thang can tim sé bang do dai
hinh chiéu cia né nhan véi V2, tie la:

V21 -1
SV

T bo dit kien dé bai, ta dé dang thiét lap duge mot dang thiic:
92 — 7% =62 — 22,

Ta sé chiing minh rang sit ton tai ctia hé thitc nay tuong duong vé6i dic tinh hinh hoc hai canh
AC va BD vudng gbc v6i nhau.

Xét tam giac ABD, ké duong cao AH vuong goc véi day BD. Do AB =6 > 2 = AD, chan
duong cao H sé niam gan dinh D hon dinh B. Theo dinh 1y Pythagoras:

BH? — HD? = (BA®> — AH?) — (DA? — AH*) = BA* — DA* = 32.
Thuyc hién cic thao tac tuong ty véi duong cao CH' clia tam giac BC'D, ta thu dugc:

BH"”? — H'D? = 32.
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Ham s6 BH? — HD? bién thien don diéu khi diém H dich chuyén trén doan BD, do d6 tit hai
dang thitc trén suy ra diem H va diem H’ phai tring nhau. He qua la AC L BD.

Bay gio, ta dat ti dien dinh huéng sao cho mat phang chita AC va BD song song véi miit
phang ngang, rdi chiéu theo phuong thing ding. Hinh chiéu ctia ti dién xudng mat phang la
mot ti gidce 16i ABCD véi hai duong chéo AC, BD vuong goc véi nhau. Dién tich ciia tit giac
hinh chiéu bang mot nita tich do dai hai duong chéo, tiic la AC% Dién tich toan phan cta
tit dién bao triim toan bo hinh chiéu nay hai 1an (mot 1an ¢ mét trén va mot lan  mat duéi),

vi thé dién tich toan phan ctia tit dién phai 16n hon dién tich ctia hai lan mét chiéu.
Duéi goc nhin dai so:

AH.BD CH-BD BD(AH+CH) BD.AC
S 2 - Ty

Sapp + Scsp =

Chitng minh tuong tu déi v6i tong dien tich hai mat con lai, ta ciing c6 két qua ching 16n hon
AC - BD

5 LAy tong clia cd 4 mit suy ra diéu phai chting minh.

29. Theo luat bu trit tinh chia hét: néu trén bang c6 4 s6 18 thi tich ctia nhém 4 sé d6 ciing 1a s6
1¢, nén khong thé chia hét cho 30. Vay bang chi c6 thé chita t6i da 3 s6 1é. Bing lap luan y hét,
bang chi chita nhiéu nhat 3 s6 khong chia hét cho 3, va chita nhiéu nhat 3 s6 khong chia hét
cho 5.

Ba nhom "s6 loai trit" nay chiém t6i da 9 vi tri trén bang. Ma bang c6 tong cong 10 con s6,
do d6 ton tai it nhat 1 con s6 khong thudc ca ba nhém bi loai trén. Con s6 nay hoi tu du ba
diéu kien: 14 s6 chén, chia hét cho 3, va chia hét cho 5, tic 1a ban than né chia hét cho 30.

30. Dap an: 1234567890123456789.

Gia st trén con s6 dang xét ton tai mot cap chit s6 lién ké sao cho khi trao ddi vi tif ciia chiing
thi gia tri ctia s6 d6 khong hé tang lén. Tach con s6 d6 tai vi tri cip chit s6 ké nhau do, ta dugc
hai phan rdi rac (phan phia sau c6 thé khéi dau bang chit s6 0). C4 hai phan nay déu phai
thita hudéng dac tinh rieng biet: khi doi chd hai chit s6 lién ké bat k¥, gia tri ctia né luon tang
lén, nén cac chit s6 cau tao nén ting phan buoc phai dude sip xép theo thit tu tang ngit. Tap
hop chit s6 c6 gi6i han, nén phan dau dai t6i da 9 chit s6, phan sau dai t6i da 10 chit s6. Do de
bai quy dinh con s6 phai c¢6 chinh xac 19 chit s6, nén phan dau buoc phai 1a dai 123456789, va
phan sau buoc phai la dai 0123456789.

Néu nhu khong ton tai bat ky cap chit s6 lién ké nao lam gidm gia tri nhu gia dinh trén, thi
toan bo 19 chit s6 clia s6 d6 phai dude sap xép tang dan ngit, diéu nay 1a vo 1y vi gidi han chi
c6 10 chit s6 he thap phan.

31. Dap an: N = 4034.

Néu N < 4033, thi mot khi ding & tang 2017, ta khong thé di chuyén dén bat ky tang nao
khac. That vay, thao tac bam tir tang 2017 dén mot tang b # 2017 chi kich hoat thang may
chay néu 2017 +b 1a boi clia 2017 hodc 2017 — b 1a boi ctia 2018. R rang véi ngudng N < 4033,
trong khodng tit 1 dén N chi c¢6 duy nhat con s6 2017 chia hét cho 2017, nén 2017 + b tuyét
ddi khong chia hét cho 2017 khi b # 2017. Con véi bicu thiic 2017 — b, gia tri clia n6 dao dong
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32.

trong khoang [—2016,2016], va trong dai nay chi c¢6 duy nhat s6 0 1a boi ctia 2018, ciing khong

théa man.

Can chitng minh ring v6i nguéng N = 4034, tit moi tang déu c6 thé di xudng duge tang 1 (va
do tinh déi xing, tit tang 1 ciing c6 the di dén moi tang). Gia st nguvi di dang & tang a.

Néu a < 2016, ap dung lién hoan céc buéc thao tac sau:

a — a+ 2018 — 4034 — (a + 2018) = 2016 — a —> 2017 — (2016 —a) = a + 1.
Lap di lap lai quy trinh nhay tang trén dé tién dan len tang 2016, r6i tit d6 bAm mot mach veé
tang 1.

Néu a > 2018, ta stt dung quyén di chuyén gidm xudng 2018 tang (néu chénh lech 16n thi lip
lai nhiéu 1an budc nay), roi quay trd lai sit dung quy trinh nhay tang nhu tren.

Néu khong may bi ket ¢ mitc a = 2017 hodc a = 2018, stt dung chudi nit bam sau day:

2018 |

Tt cdc bude trén suy ra tit bat ky tang nao déu c6 con duong quay veé dich tang 1.

Dap an: Petya la nguoi gianh chién thang.

Tong quat hoa tro choi: goi s6 luong ghi trén bang ban dau la N. Ta chitng minh quy luat: néu
N 1a mot liiy thita ctia 2 thi nguoi di sau c¢6 chién luge thang; ngude lai, nguoi di trude sé 1a
ngudi chién thang. Chi can chiing minh hai ménh dé doc lap:

(a) Néu sb trén bang hién tai 1a s6 k khong phai 1a liy thita ctia 2, thi nguoi choi ¢ lugt do
luon c6 cach di mot bude hop 1é dé bién né thanh mot liy thira cta 2.

(b) Néu sb trén bang hién tai da 1a mot iy thita ctia 2, thi nguoi choi ¢ lugt d6 tuyet ddi
khong thé di mot buée hop 1é nao dé chuyén thanh mot liy thita clia 2 khac.

Chiing minh ¥ (1): xac dinh liy thita ctia 2 16n nhat nhé hon k, goi 1a 2". Khi do:
"< k< 2Mtt=2.0"

nghia 14 s6 k khong thé chia hét cho 2". Theo luat ctia tro choi, ngusi dé dude quyén thay sb
k trén bang bang con sb 2".

Chiing minh ¥ (2): néu s6 k dang ding trén bang 1a mot liiy thita ctia 2 thi & hién nhién chia
hét cho moi lity thita nhé hon ctia chinh 2, nén theo quy dinh, khong thé thay bing mot liy
thita clia 2 ndo khéac trong vong mot bude duy nhat.

Tt d6 thiét 1ap nen chién luge bat bai: néu N khong phai 1a ity thita ctia 2 thi ngudi di dau
tien lap ttc bién doi né vé mot liy thita ctia 2 ngay trong nude di dau; sau dé, méi khi doi

phuong cua quay dua né thanh mot s6 khong phai lity thita clia 2, ngudi dau tién lai gat ngude
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né6 vé trang thai Iy thita clia 2. Van ¢o tan cuc khi nguoi thit nhat viét ra s6 2 (s6 1 bi cam

trong trd choi nay).

Trong truong hop N khéi dau 1a liy thita ctia 2 thi chién lude trén roi vao tay ngudi choi thit
hai.

Cubi ciing, xét truong hop bai toan 10%°'7, day khong phai la liiy thita ctia 2 (vi c6 chita nhan
tt 5), vi vay nguoi di trude 1a Petya sé gianh phan thing.

33. Hai tho son thuc hién thao tac doi mau theo hai chu trinh nguge nhau. Cu thé, néu thg thi
hai di vio mot 6 ngay sau tho thit nhat, thi sau khi son, 6 d6 sé tré lai mau ban dau. Tong
quét hon, néu tho thit hai lap lai ding hanh trinh ctia thg thi nhat, moi tac dong doi mau cia
tho thit nhat sé bi triét tieu hoan toan.

Dua vao tinh chat nay, tho thi hai c6 thé ap dung chién luge sau: trude tien, di chuyén theo
duong ngin nhat (vi du di men theo bién) dé tién dén 6 xuat phat ctia thg thit nhat. Giai doan
nay mat t6i da 15 bude. Trong 15 bude do, thg thit nhat cing di duge 15 bude, do d6 tong s6
o bi do6i mau xam tren bang khong vugt qua 30 6. Sau do, tho thi hai chi viec ldap lai chinh
xac chudi nuéc di ma thg thi nhat da thuc hien truée dé 15 bude.

Xét tinh trang tai mot thoi diém: ¢ bude thit 16, the thit nhat c¢6 thé lam xuét hien 6 thit 31
khong c6 mau xam. Tuy nhién, & budce thit 16 ctia minh, thg thi hai lai di t6i ding 6 ma thg
thit nhat da t6i ¢ bude thi 1. Do chu trinh doi mau ngude nhau, tac dong clia thg thi nhat &
bude 1 va the thit hai 6 bude 16 sé triet tieu. Vi vay, cac 6 khong mang mau xam tai bat ky
thoi diém nao chi bao gom cac 6 do thg thi nhat to & cac budc tit 2 dén 16, ciing véi cac 6 do
tho thi hai t6 trong 15 bude dau, tong cong khong vugt quéa 30 6.

Lap luan tuong ti cho cac bude tiép theo, s6 luong 6 khong c6 mau xam luon bi chan trén béi

31. Do d6, s6 6 mau xam trén bang luon khong nhé hon:

8-9—31=41 (o).

Cudi cling, ta can kiem tra xem thg thit nhat c6 thé can trd thg thit hai hay khong. To mau
bang 6 vuong theo kicu ban cd. Ban dau, hai thg son ditng & hai 6 khac mau. Sau mdi nude di
ctia tho thit nhét, hai ngudi ¢ trén cac 6 cting mau, nén khi thg thd hai chuan bi di, tho thi
nhat khong thé ditng 6 6 ké canh v6i thg thit hai. Sau khi thg thit hai di xong, hai ngudi lai &
hai 6 khdc mau, va tinh hudng lip lai. Vay tho thi hai luon thiic hien duge chién luge da de

ra.

34. Loi giai 1. Trude ky nghi Nam Médi, gia st truong ¢c6 N hoc sinh, trong d6 s6 hoc sinh nam
1a M, chiém ti le k%. Khi d6 ta co:

k
M=—N 100M = EkN.
100 = 00

Sau ky nghi, s6 hoc sinh nam 1a M + 1, tong s6 hoc sinh toan trusng 1a N + 3. Néu ti 1é hoc
sinh nam ldc nay 1a ¢% (véi ¢ < 100), thi:

100(M + 1) = £(N + 3).
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Két hop véi phuong trinh 100M = kN, ta thu duge:
(N + 30 =100M + 100 = kN + 100,

suy ra:

100 — 3¢ = (€ — k)N.
Néu 3¢ < 100 (ttc 1a hoc sinh nam chiém duéi 1/3), thi N phai 1a mot uée sé6 duong cua
100 — 3¢ < 100, do d6 N < 100.
Néu 3¢ > 100 (hién nhién 3¢ # 100), thi:

(k—6)N = 3¢ — 100 < 3-99 — 100 = 197,

suy ra N < 197.
Vay trong moi truong hop, tong s6 hoc sinh toan truong trude ky nghi déu nhé hon 200.
Loi giai 2. Goi m, d lan lugt 14 s6 hoc sinh nam va nit trude ky nghi. Theo gid thiét:
100m
— ==z
v6i z 13 mot s6 nguyen.
Trude hét xét truong hop ti 1é hoc sinh nam khong thay doi sau ky nghi:
100(m + 1)

m+d-+ 3

Khi d6 ta c6 dang thic:
100m  100(m + 1)

m+d m+d+3’

quy dong ta duge:
100m(m + d + 3) = 100(m + 1)(m + d),

rat gon thanh:
3m =m+d.
Nghia 1a hoc sinh nam chiém ding % toan trudng, diéu nay khong thé tuong tng véi mot ti le
phan tram nguyén. Dan dén mau thuan.
Vay chi con lai hai kha nang:

100m  100(m + 1)

100(m +1)  100m
_ > 1
m—+d m+d+3

>1 hoa _ > 1.
R T Fd+3  m+d

Hai truong hop nay c6 cach gidi hoan toan tuong tu nhau. Xét truong hgp thit nhat, quy dong

mau sb ta thu dugc:
100m(m +d+3) —100(m + 1)(m+d) = (m+d)(m+d + 3).

Thu gon vé trai:
100(2m — d) = (m + d)(m + d + 3).
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Suy ra:
100(2m — d)
d ——— .
+ m+d+ 3
St dung bat dang thitc hién nhien:
2m —d
—_— <2
m+d+3 ’

ta dé dang suy ra m + d < 200.

35. Dap an: C6 thé cit duge nhiéu nhat 6000 hinh chit F.
Xét moéi hinh chit F, ta danh dau 6 vuong A nam ngay dudi thanh ngang phia trén ctia chit
F (nhu hinh minh hoa). Nhan thay rang, v6i moi cach sap xép cac hinh chit F khong c6 phan
trong chung trén mit phang, 6 A ctia mot hinh sé khong bao gio bi phii len bdi bat ky phan

nao cua mot hinh chtt F khéc.

Hon nita, céc 6 A clia cac hinh phan biét sé luon 1a cac 6 phan biét trén ludi. Do d6, c6 thé coi
moi 6 A duge lien két duy nhat v6i mot hinh chit F. Bay gio, ta ghép hai hinh chit F thanh
mot hinh chi nhat kich thuée 5 x 6 nhu hinh bén duéi. Hinh vuong 300 x 300 hién nhién c6
thé duge phan hoach thanh 3000 hinh chit nhat 5 x 6, tuong duong véi 6000 hinh chit F. Day
ciing 1 s6 luong toi da c6 thé dat duge, do toan bo dien tich hinh vuong da duge st dung hét.
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I N |
i
1

36. Ta can kiém tra ba bat déng thiic tam gidc déi v6i ba doan thang BE,CD va BC. Goi F la
giao diém ctia BE va CD.
Hién nhién ta co:
BE +CD > BF + FC > BC.
Tiép theo, ta kiém tra bat dang thic tht hai: BE + BC > CD. Cong thém do dai hai doan

thing bing nhau AE va AD vao hai vé, ta can chiing minh:
AE + BE + BC > AD + CD.

Qua that, ap dung bat dang thic tam giac ta ¢6 AE + BE > AB va BD + BC > CD; dong
thoi AB = AD + BD. Tu dé suy ra:

AE+ BE+ BC > AB+ BC =AD+ BD + BC > AD + CD.

B

A E C
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Bét déng thic tht ba C'D 4+ BC > BE ciing duge chiing minh hoan toan tuong tu.

37. Sau cac thao tac x6a theo dé bai, trén bang chi con lai cac hgp s6 ma moi thita s nguyén t6
cia ching déu phai thudoc mot trong hai doan: [101,999] hogc [10001, 1000000]. Khi d6, khong
c6 s6 nao con lai trén bang cé thé la tich cla tit ba thita s nguyeén t6 tré len, vi néu nhu vay
gia tri ctia n6 sé 16n hon:

100 - 100 - 100 = 1000000.
Diéu nay vo 1y. Vay mdi s6 con lai bat budc phai phan tich duge thanh tich ctia ding hai s6
nguyeén to.
Hon ntta, ca hai thita s6 nguyén t6 d6 déu phai thuoc doan [101,999]; néu khong, tich cia
ching sé vugt qua:
100 - 10000 = 1000000.

Nguge lai, tich ctia bat k¥ hai s6 nguyén t6 nao nam trong doan [101,999] (ké ca binh phuong

clia mot s6 nguyeén t6) déu c6 gia tri khong vugt qua:
999 - 999 < 1000000,

nén chic chan chiing khong bi x6a v van con lai trén bang.

Do d6, néu py, pa, ..., pr 1a danh sach tat cd cac so6 nguyen to tit 101 dén 999, thi cac sd con

sot lai trén bang chinh 1 tat ci cac tich chap d6i mot clia ching:

biP1, PiP2, PiP3, --., DPiPk;
b2p2, P2pP3, .-, DP2Pk,
psp3, ..., P3Pk, V.V.

Vi vay, tich clia tat cd cac sd con lai trén bang sé bang:

(Plpz .- -pk)kﬂ

day chinh 1a mot liy thita (v6i s6 mii 16n hon 1) clia mot s6 tu nhién.

38. Gia st phan chitng rang mdi hoc sinh chi quen nhiéu nhat 5 ban trong cau lac bo. Khi do, ton

tai it nhat mot hoc sinh quen khong qua 4 ban (that vay, néu tat ca 49 em déu quen dang 5

ban thi theo dinh 1y dd thi, tong s6 cap quen nhau sé 1 , khong phai 13 s6 nguyeén, vo

1y).

Chon hoc sinh d6 va goi 1a Petya. Xét tap hop gom Petya, cdc ban quen ciia Petya (khong qua
4 em), va cac ban quen ctia nhitng hoc sinh dé (khong qué 16 em, vi mdi ban trong nhém quen
clia Petya c6 nhiéu nhat 4 moi quen biét khac ngoai Petya). Lay tap hop nay loai ra khéi cau
lac bo, tong s6 hoc sinh bi loai t6i da 1a 1 44 + 16 = 21 em.

Chon thém mot hoc sinh khic ngoai nhém vita loai, goi 1a Vasya. Bang lap luan tuong tu, tap
hop gom Vasya, cac ban quen clia Vasya va nhitng ban quen ctia ho ¢6 nhiéu nhat 26 em. Tiép

tuc loai nhéom nay ra.
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39.

Téng s6 hoc sinh da loai nhiéu nhat 1a 21 + 26 = 47, nén van con s6t lai it nhat 2 em, ta chon

mot em va goi la Timur.
Lic nay, ba hoc sinh Petya, Vasya va Timur doi mot khong quen biét nhau va ciing khong c6
bat k¥ mot ngudi ban quen chung nao (néu c6 thi ngusi ban chung dé da bi loai 6 mot trong
hai budc trude). Diéu nay mau thuan tryc tiép vdi gid thiét clia dé bai. Vay gia st sai, phai c6
it nhat mot hoc sinh quen tit 6 ban tré len.
Dap an: BC' = 1.
Loi giai 1. Trong tam giac AC'D c6 hai goc bang 75° nén:
DAC = 180° — 2- 75° = 30°.

Do doé:

BAC = 45° — 30° = 15°.
Ha céac duong cao DX va BY vuong géc xudng dudng thang AC. Ta c6:

XDC =90°— XCD = 15°.

Suy ra hai tam giac vuong DXC va BY A bang nhau theo truong hgp canh huyeén - géc nhon
(do CD = AB = 1), dan t6i:
AY = DX.

Trong tam gidc vuong ADX, do c¢6 goc DAX = 30° nén:
AD =2DX = 2AY.

Suy ra CY = AC — AY = AD — AY = 2AY — AY = AY. Vay Y la trung diém ctia doan AC,
suy ra tam gidc ABC' can tai B. Do do:

BC =AB=1.

C

A D

Loi giai 2. Tuong tuy nhu trén, ta xac dinh dugc:

DAC =30°, BAC = 15°.
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Dung tam gidgc déu CDE vao phia bén trong tt gide. Khi d6, diém A vi F cling nam trén
dudng trung truc ciia doan thang C'D, do d6 AFE la tia phan gidc ctia goc CAD. Suy ra:

EAC = 15° = 75° — 60° = ACE.
Kéo theo tam giac AEC la tam giac can tai E, va:
AE=FEC=CD =AB=1.

Vay diém E chinh 1a diém déi xing ctia B qua truc déi xing AC. Tt phép déi xiing nay ta

suy ra:

BC =FEC =1.

40. Xét tap hgp cac so6 Palindrome c6 449 chit s6 duéi day, duge chia lam 225 nhém, mdi nhém

gom 9 so:

1000 . .. 0001, 2000...0002, ... 9000...0009,

9100...0019, 9200...0029, c 9900. .. 0099,

9910...0199, 9920...0299, o 9990...0999,
99...9199...9, 99...9299...9, ..., 99...9999...9.
—_— = Y= = —_ =

224 224 224 224 224 224

Tong cong co:
9-225 = 2025

s6. Vi 2025 16n hon 2017, theo nguyén ly Dirichlet, khi chia tap hop nay cho s6 nguyén t6

p < 2017, chic chan phai c¢6 hai s6 cho ciing mot s6 du.

Lay hiéu ctia hai s6 d6 (s6 16n trit s6 nho), ta thu duge mot sd Palindrome c¢6 449 chit s6 chia
hét cho p (c6 thé né bat dau va két thic bing mot vai chit s6 0). Néu p # 2 va p # 5, ta hoan
toan c6 thé bd qua cac chit s6 0 ¢ hai dau ma van giit duge mot s6 Palindrome hop 1é chia hét

cho p. Néu p = 2 hodc p = 5, thi s6 Palindrome chia hét cho p cé thé lay ngay la chinh s6 p.
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41. Pap an: S6 luong tam giac den nhé nhét co thé la:

mn + min(m, n).

Cau hinh t6i wu. Khong mat tinh tong quat, gid sit m < n. Ta to den tit ca cac tam giac
nam & phia bén trai trong mdi 6 vuong, va d cot ngoai ciing bén phai, ta to den thém cac tam
gidc ndm & phia bén phai. Khi do, tong s6 tam giac den 1a mn 4+ m, thod man hoan toan yéu

cau ciia bai toan.

Danh gia duéi. Xét mot hang ngang bat ky. Méi hang c6 2n tam gidc cé canh thang ding
(goi tat 1a "tam giac ding"). V6i mdi tam giac diing mau trang, ta thiét 1ap mot mii tén trd
vé mot tam gidc mau den ké canh v6i né trong ciing hang; néu tam gidc ding dé da to6 mau

den, ta cho mii tén tré vé chinh né. Nhu vay, mdi hang phat ra tong cong 2n miii ten.

T

MBbi tam giac trong hang chi c6 thé nhan t6i da 2 mii tén: tam gidc ndm ngang chi nhan mii
tén tit hai tam giac ding ké né trong cing mot 6; tam gidc ding chi nhan mii tén tit chinh né
va tit tam giac ding ké ben canh. Dé nhan du 2n mii tén, trong mdi hang phai c6 it nhat n
tam gidc mau den. Lap luan tuong tu theo cot, trong mdi cot ciing phai c6 it nhat m tam giac

den.

Gia st ton tai mot hang c6 dang n tam gidc den. Khi d6, mdi tam gidc den trong hang nay
phéi nhan chinh xac 2 miii tén. Tam gidc ding nim ngoai cling bén trai khong thé c6 mau den
(néu mau den thi n6 chi nhan 1 mii tén tit chinh n6), do d6 né phai mau trang. Mii ten ti
tam giac trang nay chic chan phai tré vao tam giac ngang ké no, suy ra tam gidc ngang do
mang mau den. Dé tam giac ngang nay nhan du 2 miii tén, tam giac ding bén phai trong cling

o ciing phai mang mau tring. Ap dung suy luan nay doc theo toan bo hang, ta két luan dudc
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rang trong mdi 6 vuong ciia hang d6 chi c6 ding mot tam gidc den, va d6 chinh 1a tam giac

ngang.

Hoan toan tuong tu, néu mot cot c6 ding m tam giac den, thi trong mdi 6 vuong thuoc cot do

ciing c6 duy nhat mot tam gidc den, va dé 1a tam giac ding.

Hai truong hop nay khong thé xay ra dong thoi, béi tai 6 vuong la giao ctia hang d6 va cot do
s¢ xuat hien mot tam giac den vita déng vai tro la tam giac ngang vira 1a tam gidc ding —

mau thuan.

Do d6, hodc tat ca cidc hang déu phai chia tit n + 1 tam giac den trd lén, ho#ic tat cd cac cot
déu phai chita tit m + 1 tam gidc den tré len. Tt d6 suy ra tong s6 tam giac den trén toan
bang khong thé nhé hon:

min{m(n + 1), n(m + 1)} = mn + min(m, n).

44. Dap an: S6 thit 2017 nhé hon s6 thit 83.

L&i giai 1 (Loai b6 dan cac cap). Ta tién hanh ghép cac s6 thanh timg cip theo thit tu
chiing dugc viét ra: s6 thit nhat ghép v6i s6 thit hai, s6 thit ba véi s6 thit tu, v.v. Khing dinh
rang: bat dau tit s6 thit ba tré di, moi s6 dugc viét ra déu nim trong doan thing gisi han béi

cap so dau tién trén truc so.

That vay, gia sit khang dinh nay sai; goi s6 dau tién vi pham quy luat nay (nim ngoai doan
ctia cap dau tien). Tai thoi diem viét con s6 vi pham d6, 3 mot phia clia n6 trén truc s6 khong
c6 bat ky con s6 nao, trong khi ¢ phia con lai c6 it nhat 2 s6 (chinh 1a cap s6 dau tien). Diéu

nay trai véi diéu kién ctia dé bai (chénh léch s6 lugng cac s6 & hai bén khong vugt qua 1).

Vi vay, ta hoan toan c6 thé xéa cap s6 dau tien di ma diéu kien ctia bai toan van dudgc bao
toan cho cac s6 con lai. Ap dung lien tiép 1ap luan nay, ta thu dude quy luat: bat dau tir sb
thtt ndm, moi s6 déu nam trong doan tao bdi cap thi hai; tir s6 thit bay thi ndm trong doan
tao bdi cap thu ba; v.v.

N6i cach khéc, méi con s6 luon nim tron trong tat ca cac doan thing tao bdi cac cap sé dugc
viét ra truée né. Hay phan loai méi s6 thanh "sd trai" hoac "s6 phai" tuy thuodc vao vi trf clia
n6 so véi s6 duge ghép cap cting. Dua vao nhan xét trén, mdi con s6 luon 16n hon toan bo cac
"s6 trai" xuat hien truéc no, va nho hon toan bo cac "s6 phai" xuat hién trude né. Vi sd thi
219 16n hon s6 thit 84, ching té s6 thit 84 phai 1a "s6 trai". Kéo theo s6 duge ghép cap véi né
(s6 thit 83) phai l1a "s6 phai". Vi 1a "s6 phai", n6 luon 16n hon tat ca cic s6 duge viét ra sau

nay, bao gom ca s6 thit 2017.
(Cach giai nay do ban bién tap tap chi Kvantik goi y; tac gia: A. Perepechko.)

Lai giai 2 (Gidéi han vi tri s6 ké tiép). Danh chi s6 cac s6 theo thit tu ching xuat hien.
Goi s6 thit 83 1a xg3. Khi s6 nay dudc viét ra, da c6 82 s6 ngu tri trén truc s6. Hay goi a, b lan
lugt 1a 86 16n thit 41 va thit 42 (tinh theo thit ty tdng dan) trong s6 82 con s6 ay.

41 wmeno 41 aucmo

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 54/151



https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

Lic nay, zg3 bat budc phai thuoc khoang (a,b). Néu khong, chang han g3 > b, thi c6 it nhat
42 con s6 nhé hon g3 va khong qua 40 con s 16n hon xg3, do chénh léch it nhat 1a 2, vi pham
dieu kién bai toan.

Tuong ty, ddi v6i moi s6 thit tu 1é (2n + 1), con s6 d6 bat budc phai lot vao gitta hai 6 "trung

tam" (s6 16n thit n va s6 16n thit n + 1 trong cac s6 hién cd).

Xét sb thi 84:

41 yucyo 41 uncno

Lap luan tuong tu chi ra réng xgy chi c6 thé roi vao mot trong hai khodng (a, xg3) hoiic (g3, b).
Khi g4 duge viét ra, xgs va zg4 tré thanh hai sd trung tam mdi ctia tap hop; do doé cap s6 ké
tiép xgs, xgg déu phai nam gifta zgs va xg4. Lap luan quy nap cho thay moi s6 c¢6 chi sé 16n hon
84 déu nam gitta xg3 VA Tgy.

Néu g4 € (2g3,b) thi moi con s6 vé sau, ké ca a9, déu phai nam trong (zs3, rs4), dan dén
Torg < Tgq, dieu nay mau thudn tryc tiép véi gid thiét dé bai wo19 > s4. Vay chi con kha ning
duy nhat: g4 € (a,rs3). He qua 1a moi s6 ra doi sau do6, bao gom ca s6 thi 2017, déu thudc

(784, T83), dicu nay chiing minh ro917 < Zg3.

45. Ta chi cAn ching minh DF; = BC. Ap dung tinh déi ximg, ta ciing sé c6 DF, = BC, tit d6
suy ra DF} = DF5.

Lai gidi 1 (St dung tam gidc bang nhau). Ba canh ctia tam gidc E,CF; lan lugt song
song vdi ba canh ciia tam giac can ABE;. Vi tinh chat dong dang, tam giac E,CF; ciing 1a
tam giac can, tic la:

E.C = FC.

Xét hai tam giac BC'E; va DF|C, ta co:
E,.C =FC, BE,=AB=DC,

va goc xen gira:
—_— —_—

BE,C = DCF,

(do BE; || C'Fy). Suy ra hai tam giac nay bang nhau (canh-goc-canh), dan dén:

DF, = BC.
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A B

L&i giai 2 (St dung phép chiéu). Ti viec tam gide £;CF) can tai C, hinh chiéu vuong géc
ctia doan BC lén dudng thang AF, sé bang:

1 1 1
—AF — B\ Fy = —AF;.
9 1+2 =3 1

Do tit giac ABCD 1a hinh binh hanh nén BC || AD va BC = AD, vi vay hinh chiéu ctia doan
< 1 N . .
AD lén AFE; ciing ¢6 do dai bang §AF1. Dieu nay ching té hinh chiéu ciia DF chiem ding

phan ntta con lai ctia AF}, qua dé két luan:

DFy = AD = BC.

A B

46. Dap an: S6 lugng nhan vién t6i da 1a n + 1 ngudi.
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47.

Vi du phan ching cho sb lugng nhiéu hon. Gia stt doanh nghiép c6 k > n + 2 nhan vien.
Xét kich ban phan phdi luong sau: tat cd nhan vien (trit giam dbc) déu c6 miic luong la 1
tugrik; rieng giam doc nhan phan luong con lai. Khi d6, doanh nghiép can chitrda k—1 > n+1
dong xu ménh gia 1 tugrik, nhung doi thu ngan chi mang dén ding n dong xu loai nay. Viec
phét dii luong la khong thé.

Chitng minh luén kha thi véi sé luong khong vudt qua n + 1 ngudi. Ta ching minh
cho truong hop c6 ding n + 1 nhan vién (chap nhan c¢6 nhan vién nhan luong 0 tugrik). Thuat
toan phan phét tién sé tuan theo phuong phap tham lam (greedy algorithm) tit ménh gia lén
nhat xuéng nhoé dan: déi v6i méi loai dong xu, ta uu tién phéat cho nhitng ai dang con bi thiéu
mot khodn tién 16n hon hodc bang chinh meénh gia do.

Gia stt thuat toan bi tdc ¢ dong xu ménh giad k& > 1, nghia la khong thé phat dong xu nay cho
bat ky ai. Khi d6, s6 tién con thiéu ctia mdi nguoi déu dang nhé hon k, tic 1a t6i da chi 1a

k — 1. Do dé, tong sb tien chua dugce phat ciia toan bo cong ty khong vuct qua:
m+1)(k—1)=nk+k—n-—1

Mit khac, trong qui hién tai van con nguyén ven toan bo cac dong xu ménh gia 1,2,...,k—1

va 1t nhat mot dong xu meénh gia k. Tong s6 tien mit thuc té chua phat it nhat la:
nl+2+...+k-1))+k>2n(l+(k-1)+k=nk+k>nk+k—n—1.

Diéu nay dan dén mau thuin: tong s6 tién mat hién c6 lai 16n hon tong s6 tién can phai thanh
toan. Mau thuin nay ching t6 thuat todn phat tién tham lam sé luon kha thi va tién luong

luon duge phat du theo ding quy tac.

M rong. Néu doanh nghiép c6 cic miic luong nguyén, doi thu ngan mang dén n dong 1 tugrik,
n dong 2 tugrik, ..., n dong k tugrik, tong dung bing tong quy luong. Tim s6 nhan vién lén
nhat dé van luon phat di néu biét luong mdi ngudi it nhat: a) 2 tugrik; b) 3 tugrik.

Goi C' 1a trung diém ctia canh AB. Lay diém E trén tia doi ctia tia MC sao cho:
CM=ME.

Khi d6, doan DM déng vai tro vita la duong trung tuyén vira 1a duong cao ctia tam gidc CDE,
suy ra tam giac CDFE can tai D, tic la:

CD = DE.
Theo tinh chat trong tam chia dudng trung tuyén theo tile 2 : 1, ta co:
ME = CM = 2MC',

diéu nay chitng t6 C’ ciing chinh 13 trung diém ctia doan M E. Vi hai dudng chéo AB va M E
cit nhau tai trung diém ctia mdi dudng, t giac AM BE 1a mot hinh binh hanh. Hé qua truc
tiép 1a hai tam giac AC'M va BC'E bang nhau, dan t6i dién tich ctia ching ciing bang nhau:

Same = SaEB.
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Mat khac, xét hai tam giac chung day AM va cung duong cao ha tit C' va E:

Same = Samc-
Tit cac ding thic trén, ta cé:

Samc = Same = SaAEB-

Dong thai, do hai dusng thang AD va BC song song véi nhau:

Sacp = SaBp-
Tong hop lai dé tinh dien tich:

Samcp = Sacp + Samc = Sapp +SaeB = SAEBD-

Ap dung tinh chat hinh hoc: v6i bat k¥ ti gidc nao, hai lan dien tich ctia n6 luon nhé hon hosic
bing tich do dai hai dudng chéo. Ap dung vao t¢ giac AEBD:

28 =2Sanmep = 2Sagpp K AB-DE = AB-CD.

48. Dap an: Vasya la nguoi gianh chién thang.

Mau chét ctia bai toan la ta c6 thé xem tro choi khong dién ra trén mot dai 6 thang, ma trén
mot vong gom 99 hat (mot chudi hat c6 khoa). Xem "khoa" nhu mot hat dic biet; khi sit dung
quyen dic biet dé to mot 6 ¢6 dau cham, ta hiéu thao tac nay tuong duong véi viec to hat

mang dau cham tuong ting cung véi hat khoa.

Khi d6 luat choi tréd nén doéi xiing: c6 mot vong 100 hat, mdi lugt ngudi choi to6 mau hai hat ke
nhau chua duge t6; ai khong thé thyc hién nude di sé thua cuoc. Trong mo hinh nay, ngusi di
sau (Vasya) sé gianh chién thing bang chién luge déi xitng tam: ¢ moi nude di, Vasya luon t6

cap hat ddi xting qua tam vong tron véi cap hat ma doi thu via to.
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49. Pap an: Khang dinh ding.

Thuat toan may tinh ctia Sasha nhu sau: Dua thé ghi s6 s vao may, may sé tra lai thé doé va in
thém thé mang s6 s + 1. Tiép theo, nap dong thoi hai thé s + 1 vA s vao may. M4y tinh sé in

ra cac nghiém thuyc ctia tam thiic bac hai:
2>+ (s+ 1)z +s=0,

tam thiic nay c6 cac nghiem 14 —1 va —s, do d6 may in ra hai thé mang s6 —1 va —s.

St dung thé s6 —1, nap lai vio may dé sinh ra thé s6 0. Cudi cling, nap cip thé 0 v —s vao

may, may sé tinh todn nghiém cua phuong trinh:
2 _
r+0-2—-—s5=0,
titc 1a in ra thanh cong thé mang sé /s va thé —/s.

50. Goi z,y, z 1an luot 1a do dai cac doan tiép tuyén ké tit cac dinh A, B, C' dén cac tiép diém clia

duong tron noi tiép tam gidc. Ta c6 moi lien he:
AB=z+vy, BC=y+z CA=z+u,

va tong  + y + z chinh 14 nita chu vi clia tam giac ABC.

QIB

Goi D la tiép diém ctia dudng tron bang tiép géc B trén phan kéo dai ctia tia BA, va E 1a tiép
diém ctia duong tron noi tiép trén canh AB. Vi dudng thing IzD L AB, bai toan quy vé viéc
chitng minh DY 1 AB; khi d6 3 diém I, D,Y sé thang hang va ndm trén dudng vuong goc
chung do.

Ta sé& ching minh hai tam gidc X DY va XITFE bang nhau theo trudng hop canh-gc-canh (vi
TEX = 90°): Dit kién bai toan da cho diém Y déi xing véi tam I qua X, tic la:

IX =XY.
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Goc xen giita bang nhau do 13 hai géc doi dinh:

IXE=YXD.
Viéc con lai la chiing minh:
XD =XE.

Biéu dién cac do dai qua hé toa do x,v,

XE=BX —-BE

AB+ B
(x+y)+(y+2) T+ z

Mat khac:

(+y)+y+z) z+z
2 2
Vay ta da ching minh duge XD = X E, kéo theo cac két luan dude théa man.

XD=BD-BX=(x+y+2z)—

51. Pap an: Hoan toan co thé.

Bién ctia ban ¢ 100 x 100 dudc cau thanh tit 396 6 vudng, va nhan thay:
396 = 3 - 132.

Ta quy udc 396 6 vuong nay tuong duong véi 396 dinh clia mot da giac déu noi tiép. Hai o ke
canh tuong ng vdi hai dinh ké nhau; hai 6 déi xitng qua tam ban cd tuong tng véi hai dinh

doi xting qua tam O ctia da giac.

Chién Iugc phdi hop gitta Vasya va Tolya dién ra nhu sau: bat ctt khi ndo Petya chon t6 mau
mot dinh P, Vasya sé tinh toan va t6 dinh V' sao cho géc quay quanh tam O:

POV = 120°,
va ngay sau do, Tolya sé di nuée ¢d cua minh vao dinh 7' sao cho géc quay:
TOP = 120°

(cac goc duge do theo chiéu nguge chieu kim dong ho). Ba dinh P, V, T nay tao thanh mot tam
giac déu. Nho chién luge nay, sau moi lugt ciia Tolya, tap hgp céc 6 da to luon gitt duge tinh
bat bién dudi phép quay tam O goc £120°.

Ta kiém tra xem Vasya va Tolya c6 luon thuc hién duge nuée di hay khong. Gia sit dén lugt
Vasya di (sau khi Petya vita to P), ma Vasya lai khong thé to 6 V. Diéu nay chi x4y ra néu V/
da bi t6 tit trudc, hodc mot 6 dbi xing (ké canh) v6i V' da bi t6. Dya vao tinh bat bién duéi
phép quay goc 120°, truong hop thi nhat dan dén dinh P ciing da bi to tit trude; truong hop
thit hai dan dén viéc mot o ké canh v6i dinh P da bi to. C4 hai truong hop déu mau thuan véi
quy téc tro choi. Qua do chiing té Vasya luon c6 duong di; lap luan tuong tu ddm bao Tolya
cting ludn di dugc.

Do s6 lugng 6 trong 1a hitu han (396 6), tro choi chdc chén sé két thic, va ngudi lam vao thé
khong thé di tiép chi c6 thé la Petya.
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52. Pap an: Chi c6 thé xay ra khi n 1a mot s6 1é.
Trude tien, ta xét truong hop n 1a s6 chn. Gia st ta da tim duge cach dién cac s6 vao bang
thoa man moi yéu cau dé bai. Xét mot cot chita ba s6 a, b, c. Tong céac tich doi mot ciia ching
la:
ab + bc + ca.
Biéu thtic nay chia hét cho n, ma n 1a s6 chin, nén biéu thiic nay ciing phai 1d mot s6 chén.
Néu trong ba s6 a,b, ¢ c¢6 2 hodc 3 s6 18, thi gia tri ctia ab + be + ca sé 1a s6 1é, gdy mau thuan.
Diéu nay ép budc trong méi cot, chi duge phép chita t6i da mot s 1é. Hé qua 1a trén toan bo
bang sé c6 khong vugt qua n so 1é.
Tuy nhién, theo quy dinh, mdi hang 134 mot hoan vi cta tap hop {1,2,...,n}, do d6 méi hang
n £ 2 £ A 2 A ~ 2 2+ 1N

sé chita ding 5 so 1é. Tinh trén ca 3 hang, tong so lugng so 1é thuc te trén bang phai la:

an

5
Con s6 nay 16n hon n, tao ra sy mau thuan. Do d6 n khong thé 1 s6 chin.

Bay gio, xét truong hop n 1a s6 18. Ta xay dung bang nhu sau: hang 1 va hang 2 chita cac s6
chan:
2,4,6,...,2n,

trong khi hang 3 chiia cic s6 am tuong ting:
1,-2.....—n.

Véi cau hinh nay, mdi cot trong bang sé c6 dinh dang (2k, 2k, —k). Kiém tra tong tich doi mot
cua bo ba nay:
2k - 2k + 2k - (—k) + 2k - (—k) =0,

s6 0 hién nhien chia hét cho n.

Cudi cung, ta thay thé méi s6 trong bang bing phan du ctia né theo modulo n (dic biét cac
s6 chia hét cho n thi duge gan bang n). Thong qua phép bién doi nay, moi sé hang déu thuoc
tap {1,2,...,n}, va tinh chat chia hét theo cot vin dugc béo toan. Ta chi can kiém tra xem
cac sO trén ciing mot hang c6 doi mot khéac biét hay khong; dicu nay duge bao dam vi day s6

goc trén mdi hang tao ra hé thang du day du theo modulo n.

53. Dap an:
/DHE = 100°.

Dé thay hai tam giac ABC vd EBD dong dang v6i nhau theo trudng hop goc-goc, vi tit giac

ADEC noi tiép nén géc ngoai tai mot dinh bang goc trong ctia dinh ddi dién:
/BED =180°— Z/DEC = Z/BAC.
Goi O la tam duong tron ngoai tiép clia tam gidc BDE, va dit s6 do goc:

/BAC = ZBED = «.
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Ap dung tinh chit géc & tam dudng tron, ta co:
/DOB = 2a,
tit d6 suy ra s6 do goc day clia tam giac can ODB:
/0DB = /Z0BD =90° — a.
Mat khac, trong tam gidc vuong ABH, ta ciing co:
/ZABH =90° — a.

Diéu nay ching té tia BO va tia BH tring nhau, hay tam O nim trén dudong thing BH.
Ngoai ra, theo dinh nghia, tam O ciing phai nam trén dudng trung tryc ctia doan DE.

Dong thai, diém H nam trén dudng cao BH, va theo gia thiét ctia dé bai (HD = HE), H ciing
nim trén duong trung triyc ciia doan DE. Vi vay, diem O va H tring nhau:

O=H.

X4c nhan duge H chinh 1a tam duong tron di qua B, D, E, ta can tinh goc é tam ZDHE. Goéc

& tam bu véi n6 (goc 16n) sé bang hai lan géc noi tiép chan cung cung:
360° — Z/DHE =2/B = 2-130° = 260°,

ti d6 ta tinh duge:
/DHE = 100°.

Dap an: Gi4 tri nhé nhat ctia biéu thiic bing 2.

Loi giai 1. Ap dung bat ding thic trung binh cong - trung binh nhan (AM-GM) cho hai s6

duong, ta co:

2 CL2

a _ a >
m am %(GQ_'_(M)Q)

Cong vé theo vé ba bat dang thic tuong tu cho cac bién a, b, c:

= 24°.

a b

C
+ + > 2a% + 20% 4+ 2¢% = 2.
Vi—a2 V1= VJ1-¢
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Vay tong can tim luon bi chin dudi béi 2.

Dau bing dat dugc, chang han khi ta chon:

khi dé biéu thic dat gia tri chinh xac bing 2.
L&i giai 2 (Phuong phap don bién). Xét ham so:
t

ft) = —,
(t) T
bai toan quy vé viéc tim gia tri nhé nhat cia:

f(@)+ f(y) + f(2)

v6i diéu kien rang buoc:
?+yP+22=1, z,9,2€[0,1).

Dit tdng ba bién la:
r4+y+z=s¢c(1,V3

Do vai trd clia cac bién la déi xiing, ta c6 thé gia si:
0<z<y<z<l,

tr do suy ra:
0<x <

5~

C6 dinh bién x, hai bién y, z sé dugc xac dinh bdi hé phuong trinh:
y+z=s—uz, v+ 22 =1 a2
Ky hi¢u y = y(x), z = z(x) va xét ham so:
g9(x) = f(z) + f(y(@)) + f(z(x)).
Lay vi phan hé phuong trinh trén:
y(x) + 2 (x) = -1,

2y(2)y'(x) + 22(z)2' () = —2u,
giai hé ta thu dugce:

poe) o @)
- @)= ) )

Tit d6, dao ham ctia ham tong g(z) 1a:

g/(x) _ (f,(Z) — f/(y) f,<x> — f/(y)) (y . ilf)

z—y x—y
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Khao sat dao ham cia f(¢):
FE) = (1 1)
day 1a mot ham 16i ngat, do dé biéu thic trong ngodc 16n mang dau duong; két hop véi vy > z,
suy ra:
q(z) > 0.
Vay ham g dong bién ngat, nén véi s cho trude, ham dat cyc tiéu khi bién x nhé nhat. Xét

diéu kién bien, ta c6 hai truong hop: x = 0 hodc y = 2.

Trudng hop = =0, ta c6 z = /1 — y?, do dé:

y oz
F@)+ 1)+ 1) = L+ >2
dau ba 3 khi !
au bang xay ra khiy =z = —.
g xay Y /2
— 72
Truong hop y = z = , ta khao sat ham:
Vv1—22 1
h(z) = T L9 x? r< —.
V1 — a2 V1 + 22 V3

Dao ham cta h(z) la:
Hig) — (14 22)3/2 423 — 42
(z) = (1 — x1)3/2

Giai phuong trinh A'(x) = 0, ta dugc phuong trinh:
152% — 352* + 132> — 1 =0,

trén doan dang khao sat, phuong trinh chi ¢6 cac nghiém:

T, = 1—— To = —.

Danh gia gia tri ctia h(z) tai cdc diém bien 0 va —:

V3
h(0) = 2,

va:

h(%)=ﬁ+%>2.

So sanh céac gia tri, gia tri nhé nhat ciia biéu thic la 2.

55. Loi giai 1. Ta sé ching minh ménh dé téng quat hon: trong géc phan tu mit phang duge chia
thanh luéi 6 vuong vo han, néu ta to6 mau a > n* 6 vuong, thi sb6 lugng 6 ké canh vé6i it nhat

mot 0 duge t6 mau ludn khong nhod hon:

a—+n.
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Chting minh bing quy nap theo tham s6 n. Budc co s6 n = 0 la hién nhién: s6 6 ké canh luon
16n hon hosic bang s6 6 t6 mau (mdi 6 t6 mau c6 thé lien két véi mot 6 ké ben phai phan biét).
Qua trinh quy nap dugc xay dung trén hai nhan xét:

Nhan xét 1. Chia toan bo géc phan tu thanh cac dai cot thing ding c6 bé rong 2 6. Véi bat
ky dai cot nao khong rong (chita it nhat mot o6 duge t6 mau), s6 6 ké canh nam tron trong dai
cot d6 luon 16n hon s6 6 duge t6 mau toi thicu 1a 1 6.

Heé qua: néu c6 it nhat n dai cot khong rong, thi ta chiac chan thu duge it nhat a +n o ke.
Nhan xét 2. Phan hoach luéi 6 vuong thanh cac dudng chéo. Xét duong chéo nam & vi tri
cao nhat ma van chia 6 to6 mau. Trén duong chéo nay, chon mot dai gom k& 6 to mau lién tiép

nhau.

B—ﬁ PAL \ ;‘, //'

1-i1 pan

™ 2-if paAn

Trén duong chéo lién ké phia trén, c6 dung k + 1 6 trong ké sat v6i dai nay, va cac 6 trong nay
khong ké canh vé6i bat ky 6 t6 mau nao khac trén bang. Do d6, néu ta loai bé dai k 6 nay khoi
tap hop cac 6 to6 mau, s6 lugng 6 ké sé giam di ding k + 1 6.

Vi vay, néu sau khi loai bo, s6 luong 6 ké con lai van 16n hon s6 6 to mau con lai it nhat 1a
n — 1, thi trude khi loai bo, sit chénh léch d6 phai dat it nhat 1a n.

Phan tich dya trén gia tri cia k:

Néu k > 2n, dai nay sé giao véi it nhat n dai ding bé rong 2. Ap dung Nhan xét 1, bai toan
dugdce gidi quyét.

Néu k < 2n — 1, sau khi loai bé khéi nay, s6 6 to mau con lai théa méan:
a—k>n*—2n+1=(n—1)>~.

Tai day, ta c6 thé ap dung gia thiét quy nap cho bac n — 1.

Meénh dé da duge chiing minh hoan toan.

2

Véi giéi han a = n®, can dudi nay 1a chat: cau hinh dat dude bang cach dién kin n duong chéo

dau tien sat gbc toa do, khi d6 sb luong 6 ké ding bing n? + n.
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Néu téng quat héa cho a > n?, bat dang thitc van giit tinh ding din dudi dang:
sboke>a+n+1,
tit d6 cung cap hé qua quan trong:
s6 0 ké > a + /a.

Gidi han nay ciing dude khang dinh la chit.

b
Ty

Ghi chi. He qua tit chiing minh trén 4p dung cho bang 6 vudng hitu han: néu trong mot bang
0 vudng, dai hang trén cung va dai cot ngoai cung bén phai khong c¢6 6 nao dugce to, va ta tod

ngau nhién a 6, thi sé 6 ké véi cac 6 to mau khong nhé hon a + v/a.
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26.

Loi giai 2 (St dung bat dang thitc dai s6). Ta tién hanh chitng minh truc tiép can:

s6 6 ké = a+ +a.

T6 mau nén bang theo mo hinh ban c¢d vua (den-trang dan xen). Khao sat cau hinh don sic:
néu ta chi xét dén a 6 mau trang duge to, thi s6 lugng 6 ké bao quanh chiing (cic 6 den) dat

it nhat a + v/a o (tuong tu ap dung cho cac 6 den dugc t6).

Goi ai, as, ..., a 1a sd lugng 6 trang da to trén cac dudng chéo trang lien tiép. Ta co:

ap+ - +ap = a.

S6 0 ké (mau den) chic chan khong nhé hon:

A :=max{0,a; — 1} + max{a; + 1,a2 — 1} + max{as + 1,a3 — 1} +---
+max{ag_1+ 1,ap — 1} +ap + 1.

Gia st diéu nguge lai: A < a + v/a. C6 dinh mot chi s6 £ € {0,1,...,k} va danh gia cac biéu
thitc max, ta rat ra dugc:

k < V/a,
vavimoil=1,...,k,

a4<\/_—k+2€—1.
Cong don céac bat ding thiic nay doc theo ¢:
a=ay+-+a<k(vVa—k)+(1+3+---+(2k—1))
=k(va—k)+k =kyVa<a.
Diéu nay dan dén mau thuén hién nhién a < a.
Vay két luan déi v6i cau hinh don sic da duge chitng minh: s6 lugng 6 ké > a + /a.
Tré lai v6i bai toan tong quét. Gia st tap hop a 6 duge phan thanh x 6 trén nén den va y 6
trén nén tring, véi z +y = a. O ké ctia 6 tréng 1a 6 den, va ngudc lai. Do d6, tdng s6 6 ké

khong nho6 hon:
(z+VE)+ Y+Vy) Z2z+y+Vrty=a+a.

Dap an: Ménh dé da néu la sai.
Xét tam thic bac hai:
1, 1 1
——x"——r— —.

3 3 3
Tam thic nay vo nghiém thyc, béi vi biét thic A cta nd cé gia tri:

s (DD

Déang chi v 1, néu ta thay thé bat ky hée s6 ndo trong ba hé s6 cia tam thitc bang chinh gia
tri biét thiec A = —%7 thi cac hé sb6 clia tam thiic hoan toan khong thay déi. Vi vay, tit tam
thiic ban dau, qua bat ky s6 lan bién doéi nao, ta ciing khong thé thu duge mot tam thitc bac
hai ¢6 nghiém thyc.
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57. Ta ching minh ménh dé dang véi diéu kien a; > 4. Khi d6, hién nhién a, > 6. Gia st phan
chiing rang s6 luong cac s6 hang trong day bang gap doi chi s6 ctia né 1a hitu han, va goi s6
hang cudi cting c6 tinh chat nay la:

a, = 2n.

Vin#1van#2 tacon—12>2. Goipla uée nguyén t6 nhd nhat ctia n — 1. Theo tinh chat,

n — 1 nguyén t6 cuing nhau véi tat ca cac s6 2,3,...,p — 1.
Ta sé chting minh chudi:
Qpyrp =2n+k voik=0,1,2,...,p—2,
va 5O hang tiép theo:
Aptp—1 = 2n+ 2p — 2.

St dung phuong phap quy nap theo k. Budc co s6 k = 0 1a hién nhien. Gia st dang dén k — 1,

ta tinh:
Optk = Qptk—1 T gcd(n + K, an+k—1)

=2n+k—1+gedn+k,2n+k—1)

=2n+k—1+ged(n+k,n—1)

=2n+k—1+gced(k+1,n—1).
V6i k=1,2,...,p—2, gia tri ged(k + 1,n — 1) luon bang 1, do do:

par = 20 + k.
Khi k =p—1, ta co:
ng(pv n— 1) =D,
suy ra:
Unip-1=2n+p—2+p=2n+2p—2=2(n+p—1).

Nhu vay, s6 hang & vi tri n +p — 1 lai bang chinh xac gap doi chi s6 cia n6, mau thuan véi gia
thiét "s6 hang cudi cling".
Phan tich 5 tudng (Goi 4). Viec st dung "uéc nguyén t6 nhd nhat ciia n — 1" bat nguon ti
viéc mo phéng cac bude ké tiép sau a, = 2n:

ant1 = 2n + ged(2n,n + 1) = 2n 4+ ged(n — 1,n + 1),

gi& tri nay phu thuoc vao viec n+ 1 (hay n — 1) ¢6 chia hét cho 2 hay khong. Néu chia hét, ta

nhan dudc ngay s6 hang théa man; néu khong, ta tiép tuc:
U2 =2n+14+ged(2n +1,n+2) =2n+ 1+ ged(n — 1,n + 2).

Cau héi vé tinh chia hét lan lugt chuyén sang cac s6 3,4, 5, ... d6i véi hiang s6 n — 1. Trong s6

"c6" dau tién xuat hién chinh xac tai wéc nguyén t6 nhé nhat cia n — 1.

V6i cac diéu kién bién: néu a; = 2, ta dé dang kiém tra dugc:

apr=n+2 (n=2),
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va chi ¢6 duy nhat mot s6 hang bang hai 1an chi s6 (ay = 4). Néu a; = 3, ta co:
a, =n—+2 v6i moin,

va cling chi ¢c6 mot sd6 hang nhu vay.

Gia st a; # 3, va c¢6 mot s6 hang cao gap ba lan chi s6. Ta sé chiing minh ton tai vo han céac

s6 hang mang tinh chat nay.
Gia stt ngudc lai, goi s6 hang cudi cing thoa man la:
a, = 3n.
Via; # 3 nén n > 2. Goi p 1a uéc nguyén t6 nhé nhat ctia 2n — 1. Khi d6 2n — 1 nguyén to
cung nhau véi 2,3,...,p— 1.
Bang quy nap, ta sé chitng minh:

—3
g =30+ k v6ik:zO,1,2,...,pT,

p—1
an+p§1=3(n—|—T).

Ching minh quy nap theo k:

Antk = Anyk—1 1 ged(n + K, Gpyp—1)
=3n+k—1+gedn+k,3n+k—1)
=3n+k—1+ged(n+k,2n—1)
=3n+k—1+ged(2n+2k,2n—1)
=3n+k—1+ged(2k+1,2n—1).

) ~3 .
D6 vGi k=1,2,. .. pT, gid tri ged bing 1, do dé:

Qpik = 3N+ k.

Tai k = pT’ gia tri ged bang p:

ged(p,2n — 1) = p,

kéo theo:

B p—3 B p—l)
an+p;1—3n+T+p—3(n—l—T .

Sy ton tai clia s6 hang nay mau thudn véi gia thiét ban dau.
Nghién cttu day cac hiéu sob:
by, = Gpy1 — ap.

T chiing minh trén, néu c¢6 a; = 3k, thi v6i nhing n > k, day (b,) sé 1dp lai chu ky: gom mot

diy céc s6 1, tiép theo 1a mot s6 nguyen t6, 1di chu ky lap lai.
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Do d6, d6i v6i mot sb gia tri a,, day b, chi bao gom s6 1 va sé nguyén t6. Vi du, diéu nay ding
véi ay € {4,7,8}. Néu a; = 4, ta c6 ay = 6 = 3 - 2, tit d6 xac dinh duge toan bo chudi b,.
Van con cau héi mé: lieu véi bat ky a; € N nao, ciing ton tai mot ngudng N dé véin > N, gia
tri

bn = Ap+1 — Qp
luon 13 1 hodc s6 nguyén t6 hay khong? Diéu nay hién van chua duge xac nhan.
Thuc nghiém tinh toan cho moi a; < 10° déu cho thay xuat hién s6 hang gip ba chi s6; va hé
qua la day b, bi giéi han thanh 1 ho#c s6 nguyéen t6. Do d6, day s6 khong bao gid c6 thé tao

ra sO6 hang bang ding gap doi chi sb.

58. Goi O la tam dudng tron ngoai tiép tam giac ABC, va K 1a diém chinh gitta ctia cung BC
(khong chita A). Dé thay, K nam trén duong phan gidc AL. Hai tam giac AHL va KM L dong
dang, két hgp v6i gia thiét LH < LM, ta co:

AL < KL.

Lai giai 1. Goi P la trung diém clia doan thang AK, khi d6 P nam trén tia K L. Tam O nam
trong tam gidc nhon ABC, trong khi P nam ngoai dudng tron, dan dén:

OM < OP.

Ap dung dinh 1y Pythagoras trong cac tam giac vuong tuong tng:

BM =+OB2 — OM? >+OA2 — OP2 = AP > AL.

Do do:
BC =2BM > 2AL.
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29.

Loi giai 2. Bai toan quy vé viéc chitng minh:
AK < BC.
Ta so sanh hai géc nhon ZBAC va ZACK chan cac day cung tuong ting. Ta co:
/ACK = Z/ACB + /BCK,
dong thai:
/BAC =2/BAK =2/BCK.
Bai toan trd thanh so sanh /BCK va ZACB.
Ap dung ham s6 tang (tangent) cho hai géc nay:

MK AH
tanZBCK = M—C > H_C = tan AAOB

Vi ham tang dong bién trén khoang (0, g), suy ra ZBCK > LZACB, tu d6 LZACK > ZBAC,
kéo theo AK < BC.
Loi giai 3. St dung hé thic lugng trong duong tron:

B 2
AL? < AL-LK = BL-LC < f,

suy ra triyc tiép:
BC > 2AL.

Gia st n = 2000. Thuyc té, trong qua trinh chiing minh ta chi sit dung tinh chin ctia n, nén bai
toan dang cho moi s6 chén n.
Téng cac s6 tit 1 dén n? la:
S 1),
Néu chia thanh n phan bang nhau, méi phan c6 tong la:
1

s = in(n2 +1).

Ghép céc s6 tit 1 dén n? thanh céc cap co tong bang n? + 1. Gia st trong tap hop cac sé6 mau

do, c6 k cap ma ca hai s6 déu mau do, va n — 2k cap chi chita ding mot s6 mau dé.

Ngusi thit hai (Petya) c6 thé thiét lap chién luge nhu sau: t6 mau xanh cho tat ca cac s6 con
lai trong n — 2k cip hdn hop d6, dong thai chon thém & cip chua dude t6 mau va t6 xanh ca
hai s6 trong méi cap. Khi d6, c6 tong cong n cap chita ca s6 mau dé va mau xanh, ddm béo

tong clia cac s6 mau do va mau xanh bang:
2 _
n(n®+1) = 2s.
Vi tong clia cac s6 mau doé da cho 1a s, nén tong clia cdc s6 mau xanh cling phai bang s.

. Pa N < N . X N ~ n - P2
Qua trinh nay dugce lap lai tuong ti cho cac mau sac con lai: moi mau sé chon 5 cap chua co

chit v& to dong bo ca hai phan ti. Tong ciia mdi mau luoén duge git ¢ mic s.
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60. Loi giai 1. Ap dung bat ddng thic dai s6 co ban:
(a+b+¢)* = 3(ab+ be + ca).

Bat dang thic nay dé dang duge chiing minh thong qua phép bién doi tuong duong thanh tong
cua ba binh phuong:

1 1 1

E(a —b)? + 5(() —c)+ §<C —a)?>>0.

Ap dung vao gia thiét ctia dé bai:
Vryz = xy + yz + 2w,
binh phuong hai vé, ta dugc:
vyz = (vy +yz + 21)® = 3(vy - yz + yz - 27 + zx - 1Y) = 3wyz(v + Y + 2).
Vi z,v, z la cac s6 duong, ta c6 thé chia ca hai vé cho dai lugng xyz > 0 dé thu dugc:

1

Loi giai 2 (Phuong phap pqr). St dung phép ddi bién:

Gia thiét ctia bai toan trd thanh a + b + ¢ = Vabc, va can chiing minh:
1 I 1 i 1 < 1
a b ¢ 3
V6i cac bién duong a, b, ¢, dit:
a+b+c=p, abc=r.

Ta sé chitng minh biéu thic:
1 1 1 ab+bc+ca

b + c abe
dat gia tri 16n nhat khi c¢6 hai bién bang nhau.

Tap hop cac diém (a,b, c) théa man a,b,c > 0, a + b+ c = p, abc = r tao thanh mot khong
gian compact, do d6 ham s6 lién tuc trén mién nay chic chin dat cuc dai. Gia st diém cuc dai

dat tai toa do (ag, by, c), khong mat tinh tong quat ta sip xép:
co < by < ap.
Ta sé chiitng minh ag = by hodc by = ¢g.
Gia st a 1a s6 16n nhat va khac biét v6i cac s6 con lai. Tt hé thiic:

b+c=p—a, bc:f,
a
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61.

+ 2 e x N X Z.
ta biéu dién ham can toi uu:

1 1. 1 1 b+e 1 p-a 1+ap—a2

b ¢ a bc a r/a:a r

Goi vé phéi la f(a), ta lay dao ham:

1 -2 1 b -2
f/(a):_ﬁ‘i‘p CL: +<(l—|— +C) a

r a2 abc
—a? - — —
_abtac—a bc:_(a b)(a c)<0‘
a?be a?be

Dao ham am ching t6 khi a giam, biéu thiic sé ting len. Vi vay, cuc dai dat duge khi @ nhan
gid tri nhé nhat c6 thé.

Néu duy tri ¢ < b < a, hai bién b, ¢ 1a nghiém phan biét ctia phuong trinh:
252—(]9—a)2f—l-f =0.
a
Diéu kién dé phuong trinh c¢6 hai nghiém phan biét la biét thitc A > 0:
4
d:(p—a)2——r>0.
a

Khi do, ta c6 thé giam a di mot lugng nhé sao cho d van duong, diéu nay lam tang gia tri biéu
thitc va mau thudn véi gia thiét diém dang xét 1a cuc dai. Vay trang thai ¢y < by < a¢ khong
the x4y ra, bat budc ¢y = by hoic by = ao.
Ta c6 thé khoa bai toan vao truong hop hai bién bang nhau. Dat y = z, hé thiic gid thiét trd
thanh:

2zy +y* = ay? =y,
gian udc y, ta co:

Yy =+/1 — 2z.

Thay vao biéu thitc tong:

)

Wl =

r+y+z=x+2+z—2z)=2yr -3z <

bat dang thic nay tuong duong véi:

1
3x+§22 3x-§:2\/5,

hién nhién ding theo bat dang thitic AM-GM.

Dung diéem F sao cho ttt giac AMBE la hinh binh hanh. T d6, ti gidc MCBE ciing tré
thanh hinh binh hanh.

Ta thiét lap duge céc hé thiic goc:
LMHC =/ZMCH = /ZMEB,

chiing t6 ti giac EBH M 1a t giac noi tiép.
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D

B H C

Vi 3 diem E, A, D thang hang va dudng thang nay song song v6i BM, tit giac noi tiép BEDM
12 hinh thang can (ho#ic hinh chit nhat). Hai duong chéo ctia hinh thang can bang nhau, do do:

BD = EM = BC.

62. Ta xay dung do thi c6 huéng G: trong d6 cac thanh phd 1a cac dinh, va cdc con dudng mot

chiéu 1a cac cung. Dt kién bai toan khang dinh G 1 mot do thi lien thong manh.

Néu mot do thi c6 huéng khong lien thong manh, né sé phan ra thanh cac thanh phan lién
thong manh cyc dai. Gitta hai thanh phan c6 thé c¢6 cung két ndi, nhung chi duge phép theo

mot chieu; néu c¢6 cung di theo ca hai chiéu, hai thanh phan d6 sé két hop lai.

Mot thanh phan lién thong manh duge goi 1a thanh phan bién néu né khong c6 cung di ra khoi
thanh phan d6, hoac khong c¢6 cung di vao thanh phan d6. Moi do thi khong lién thong manh
déu chita it nhat mot thanh phan bién.

V6i mot chu trinh Z ctia G, ta goi Gz 1a do thi thu duge sau khi x6a moi cung thuoc Z. Gia
st phan chiing: v6i moi chu trinh Z, do thi Gz déu khong lién thong manh.

Ta chon mot chu trinh Z sao cho trong do thi Gz, mot thanh phan bién U ctia né c6 s6 hugng
dinh nhé nhat. Trong do thi gbc G, mdi dinh clia U déu c6 it nhat hai cung di ra. Viéc x6a
chu trinh Z (chi lu6t qua mdi dinh nhiéu nhat mot 1lan) khién méi dinh trong G van con it
nhat mot cung di ra. Do d6, U khong thé chi gom mot dinh, va vi U lién thong manh, né phai

chita mot chu trinh néi bo C.

Xét do thi G¢ (thu duge khi x6a C' khéi G). Néu G¢ lien thong manh, bai toan duge chiing
minh. Néu khong, cac thanh phan ctia Gz (ngoai trit U) van giit nguyén tinh lién thong manh
trong G¢, cac cung két ndi gitta chiing khong bi &nh hudéng, va cic cung thuoc chu trinh Z da
duge khoi phuc.

Vi viéc thém lai chu trinh Z gitp do6 thi lien thong manh tré lai, Z phai di qua it nhat mot
dinh ctia moi thanh phan bién trong G'z. Tt cac thanh phan khong phai bién ctia G, luén c6
cung huéng dén cac thanh phan bién; nhitng cung nay khong ndm trén chu trinh C.

Vi vay, néu G¢ khong lién thong manh, thi trong G, tat ca cac dinh ngoai U va it nhat mot

dinh thudc U sé nam chung trong mot thanh phan lién thong manh. Khi d6, cac thanh phan
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63.

64.

con lai (trong do6 chic chdn ¢6 mot thanh phan bien méi) sé la tap con thyc sy clia U, mau
thuan v6i tinh nhé nhat ctia U khi chon Z.

Quy trinh phan bé: chon ngdu nhién k& hoc sinh tit cau lac bo thi nhat va xép vao k phong
khac nhau. Lap lai thao tac nay cho cac cau lac bo tiép theo.

Gia st truong c6 N cau lac bo, méi cau lac bo ¢c6 mk hoc sinh. Ta can chiing minh luon ton
tai cach xép toan bo hoc sinh vao & phong sao cho méi phong déu c6 dai dién ctia moi cau lac
bo. Ta sé ching minh didu nay kha thi khi N ~ ™2

Mé rong s6 phong thanh k + a (tham s6 a sé duge diéu chinh sau). Phan bo méi hoc sinh mot
cach ngau nhién va déu dan vao cac phong. Ta dinh nghia mot phong 1a khong di dai dién néu
thiéu hoc sinh tu it nhat mot cau lac bo.

Ta mudn s6 lugng phong "khong du dai dien" khong vudt qui a. Néu diéu nay xay ra, sé co it
nhat £ phong chita da thanh vién ciia tat ca cac cau lac bo, thod man yéu cau.

Xac suat dé diéu nay xay ra lén hon 0 néu ky vong E ctia s6 phong khong du dai dién nhé hon
a + 1. Ky vong dugc tinh bdi:

E = (k + a) - P(mot phong chi dinh khong du dai dién),

v6i danh gia xac suat theo bat dang thitc Boole:

1 km
P(phong khong du dai dié gN(l— ) :
(phong khong du dai dién) T a

Vi vay, néu ta théa man bat dang thic:

km
N(k+a)(1— ) <a+1,

k+a

thi chic chin ton tai cach phan bo hap lé.

Ngay ca khi dit a = k, ta da c6 mot chan trén phat trién theo ham mii ctia m. Bang cach téi

uu héa, ta nhan dude gidi han xap xi

6m—l

m

khi thiét lap a ~ L.
m—1

Goi M 1a trung diém canh AB, K la diém chinh giita cung PQ nam trén doan C'M, va B’ 1a
diém déi xting ctia B qua trung tuyén C M.

Stt dung phuong phap phan chitng, gid stt ménh dé sai. Khi d6 B’ khong trung v6i A (B’ # A),
duong thing AB’ song song véi C'M, va dan dén cac he thic goc:

/CAK = /PAK = /QBK = /CB'K.

He qua 1a CK va AB' tré thanh hai ddy clia mot hinh thang noi tiép duong tron. Moi hinh
thang noi tiép déu 1a hinh thang can, do d6 tit gidc AB’CK 1a hinh thang can.
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Tinh chat cia hinh thang can cho ta:

AK = CB' = (B, AC = KB = KB.

Suy ra hai tam giac AK B vd BC'A bang nhau theo truong hop canh-canh-canh.

Mau thudn xay ra vi mot tam giac khong thé chita mot tam gidc biang né nam hoan toan bén
trong n6. Vay gia thiét phan chiing sai.

65. Dap an: Gia tri nho nhat ctia biéu thitc bing 2.
Bién ddi co ban clia ham lugng giac:

CosS T 2cos’ x 2cos’ x

Q
=+
o
8

I

|

2
> 2cos” .

sinx 28Inx cosx sin 2x

Ap dung cho bén bién s6:
ctgx + ctgy + ctg z + ctgt > 2(cos* z + cos® y + cos® z + cos’ t) = 2.
Vay tong luon khong nhé hon 2. Dau bing xay ra khi:
s LT
xr = = — Z = = —
Y 1 9
théa man gia thiét:

2 2 2 2 1
cos” x + cos” y + cos” z + cos t:2-§—|—2-():1,
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66.

67.

va tinh gia tri biéu thic:
ctgx +ctgy +ctgz+ctgt =2-14+2-0=2.
Gi4 tri cuc tiéu dat duge 1a 2.

Gia st phan ching ménh dé sai. Khi d6, ta co thé chia day s6 tu nhien thanh cac doan lién
tiép do dai 199 sb; ngoai trit mot vai doan dau tién, moi doan vé sau déu phai chita it nhat

mot s6 gan binh phuong.

Tich lity tinh chat nay trén tap céc s6 tit 1 dén n?, s6 luong s6 gan binh phuong sé khong nho
hon:

v6i ¢ 14 mot hang so.

Tuy nhién, s6 gan binh phuong c6 dang ab véi cac diéu kién:

< be |aat —]
axn, c|a,a m

Dém truc tiép, so lugng céc s6 nay khong viugt qua:

z”:(a +1)_n+n(n+1)<n2 c
£~ \100 B 200 199

v6i n di 16n. Mau thudn nay chiing t6 gia st ban dau la sai.
Dua vao tinh chat hé thic lugng clia duong thang vuong goc, ta co:
PA.-PA = PH? = PB- PP,

suy ra bon diém A, B, A', B’ dong vién (ciing nam trén mot dudng tron).

Goi T 1a giao diém ctia hai dudng thang AB va A’'B’. Ta thiét lap phuong tich:
TA-TB=TA -TB =TH?,

do TH la tiép tuyén ctia duong tron duong kinh PH, con TB'A’ 1a mot cat tuyén.
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Diéu nay chiing té 7 nam trén truc dang phuong ctia dudng tron ngoai tiép tam giac ABC' v

"duong tron diem" tam H. Lap luan tuong tu, cac diém giao cat:
BC N B'C, ACNAC
ciing nam trén truc dang phuong nay. Do d6, giao tuyén ¢ ctia hai mat phang
¢ =ABCNAB'C

chinh 1a truc déng phuong. Theo tinh chéat co ban, truc dang phuong vuong géc véi duong nédi
tam, suy ra:

¢ 1 OH.
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68. Do thi biéu dién cac mbi quan hé quen biét nay 13 mot do thi day (chordal graph) - tic 1a moi
chu trinh c6 chiéu dai tir 4 dinh tré lén déu c6 it nhat mot day cung. Ta can chitng minh trén

moi do thi day G, gia tri ctia ham s6:
f(G)=c1—cotez3—---
(trong d6 ¢; 1a s6 lugng cac do thi day du - clique gom 4 dinh) béng ding sb lugng thanh phan
lien thong k(G).
Loi giai 1. Gia st ménh dé sai. Chon do thi G 1a phan vi du c¢6 s6 dinh it nhat.

D6 thi G hién nhién c6 nhiéu hon 1 dinh va lién thong. X6a mot dinh v bat ky, phan con lai
G \ v phan rad thanh cac thanh phan lien thong Gy, ..., Gy. Goi Hy, ..., Hy 1a cdc do thi con

thuoc G4, ..., Gy, ma cac dinh ciia né ké véi v.

Duya trén dinh nghia ctia ham f, ta co:
f(G):1+Zf(Gi)_Zf(Hi)a (*)

trong do:

e SO hang 1 tuong ting véi clique {v}.

o Tong f(G;) thong ké cac clique khong chia v.

o Tong — f(H;) thong ké cac clique chita v (khi gop thém v, kich thudc clia clique tang 1,

lam doi dau cia s6 hang trong tong dan dau).

Vi G la phéan vi du nhé nhét, ménh dé dung véi cac do thi con, suy ra f(G;) =1 va f(H;) =
k(H;). Ta sé chitng minh k(H;) = 1 v6i moi 1.
Gia stt ton tai mot H; khong lien thong, phan hoach thanh hai tap V'~ va V1 khong c6 canh
noi. Xét duong di ngan nhat gitta mot dinh x € V- vay € V1 di qua G;. Khi d6 chu trinh:

VT...Yv

c6 do dai it nhat 13 4 nhung khong c¢6 day cung, mau thuan vdéi tinh chat ctia do thi day.

Vay f(H;) = f(G;) = 1 v6i moi i. Thay vao phuong trinh (*), ta co:
H(G) =1=kG),

mau thuan véi viéc G 1a phan vi du.

Loi giai 2. X6a mot dinh khoi do thi day van sinh ra mot do thi day. Goi mot dinh 1a dinh don

gidn (simplicial vertex) néu tap hgp cac dinh ké v6i n6 tao thanh mot do thi day du (clique).
Bé dé. Moi do thi day c6 tit hai dinh tré len déu chia it nhat hai dinh don gian.
Chiing minh bo dé. Gia st phan chimg, chon do thi G 1a phan vi du ¢6 s6 dinh nhé nhat.

Khong c6 dinh nao ke véi tat ca cac dinh con lai (néu c6, viéc x6a né sé cho ta mot phan vi du
nho6 hon). Lay mot dinh khong don gidn v. Goi N 1a tap hogp cac dinh ké v, va H = G\ (N Uw).
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Néu c6 hai dinh u;,us € N khong ké nhau, chiing ciing khong thé duge két ndi béi mot duong
di hoan toan thuoc H; néu c6, duong di d6 cliing vdi v sé tao thanh chu trinh khong c6 day

cung.

Goi H; la mot thanh phan lien thong ciia H, va N; C N la tap cac dinh ké véi H;. Dua vao
lap luan trén, N; phai ld mot do thi day du, suy ra Ny # N.

Xét do thi day con sinh béi v, Ny, H;. Vi n6 nhé hon G, né chita mot dinh don gidn w # v.
Dinh w khong thé thuge Ny (vi cac dinh trong N; ké véi ca v va Hy, khong thda man tinh don
gidn), nén w € Hy. Dinh w nay ciing 1a dinh don gidn trong G. Lap lai qué trinh xuat phat ti
mot lang giéng ctia w, ta tim dude dinh don gidn thi hai. Bd dé duge chitng minh.
Trd lai bai todn chinh, ap dung phuong phap quy nap theo s6 lugng dinh. Véi mot dinh don
giadn v, qua trinh chuyén tit G \ v sang G 1t o rang:

e Néu v 1a dinh co lap, ham f tang thém 1 don vi, tuong ti v6i s6 luong thanh phan lien

thong.

e Néu v c6 dinh ke, ca gia tri ham f va s6 thanh phan lién thong déu giit nguyen.
Tt d6, ménh dé duge chitng minh hoan toan.
69. Loi giai 1. Xét mot véc-to v € V5 \ V4. Do tinh 16i, ¥ ndm trong hodc trén bién clia mot tam
giac tao bdéi ba dinh @, 5, ¢ € V4, nén ta c6 biéu dién:
7 = ad+ Bb+ e,
v6i cac he s6 «, 8,7 1a cac s6 hitu ti khong am va thoa man:
a+B8+y=1.

Goi N = N(7) Ia mau s6 chung ctia o, 3,v. Khi d6 N budc nhiy theo véc-to ¢ hoan toan c6
thé dugc thay thé bing:

aN buéc theo @, SN bude theo 5, ~vN buéce theo c.
Nho quy tac nay, ta c6 thé gisi han chién luge di chuyén ctia chau chau thi hai: déi v6i mbi
vée-to ' € Vo \ V4, s6 1an st dung luon nho hon N (7).
Gia st phan chitng ménh dé clia bai toan 1a sai. Khi d6 ton tai mot day toa do x; sao cho chénh
léch sb buéc:

f(xi) — g(zi) — o0,

trong d6 f(z) va g(z) 1an lugt 1a s6 budc t6i thieu dé chau chau thi nhat va thi hai di t6i .
Bing céach trich xuat day con, ta c6 thé c6 dinh t6 hgp cac bude nhay ngoai V; ciia chau chau
thit hai (vi s6 lugng kh& nang bi gidi han). Khai thac day con sau hon, ta gia dinh s6 lugng
buée nhay n;(@) doc theo mdi @ € V; hoic 1a ¢d dinh, hodc tdng dan dén vo han.
Khi i > j, diém z; hoan toan c6 thé dat duge tit diém x; thong qua mot chudi cac bude nhay
thuan tiy thuoc Vi, véi tong sé6 budce la:

9(xi) — g(z;).
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Diéu nay cho phép chau chau thtt nhat c¢6 thé di dén z; véi téng sd bude:

f(x;) + g(x:) — g(x;) = g(xs) + ¢,

két qua nay mau thuan véi gid dinh f(z;) — g(z;) — oo.
L&i giai 2. Ta st dung bo dé sau.

Bo deé. Goi K 1a tap hop cac bo gom m s6 nguyén khong am:
(k1 kay oo k).

Gia st doi v6i moi cap:
(CLl, p——" ,(lm), (bl, ce 7bm>

luon ton tai hai chi s6 4, j sao cho:
a; < bz va a; > bj.

Khi doé tap hgp K 1a hitu han.

Ap dung vao bai toan chinh. Ton tai hiing s6 gidi han M = max N (7). Bat ky 16 trinh di chuyén
nao clia chau chau thit hai déu c6 thé tai cau tric (khong lam thay ddi s6 budc va diém dén)

sao cho s6 lan stt dung moéi véc-to ngoai V4 luon nhé hon M.

Goi mot diém 1a diém chdp nhan duoc néu ca hai chau chau déu c6 thé t6i d6. Véi mdi diém
chap nhan dudc D, qué trinh di chuyén ctia chau chau tht hai bao gom céac budc nhay ngoai
Vi (c6 gidi han) dé t6i mot tram trung chuyen E, sau d6 tit E t6i D chi bang cac budc nhay
trong V. Tap hop tat ca cac tram trung chuyén F nay la mot tap hitu han W.

V6i moi tram E € W, theo déi moi 16 trinh ctia chau chau thi nhat xuat phat tit £. Tai mdi
diém chap nhan duge A ma né di qua, ghi nhan s6 Ilugng mdi véc-to trong V; da duge st dung.
Néu mot 1o trinh vuot qua mot 16 trinh khac (st dung nhiéu hon hodc bang s6 véc-to ddi véi
moi loai), ta loai b6 16 trinh thita. Tap hop céc diém A khong bi loai bo, theo B6 dé, tao thanh
mot tap hitu han Ug. Tap hop

U= ] Us

EeW
cting la mot tap hitu han.

Gio day, dbi v6i moi 16 trinh ctia chau chau thit hai dap xubng diém A, ta xét tram trung
chuyén E. Chau chau tht nhéat c6 thé mo phoéng 16 trinh bang cach tién t6i mot diém danh
dau C € Uy truée, sau do lap lai chinh xac cac bude nhay thudc V; ma chau chau thi hai da
di. Qua trinh nay dam bdo sai léch s6 bude ctia hai chau chau bi chan trén bdi mot hang so ¢
(1a s6 budc t6i da dé t6i mot diém trong U).

Chitng minh bo de. Ap dung quy nap toan hoc theo tham s6 m. Gia st tap K la vo han. Véi
mot bo ¢6 dinh s € K, theo nguyén 1y Dirichlet, ton tai vo han cac bo so sanh dudc véi s thong
qua cling mot cap chi sb 7, j. D61 véi cac bo nay, do a; < s;, toa do ¢ nhan s6 luong gia tri gidi

han. Do d6, ton tai mot tap vo han cac bo c6 cung gia tri tai toa do i. Bé qua toa do i, ta thu
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70.

71.

dugc mot tap vo han cac bo kich thude m — 1 van bao toan tinh chat ban dau, mau thuan vdéi
gid thiét quy nap.

Ghi chi. Néu da giac doi xtng tam qua O, diém E ludn la diém chap nhan duge; do dé hai
tap U va W triing nhau va phép chitng minh sé don gian hon dang ké.

Ta tién hanh chiing minh cho mot ménh dé tong quat hon: 1ay tong trén moi hodn vi (21, . . ., 2,)
clia cac bién s6 duong vy, . .., v,, biéu thic:

<1 %) Zn

21 21+ 29 21+ ...+ 2z,

luon c6 gia tri bang 1.

Lai giai 1 (Quy nap toan hoc). Sit dung phuong phap quy nap theo tham s6 n. Budc co s6
n = 1 1a hién nhien.

Buée quy nap: C6 dinh gia tri clia z,. Theo gia thiét quy nap, tong cac biéu thiic ting véi tat

ci cac hoan vi ctia n — 1 bién con lai bang:

Zn L
5 veiS=zn1+...+z, =01+ ...+ v,.

Lay tong qua tat ca n kha ning lua chon ciia z,, ta thu dudc két qua bang 1.

L&i giai 2 (M6 hinh xac suat). Gia stt c6 n que v6i do dai tuwong tng 1a vy, vy, . .., v,. Xép
cac que nay noi tiép nhau thanh mot doan thing dai va chon ngau nhién mot diém phan bo
déu tren doan théng d6. Que chita diém duge chon sé bi lay di; cac que con lai duge don sét

lai thanh mot doan mdéi va lap lai qua trinh tuong tu.

Xac suat dé thit tu cac que duge lay ra la chudi:
Ty Tp—1y -+« 5 01

chinh xac ducce tinh béi biéu thiie:

-~ (%
g

o1 Ur() T Un(@) - F Un(j)

Do khong gian mau pht kin toan bo céc hoan vi, tong cac xac suat nay luén bang 1.
Dit P la giao diém thit hai ctia duong thing di qua A song song véi C' B va dudng tron w. Goi
Q 1a giao diém thit hai ctia tia PC cit w.

Ta sé chiing minh bén diem C, @, X,Y ciing nam trén mot duong tron. Dya trén tinh chat ciia
gbéc dinh huéng:
Z(CX,XY) = Z(AP, AY)
= Z(QP,QY) = Z(CQ,QY),
déng thitc nay ching minh truc tiép ring ti giac C,Q, X,Y noi tiép. Do Q khong phu thudc

vao cach chon X, @ chinh 1a diém c6 dinh can tim.
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A B
P

Phan tich mé rong. Ta c6 thé xac dinh @ bang cach khao sat trang thai cyc han. Cho diém X
dich chuyén vé phia B. Khi X trung véi B, vi tri gidi han ctia dudng tron ngoai tiép (CXY)
1a duong tron di qua C, B va tiép xtc véi AB.

Tiép tuc, goi C’ 1a giao diém thit hai ctia tia BC v6i w. Cho X dich chuyén vé C’. Khi X tring
vl €7 duong tron (CXY) ¢6 vi tri gi6i han 1a duong tron di qua C’, C' va tiép xic véi AC".
Giao diém @ chinh la giao diém ctia hai dudng tron giéi han nay.
Quan sat thém cau tric hinh hoc:
£C'QC = /AC'C,  ZCOB = /ABC,
dan dén:
/C'QB = /C'AB,

diéu nay khing dinh Q ciing thudc duong tron w.
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72. Dap an:

Kiém tra nghiém tam thudng z = 1,y = n, ta suy ra:
n=2F_-1
v6i dieu kién k € N.

Gia st phan tich thanh:
n=ab, a=>b>2,

va tong clia ching c¢6 dang:
at+b=2"

v6i tham s6 t € N. Logic yéu cau k > t. Thiét 1ap hé phuong trinh:
42 =abta+b+1=(a+1)(b+1),
2F — 2 =ab—a—b+1=(a—1)b-1).

Nhan hai phuong trinh véi nhau, ta thu duge biéu thiic:
(a—1D)(a+1)(b—1)(b+1)

chia hét cho 2%.

Trong hai cgp nhan tit (b — 1,b+ 1), s6 lugng nhan tit 2 ctia mot s6 chi bang 1, trong s6 con

lai khong vugt qua ¢t — 1; quy luat tuong tu 4p dung cho (a — 1,a + 1). Dé tich nay chia hét

cho 2% s6 lugng nhan tit 2 clia cd hai thanh phan troi phai dat chinh xéac t — 1. He qua la:
b=2"1 -1, a=2"141

(dya vao céac rang buoc a > b va téng a + b = 2').
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Trang thai nay an dinh k& = 2t — 2, dan dén 2% — 1 phai chia hét cho 3. Su lua chon duy nhét
cho b la:

b=3.

Tt d6 xac dinh a = 5, va thu dude nghiém duy nhat:

n = ab = 15.

73. Dap an: C6, phao binh chic chin c6 chién luge ban tring duge xe tang.

Thuyec té, doi véi ban ¢d 2n x 2n, 6 mdi lugt ban chi can muc tieu 1a n + 1 6 (trong dé goc la
51 6). Dudi day mo ta thuat toan thong qua vi du trén ban co 10 x 10 véi moi phat ban hudng
vao 6 0.

Tién hanh t6 mau ban cd theo kiéu den - trang xen ké. Trudc hét, gia sit ban dau xe ting nim
4 0 mau den. Trén cac hinh minh hoa duéi day, cdc 6 dude danh dau "bom" 13 muc tiéu sé
bi ban & phét ké tiép; dau "x" biéu thi cac 6 ma xe tang chic chan khong thé ding trude khi
phat dan d6 dugc ban.
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Sau mdi budc, xe tang bat budc phai doi mau 6 dang ding (do dac diém di chuyén sang 6
ké canh) va dong thoi xuat hién them mot dau "x" méi. Cau hinh ciia 4 budc cudi cung (véi

n = 5) dugc minh hoa nhu sau:
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Mic dit ¢6 thé t6i wu hoa them ¢ mot vai phét ban cudi, nhung ngay ca khi khong toi wu, sau
phéat ban thi
2m?—n—1

ta da loai trit duge ding 2n® —n — 1 6, tat ci cac 6 nay déu co ciing mot mau (mau nay phu
thudc vdo tinh chén 16 ctia n; vi du véi n = 5 1a 6 mau den). O phat bén tiép theo, ta chi viec

ban vao n + 1 6 con lai ciia mau do.

Nhu vay, sau

m?—n

phét ban, toan bo cac 6 thuoc mot mau da bi cam hoan toan. Néu xe ting van chua bi ha,
chiing t6 né bat budc phai dang ditng 6 6 thuoc mau con lai; khi do, ta lap lai chinh xac thuat

toan tren dé loai trit ndt va chic chin tieu diét duge muc tidu.
74. B6 dé. Trong tam gidc ABC, gia stt théa man he thic:
V2(BC — BA) = AC,
va X la trung diém ctia AC. Khi do:
2/AXB=/A-/C.

Chaing minh b6 dé. Ap dung cong thitc dudng trung tuyén:

1

BX? = —(2AB? + 2BC* — AC?)

A |

(2AB* +2BC? — 2(BC — BA)*) = AB - BC.
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"
Dung diém €’ déi xiing v6i C' qua duong phan giac goc B. Nang cap hé thic len thanh:

BX? = AB - BC',

tur d6 ta co ti le dong dang:
BA:BX = BX : BC'.

Do d6 hai tam giac BAX va BXC' dong dang, kéo theo:
/BXA=/BC'X.
Tit gia thiét ctia bo de, ta co:
AX - AC = %ACQ = (BC — BA)?,
két hop quy trinh tuong tu suy ra:
LAC'X = LZACC'.

Do tam gidc BOC' can, ta co:
2/BCC" =180° — LZABC = LA+ £C.
Téng hop lai:
2/AXB =2/ACC'
= 2(4/BCC" — ZBCA)
— (LA LC) —2/C = LA - /C.

Ap dung bé dé vita ching minh vao hai tam gidc ABC va ADC (dieu kien duge thdéa man vi
V2(DC — AD) = V2(BC — BA) = AC), két luan clia bai toan duge suy ra triuc tiép.
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75. Stt dung nhan xét dai s6: néu b < a, thi phan du ctia phép chia a cho b bi gi6i han chit ché
dudi muc:
a
5
Ta sé chiing minh béng quy nap sy ton tai ciia mot ham s6 chan trén f(n), sao cho v6i moi bo

doi (z,y) khéi dau, sé lugng cac gia tri duge sinh ra thudc khoang:

Ty v
An_[2"+1’2_">

luon khong vugt qua f(n). (Thuat ngit "bi chan" trong 15i giai nay duge hiéu Ia bi chan bdi
mot hing s6 khong phu thude vao y).

Budc c¢o s6 n = 0: moi gid tri méi sinh ra déu nhé hon %, do d6 f(0) = 2 théa man.
Budc quy nap: trong moi tién trinh tinh toan, ta c6 thé uu tien xac dinh tat ca cac sé 16n hon
2% (nhém "16n hon") trude khi sinh ra céc s6 thuoe A, (nhom "dang xét"). Céac sé6 nhé hon
khong anh hudng dén s6 lugng ctia nhom dang xét.
Theo gia thiét quy nap, kich thuéc ctia nhom "l6n hon" da bi chian. Diya vao nhan xét ban
dau, cac s6 thuoc nhém "dang xét" chi c6 thé xuat hién tit hai ngudn:

e S6 du ctia phép chia gitta hai s6 thuoc nhoém "16n hon".

e S6 du ctia phép chia mot s6 thuoc nhom "16n hon" cho mat s6 thuoc nhom "dang xét".
S6 Iugng cac gia tri sinh ra tit nguon thi nhat ro6 rang bi chan do kich thude nhém "16n hon"
bi chan.

Xét cac gia tri sinh ra tit nguon thit hai, chiing tao thanh cac chudi lien tiép:
Vi = Y2 = Y3—> ",

trong d6 v, 1a san pham ciia nguon tht nhat, con v;,, 14 s6 du khi chia mot s6 "1én hon" cho
Y-

Ta chitng minh: néu mot s6 z (thuoc nhém "lén hon") xuat hién hai lan lam s6 bi chia trong
chudi (chia cho y; va y; v6i j > 4), thi hai thuong s6 nguyén phai hoan toan khac biet. That

vay, néu chiing c6 chung mot thuong s6 k, thi:
z = kyi + Yir1 > kyi + Yj1 > kyj + yj = 2,
diéu nay dan dén mau thuan.
Do d6, mdi s6 thudoc nhom "16n hon" chi c6 thé lam sé bi chia trong chudi toi da:
2n+1

lan. Vi luong s6 "lén hon" bi chin va tan suat st dung ciing bi chiin, tong sé lugng chudi va sb

lugng cac gia tri thudoc nhom "dang xét" la bi chan. Buée quy nap hoan thanh.

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 93/151



https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

76.

Cubi cuing, néu ta chon
100

y > 10000000 _ f(n),

n=0
thi tong s6 lugng cac gia tri phan biét xuat hien trén bang khong thé vudt qua:

100

y y
< .
Zno Jm) 55 < Too0000

Dap an: Gia tri 16n nhat cta s la:

Loi giai 1. Ap dung thit véi bo s6:

Ta sé chitng minh s = 1 théa man bat dang thic:

(1+1+1)2> 1 N 1 N 1
a+b b+ec c+a) T a?+bec b2 +ca E+ab

Khong mat tinh tong quat, gia st a < b < ¢. Ta c6 cac danh gia:

2 R (a —b)(a—c) 0
(a+b)(at+c) a24+bc  (a+b)(a+c)(a®+bc)”

2 R (¢c—a)(c—Db)
(c+a)(ic+b) cE+ab (c+a)(c+b)(c®+ ab)

= 0.

Bat ding thtc cudi clung:
1 1 1

>
(a+b)2+(b+c)2 b +ac

dugc chimg minh thong qua bién déi dai sb6 tuong duong:
b+ ade+ ac® > a’c* + 2abe,
diéu nay luon dang diya trén hai danh gia AM-GM:
ade+ac® = 2d%2, b+ a P > 2ab’c.

Lai giai 2 (Phuong phap pqr). Ta st dung bo dé dai s6 sau:

Bo dé. Cho a < b < ¢, va hing s6 héa p=a+b+c, ¢ = ab+ bc + ca (v6i didu kién p* > 3q).
Khi do:

e 1 = abc dat gia tri 16n nhat khi a = b,
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e 1 = abc dat gia tri nho nhat khi b = c.

Néu b sung diéu kien 0 < a < b < ¢, thi r dat gia tri nhé nhat khi @ = 0 hodc b = c.

Dit céac cuc tri ciia nghiém phuong trinh:

_p—2yp*—3q y_p—\/p2—3q
3 ’ '

N 3

x
Biéu thic:
(b—c)*=—3a*+2pa+p*—4¢ >0

cho théy a phai nam giita hai nghiem ctia f(t) = 3t* — 2pt — p* + 4q, do d6 a > x; dau bing
dat tai b = c.

Tuong tu:
(a—b)(a—c)=3a>—2ap+q=0

chiing t6 a khong nam giita hai nghiém ctia g(t) = 3t* — 2pt + ¢, do d6 a < y.

Khao sat ham s6 7(a) = a® — pa® + ga. Dao ham va bién doi cho thay ham r(a) ting ngit trén
[z,y], tit d6 B6 dé duge chitng minh.

Ap dung B6 dé vao bai toan, k¢ hieu p = a+b+¢,q = ab+ be+ ca, r = abe. Ta viét lai hai vé:

1 1 1 P’ +q
- - = :
a+b b+c cH+a pg—r

1 N 1 N L pPq—q—2pr
a2+bc b2+ca E+ab @+ pdr— 6pgr+ 82’

Bai toan yéu cau tim s lén nhat deé:

2
(p2+q) S, Pa—a=2pr
pg—r ¢* + pPr — 6pgr + 8%’

Cb6 dinh p, ¢. Khi r gidm, vé trai tang va vé phai gidm. Do d6 ta tap trung vao gia tri nho nhat
ctia 7. Dya vao Bo dé, diéu nay dat dude khi a = 0 hoiic b = c.

Truong hop a = 0, bat dang thitc rit gon thanh:

(1+1+ 1)2> (1+1+1)
b ¢ b+ec /sbc 2o o2/

Néu s > 1, ta chon b = 1/n,c =1 véi n di 16n, bat dang thitc sé sai. Do d6 s < 1.

Truong hop b = ¢, bat ding thiic hién nhien ding. Vay gia tri toi da la s = 1.
Loi giai 3 (Phuong phap khai trién dai s6). Tit Loi giai 1 ta da c6 s < 1. Ta sé ching
minh bat déng thic ding véi s = 1.
Chuyén tat ca cac s6 hang vé mot vé, binh phuong, khai trién va thu gon cac biéu thic. T
s6 thu dugce 1a tong ciia 384 hang tit déu mang dau duong, do d6 bat dang thitc duge ching
minh. Cu thé, biéu thitc ti s6 c¢6 dang:

7 1

3(6,4,0) + 5(5,5,0) + 5(8,1,1) + 3(7,2,1) + 6(6,3,1)
4 6(5,4,1) +5(6,2,2) + 13(5,3,2) + 8(4, 4,2) + 9(4,3,3),
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v6i ky hieu quy udc (p,q,r) 1a tong ddi xing:

aPbic” + aPb"c? + a®bPc” + a?b" P
+a"bPc? + a"bicl.

77. Mo hinh héa cau tric thanh mot do thi c¢6 huéng, trong d6 hoc sinh 1a cac dinh, va c6 moi
quan heé thit dich sé dugce thay thé bang mot cip cung ngugde chiéu ndi gitta hai dinh.
Goi bac clia mot dinh 1a s6 cung xuat phat tit n6 (bang s6 cung di vao). Ta gan cho cung di ti

dinh a c6 bac 2z t6i dinh b c6 bac 2y trong s6 1a:

y
~

Xét mot dinh a € A ¢6 bac 2n, ndi v6i cac dinh by, by, ..., b, € B. Theo gi thiét, sé6 dinh thuoc
16p C ¢6 chung méi thit dich véi @ khong nhé hon mot nita bac 16n nhat ciia céc dinh b;, tit d6
né khong nhé hon mot nita trung binh cong cac bac nay. Gia tri nay lai khong nhé hon tong
cac trong s trén cac cung xuat phat tit a di sang 16p B.

Két hop véi bat dang thic tuong tu tit a di sang 16p C, ta két luan: tdng s6 dinh thuoc hai
16p B, C ¢6 chung mot dinh ké v6i a khong nhd hon tong céc trong sb trén toan bo cung xuat
phat ti a.

Lay tong trén moi dinh ctia do thi, mdi cip dinh c6 chung dinh ké sé duge dém hai lan. Suy ra
tong s6 cap dinh nay 16n hon hodc bang mot nita tong trong s6 clia tat ca cac cung.

Nhan thay rang, trén méi cip cung ngudc chicu, trong sé ciia chiing 1a nghich dio ctia nhau,
do d6 tong chia chiing theo bat dang thitc AM-GM luon khong nhé hon 2. Vi vay, mot niia tong
trong s6 ctia toan bo cung khong nhé hon mot nita tong sé cung, tuong duong véi sb6 luong

canh trong do thi vo huéng ban dau. Diéu phai chiing minh.

78. Dat a va v lan lugt 1a phan nita s6 do cuia cac goc A va C.
T diéu kién vuong goc:
Al | BI,
ta suy ra:
LI, BC = g —a— 2.
Tuong tu, tu:
ClI 1 BL
ta thu duogc:
/I1BA = g — v —2a.
Téng hop hai phuong trinh nay lai, ta tinh dugc:
1
-/B,
2

tit d6 két luan:
/B="_.
2
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79.

80.

Tt cac bude bién doi géc:
/DBC + /BCD = (7 — 20 —47) + 2y =7 — 2(a +7) = g

Diéu nay dan dén ZBDC = g, titc 1a BD 1 AC, khang dinh BD la duong cao clia tam giéc
ABC.

Bai 79 trung véi bai 72, tham khao 16i giai bai 72.
Dap an:

f(z) =0 hoac f(z)=ux.
Bang cach thay y = 0 vao phuong trinh, ta co:

£(0) = 0.

Néu ton tai mot gia tri ¢ # 0 sao cho f(t) = 0, thay z =t vA mot y # 0 tuy ¥ vao phuong trinh
gbc, ta thu duge:
f(t(y+1)) =0 v6i moi y # 0.

Diéu nay dan dén f =0, 12 mot ham théa man yéu cau bai toan.

Gia st dieu ngugc lai:
f(z) # 0 v6i moi x # 0.

Néu y ¢ {0, —1}, ta khong thé c6 trusng hop:
yf(x) =a(y +1)

doi véi mot x # 0 nao d6. Vi néu c6, khi thay vao phuong trinh goc, n6 sé dan dén mau thuan

hién nhien y + 1 = v.

Do do, d6i véi o # 0, ti s6:

khong thé bang:

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 97/151


https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

81.

y+1
Y

cho moi gié tri y ¢ {0, —1}. Tuy nhién, biéu thiic c6 thé nhan bat ky gia tri nao khac 0,

ngoai trit s6 1. Vi vay:
(z)
— =1
x

dong nghia vdi:

Ham s6 nay ciing 1a mot nghiém ctia bai toan.
Gia sit phan ching:
k

da,k) =b < 3.

Thiét lap chudi gia tri:
o =a, a :f(a)a a2:f(f(a))> a?’:f(f(f(a)))’
Nhan xét rang cac phan tit trong chudi nay phai doi mot phan biét. Néu a,, = dy,in, ta sé co:
d(am7 TL) = 07
trai voi gia thiét ctia bai toan.
Khéo sat so du ctia phép chia a; cho b, ta nhan thay a; = a (mod b). Phan du clia a xuat hién
tai budc 0 va lip lai 6 bude k. Goi s 1a khoang cach t6i thiéu dé phan du nay lip lai. Khi d6

s < bva k1a boi sb cia s:
k = st, ? > 4.

Dai lugng d(a, s) 1a boi s6 cta b, gia st d(a, s) = mb. Néu m > 2, thi d(a, sf) cling phai la boi
s6 ctia mb, khong thé c6 gia tri bang b. Do do:

d(a,s) =b.
Tu do:
las —al =b=as=a=+b.

Dong thoi:
b=d(a, k) = |ags — al,

va vi as # ags, ta co:

aps = a F b.

Xét truong hop:

as = a—+ b, s = a —b
(truong hgp con lai duge gidi quyét tuong tu).

Dua vao tinh chat chia hét ctia cac da thiic:

ags —as  chia hét cho  aq-_1)s — a,

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 98/151


https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

82.

83.

suy ra ton tai s6 nguyen:
tef{l,-1,2,-2)

sao cho:
a(g_l)s —a =tb.
Néu t = +1, a(—1ys S€ trung véi a, hodc ags, mau thuan.

Néu t = —2, ta co:

AE = ‘afs - a(ﬂfl)s‘ = b7

va gia tri nay chia hét cho Ay, := |aps — an_1)s| v6i m < s. T d6 suy ra moi A,, = b, dan

dén chudi a,,s sé tuan hoan, mau thuan.

Néu ¢ = 2, cac gia tri A, bi gi6i han trong tap {b,3b}, ciu tric cta day phéi c6 dang:
b.b ... b.3b3b. ...

Khéo sat hé thic:
as=a+b, ass=a,+t Ny, azs= agsEt Ags,...
khong c6 truong hop nao dap tng ays = a — b v6i £ > 4 ma khong tao ra vong lap. Mau thuan.

Vay gia stt phan chiing 1a sai, ta c6 két luan:

d(a, k) >

Wl =

Gid6i han nay la chat. Vi duy, v6i da thiec:
f(x) =1+ 3z — 227,
ta c6 d(a, k) #0 va f(f(f(0)) = f(f(1)) = f(2) = —1, dan dén d(0,3) = 1.
Bai 82 trung vé6i bai 77, tham khao 1oi giai bai 77.
Chon hai diém K € BC va L € CD thdéa man:
BK = BA, DL = DA.

Theo gia thiét, ta co:

CX-CA=CK?=CL%
Do dé, cac dudng tron ngoai tiép wy, wy clia hai tam giac AKX, ALX lan lugt tiép xic vé6i cac
canh BC,CD. Do tinh déi xitng BA = BK, duong thang BA ciing tiép xtc véi duong tron wy.

Goi T la trung diém ctia AK. Tit cac tinh chat trén, 7 phai ndm trén dudng phan giac BI, véi
I 13 tam dudng tron noi tiép clia t1i giac ngoai tiep ABCD.
Trong tam giac AKX, hai dudng thang X7 va X B lan luct dong vai tro la trung tuyén va

duong déi trung. Tinh chat dudng doi trung cung cap cic goc bang nhau:

LAXB =/TXK =/ZXKC = /KAX,
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84.

sy bang nhau cudi ciing dya vao tinh chat duong trung binh trong tam gidc AKC.

Tuong tu, ta co:
LAXD = /ZLAX.

Két hop lai:

/BXD =/BXA+ /ZAXD = /KAX + /XAL=/KAL = /Y ID.

Ngoai ra, gia thiét da cho:
/YXD=/DXB,

chiing t6 bén diém X, Y, D, I cing ndm trén mot duong tron I
Theo Dinh lij Newton, tam noi tiép I nam trén doan thing ndi trung diém hai dudng chéo
X X', v6i X' 1a trung diem cta BD. Goi I’ 1a diém déi xing ctia I qua X'. Qua phép déi xtng
trung tam:

/BI'D = /BID =7 — /BXD,
nén t gidc BX DI’ ciing 1a tid gidc noi tiép.
Cubi cling:

/ZIDB = /DBI' = /DXI' = /DXI,

chiing té duong thang BD tiép xtc véi dudng tron T

Dinh lj Newton. Trong mot t gidc ngoai tiép, tam dudong tron noi tiép luon thing hang véi

trung diém ctia hai dudng chéo.

Dap an:
k = 51.
Vi du vé chién luge ban ha xe tang khi k > 51 da dugc trinh bay & 161 giai bai 73.
Danh gia duéi. Ta sé chiitng minh khi & < 50, phéo binh khong thé ddm bao ban ha xe ting

trong moi truong hgp. Ching minh dya trén hai bd deé.
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Bo dé 1. Trong mot lusi 6 vuong, néu ¢ a 6 duge danh dau va cac 6 ¢ hang trén cling ciing
nhu cot phai cing déu khong duge danh dau, thi s6 lugng 6 ké canh véi cac 6 duge danh dau
khong nho hon:

a++a.

B6 dé nay da dugc ching minh trong 15i giai ctia bai 55.

B dé 2. Khéo sat ban ¢6 2n x 2n t6 theo cu tric den-tring dan xen, tap hop bat ky gom n?

6 mau den duge danh dau luon ké canh véi it nhat:
n?+n

0 mau trang.

Chitng minh bo dé 2. Phan hoach ban ¢& thanh n dai doc kich thuéce 2n x 2. Chia tiép mdi dai

thanh céc khdi domino 1 x 2.

Trong mdi khoéi domino, s6 lugng 6 mau trang ké canh luén 16n hon hodc bang s6 6 mau den
duge danh dau. Néu trong dai doc ton tai it nhat mot khéi domino hoan toan khong c6 6 danh
dau va mot khoi ¢6 chiia 6 danh dau, thi § bién gidi gitta hai khoi, khoi rdng sé cung cap thém
mot 6 trang ke canh. Diéu nay khién tong sb 6 trang ké canh trong dai 16n hon s6 6 danh dau
it nhat 1 don vi.

Néu tinh chat nay dang v6i moi dai doc, thi trén toan ban co ta thu dudc s6 6 trang ké canh
vugt s6 0 danh dau it nhat 1a n. Lap luan tuong tu khi phan hoach ban ¢6 thanh cac dai ngang
2 X 2n.

Xét truong hop ton tai mot dai doc hoan toan réng hodc hoan toan chita 6 danh dau, dong
thoi ton tai mot dai ngang c6 cling tinh chat. Giao clia chting sé tao thanh mot viing hodc rdng
hoan toan, hodc chita day 6 danh dau.

Néu giao ciia ching la viing réng, cit ban ¢ tai tam clia giao diém 2 x 2, ta dugc 4 hinh chit
nhat. Goi s6 luong 6 den danh dau trong 4 hinh chi nhat nay 1a ai, as, as, a4, tong ctia ching

bang n®. Ap dung B6 dé 1 cho ting phan, téng s6 luong o6 ké it nhét 1a:

ar + /a1 + ax + v/as + az + Jaz + as + \/as

> ay + as + as + ag + Va, + ag + az + ag = n® +n.

Néu giao ctia chiing 1a viing chita day 6 danh dau, ta khao sat cac 6 trang khong ké canh véi
bat ky 6 den danh dau nao. Néu s6 luong cac 6 nay khong vuot qua n? — n, thi phan con lai
dam bao s6 lugng 6 ké it nhat 1a n® + n. Néu sb6 luong nay vuct qua n> —n + 1, 4p dung quy
trinh tuong tu, s6 lugng 6 den bao quanh ching phéi it nhat 1A n®> —n+1+vn2 —n+ 1. Tuy
nhién, téng s6 6 den khong duge danh dau chi 1a n?, dan dén bat déng thic:

n>n*—n+1+vVn2—n+1,

diéu nay vo 1. B6 dé 2 dugce ching minh hoan tat.
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Trd lai bai toan chinh. Gia st ban dau xe ting ndm 6 6 mau trang; ta sé cho thiay phao binh
v6i k = 50 khong thé dam bao bin tring xe tang. Quan ly tap hop cac 6 xe ting c6 thé ding
sau mdi lugt ban. O luot dau tien, s6 lugng vi tri kha di la:

5000 — 50 = 4950.

Gia sit sau mot lugt ban, s6 vi tri kha di luon khong nhé hon 2500 va ¢6 cing mau sic (vi du
mau den). Ap dung Bo6 dé 2 véi n = 50, tap hgp 2500 vi tri nay c6 it nhat 2550 6 ké khac mau
(mau tring). Xe tang sé di chuyén sang mot trong 2550 vi trf nay, trong khi phao binh chi c6
thé loai trit t6i da 50 6 & lugt ban tiép theo. Do d6, & lugt tiép theo, s6 vi tri kha di vAn dam
bao khong nho hon 2500.
Phéo binh khong thé giéi han s6 lugng vi tri kha di xuéng 0, ddng nghia véi viéc khong ton tai
chién lugc chac chan ban ha xe tang khi k& < 50.

85. Véi hai véc-to khac khong Z, 7, goi x, 1a do dai hinh chiéu vuong goc ctia 7 len g. Dinh nghia
ham so:

Bz, ) = 7] + 171 2 — o

Vé6i moi hinh binh hanh OABC, ta luon c6 cac hé thitc hinh chiéu:

OBOC — OAOC = OC,
OAOB + OC()B = OB,
OApp + ABop = OB.

A B

0, C

Tit cac hé thiic trén, ta biéu dién tong can tinh:

OA+0C — OB = ®(04,00) — d(OC,0B) — &(0OA,0B).

Xét hang s6 giéi han R > 10, va tap hop P(R) bao gom tat ci cac hinh binh hanh théa man
cac diéu kién ctia dé bai cuing v6i rang buoc OB < R. Do P(R) la mot tap hop hitu han, ta c6
thé tinh tong truc tiép trén tap hop nay.

Cong biéu thitc trén qua toan bo cac hinh binh hanh trong P(R). D& nhan thay, cic biéu thiic
mang dau "4" phan 16n sé bi triét tiéu véi cac biéu thitc mang dau "-" tuong tng (chang han
@((74, B) sé triét tieu voi (ID((%, ﬁ)) Dai lugng mang dau "+" duy nhéat khong bi triet
tieu la:

®((1,0),(0,1)) = 2.
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Vi ham s6 ® > 0, sy ton tai ctia cac dai lugng mang dau "-" con sot lai chimg t6 tong quat
ctia biéu thitc khong thé vuot qua 2.

B sung ngoai 1¢, néu ta thay doi biéu thic can tinh tong thanh binh phuong:
(OA+0C — OB)?,
thi tong clia gidi han chudi nay hai tu vé:
2- I,
2
Déng thitc nay dude ching minh thong qua viéc xay dung mot phiém ham méi:

v(Z,9) = 2012 - |91l — Zlly= = [[g]zy-
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§6. GOC OLYMPIADOPHILE

@ LAN TRUYEN THONG TIN

€@ BAITOAN TRUYEN TIN (GOSSIP PROBLEM)

Xét n nguoi dua tin (n > 3). Ban dau, méi ngudi nam gitt mot tin tiic rieng biét ma nhitng nguoi
khac chua biét. Mdi khi hai ngudi goi dién thoai cho nhau, ho sé trao déi toan bo céc tin tic ma
minh dang c6. Muc tiéu ctia bai toan 1a sau mot s6 cudc goi, tat cd moi ngudi déu nam duge toan
bo n tin tic. Mot chudi cac cude goi dat dude muc tidu nay duge goi 1a mot phuong dn truyén tin.

Trong cac bai toan dudi day, ta can tim s6 lugng cuodc goi toi thieu cho mot phuong an truyen tin
ting v6i mo6i n. Phuong 4n stt dung s6 cudc goi it nhat duge goi 1a phuong an o7 wu (hay phuong an
nhanh nhat). Luu ¥ ring c6 thé ton tai nhiéu phuong an t6i wu khac nhau cho ciing mot cau hinh.

1.1. Can it nhat bao nhiéu cudc goi dé 4 ngudi dua tin ¢6 thé trao doi toan bo thong tin cho nhau?
1.2. Chiing minh ring néu dio ngudc thi tu thoi gian clia moi cude goi trong mot phuong an truyen
tin, ta van thu dudec mot phuong an truyen tin hop lé.

1.3. Chiing minh luon ton tai mot phuong an truyén tin gom diang 2n — 4 cudc go.

Gia st n nguoi dua tin da thiét 1lap dugc mot phuong an truyen tin sit dung khong qua 2n — 5 cuoc
goi. Hay chon gia tri n nho nhat sao cho ton tai mot phuong an nhu vay. Goi gia tri n nay 14 mot so6
thi vi, va goi phuong an t6i wu tuong tng véi n d6 la phuong an siéu toc. Cac bai toan tiép theo sé
nghién ctu tinh chat ctia phuong an siéu toc nay.

1.4. Cho n 1a mot s6 thu vi. Chitng minh rang trong mot phuong an siéu toc, khong c6 bat ky ciap
nguodi dua tin A, B nao goi dién cho nhau tir hai lan tré len.

1.5. Cho n 1a mot s6 tha vi. Gia sit trong mot phuong an siéu toc, tai mot thoi diém A goi cho B,
sau d6 B goi cho C, 16i cudi ciing C' lai goi cho A. Chitng minh rdng mot phuong 4n chita chu trinh
nhu vay khong thé 1a phuong an siéu toc.

1.6. Cau hinh cac cuoc goi dang tuan theo mot phuong an sieu téc. Tai mot thoi diem, A goi cho B
va d6 1a cuoc goi cudi ciing ctia A. Chitng minh réng cuoc goi nay dong thdoi cling 14 cudce goi cudi
cung cua B.

1.7. Ching minh ring néu trong phuong an siéu toc c6 cudc goi gitta A va B, thi ngay trudc thoi
diém dién ra cuoc goi d6, hai ngudi nay khong c6 chung bat ky tin titc nao.

1.8. Chiing minh ring mot phuong an siéu toc phai chia it nhat 2n — 5 cudc goi.

1.9. Chiing minh ring trong mot phuong an siéu toc, moéi ngudi dua tin phai thyc hién it nhat 3
cuoc goi.

1.10. Chitng minh ring véi moi n, mot phuong an truyen tin toi wu luon chita ding 2n — 4 cuoc goi.
Bay gio, xét n nha hoa hoc (n > 3). Mdi ngudi s6 hitu 1 kg mot chat thit rieng biet. Mot phong thi
nghiém ca nhan duge coi 1a dat chudan néu né thu thap dt moi loai chat thit. Khi hai nha héa hoc
gap nhau, ho sé tron va chia déu moi lugng chat thit ma ho dang c6. Sau 2n — 4 lan gap, tat ca cac
phong thi nghiem déu c6 thé trd thanh dat chuan. Tuy nhien, dé dudc coi la hiéu qud, khéi luong
ctia mdi chat thit trong phong thi nghiém khong duge nhé hon o gam.

1.11. Tim gia tri 16n nhat ciia o dé ton tai mot chudi 2n — 4 1an gap sao cho phong thi nghieém ctia

moi nha héa hoc déu trd nén hiéu qua.
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©® MANG LUGI GIAO TIEP HAN CHE

Gia st n ngudi dua tin khong quen biét tat cd moi ngudi, va ho chi c6 thé goi dién cho nhitng ngusi
quen ctia minh. Mang lu6i quen biét nay duge biéu dién béi mot do thi lien thong F. Muc tieu khong
thay doi: tat cad moi nguoi déu ndm dugce toan bo tin tic véi s6 cude goi it nhat.

Véi mot chudi cudce goi, ta xay dung mot da do thi cuoce goi G: cac dinh 1a cac ngudi dua tin, con cac
canh tuong ting véi cac cudc goi (co thé c¢6 canh boi). Thong tin vé thit tuy thoi gian clia cac cude goi
bi "an" trong do thi G. Dé khai phuc thit tu do, ta c6 thé gin thém trong sé thdi gian cho cac canh.
2.1. Chitng minh ring véi moi do thi lien thong F, phuong an truyén tin t6i uu chita 2n — 3 hoac
2n — 4 cudc goi.

2.2. Chitng minh rang néu F chita mot chu trinh Cj, thi phuong an t6i wu chita ding 2n — 4 cuoc
gol.

2.3. Chiing minh ring néu F chi chita duy nhat mot chu trinh Cj, (k # 4), thi phuong an t6i uu
chtta 2n — 3 cudc goi.

2.4. Chiing minh rang néu F hoan toan khong chita chu trinh Cy, thi phuong an t6i wu chita 2n — 3
cuoc goi.

Bay gis, thay vi goi dién thoai, ho sit dung dién bao: thinh thoang cac ngusi dua tin gii cho nhau
cac biic dién tin, méi bitc dién tin chita toan bo tin tiic ma nguoi giii dang nam git.

2.5. Can it nhat bao nhiéu bitc dién tin dé hoan thanh muc tiéu lan truyén?

2.6. Xét mot phuong an truyen tin "tiét kiem" (tranh lap thong tin): méi nguoi dua tin nhan moi
tin tiic qua dién tin khong qua mot lan. Trong qua trinh d6, c6 thé xay ra hién tugng mot ngusi nhan
dugce biic dién c6 chita chinh tin tic khéi thiy ctia ban than. Ching minh riang trong moi phuong
an tiét kiem, s6 lugng ngudi gap phai hién tuong nay khong nhé hon n — 1.

©® BIEN THE NOHO (NO ONE HEARS OWN)

Gia stt do thi quen biét clia n ngusi dua tin 1a mot do thi day di. Xét mot rang bude bo sung: cac
cudc goi phai duge sap xép sao cho khong c6 ai phai nghe lai chinh tin tic ban dau clia minh tit mot
ngudi khac (NOHO: No One Hears Own). Hién nhién, dudi rang budc nay, do thi cudc goi G khong
thé c6 canh boi (tham chi khong ton tai chu trinh tam giac), va moi dinh déu c6 bac khong nhé hon
2.

3.1. Mot cau hinh phi tiéu chuan: c6 3 ngusi biét tin A, 3 ngusi biét tin B, 2 ngudi biét tin C' va
2 ngudi biét tin D (tdng cong 10 ngudi). Liéu c6 ton tai mot phuong an truyén tin thda man rang
budoc NOHO cho cau hinh nay khong?

3.2. V6i nhiing gia tri ndo ciia n thi qua trinh truyén tin theo mo hinh NOHO 1a kha thi?

3.3. Chiing minh réng trong moé hinh NOHO, ta can it nhat 2n — 4 cudc goi.

@® BIEN THE NODUP (NO DUPLICATION)

Xét tinh hudng n ngusi dua tin t6 chiic trao doi sao cho trong bat ky cudc goi nao, hai ngusi tham
gia déu khong c6 chung bat ky tin tic nao tinh dén thsi diém d6 (NODUP: No Duplication). Thuoc
tinh nay timg duge nhic dén & bai 1.7 nhung trong ngit canh mot dbi tuong khong tdn tai. O day,
do thi quen biét van 1a do thi day du.

4.1. M6 hinh NODUP c¢6 kha thi v6i n = 12 hay khong?

4.2. Gia sit ¢6 cac nhom gom 13,8, 6,5, 4,4 ngudi dua tin. Méi nhém ndm gitt mot tap tin tiic chung
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clia rieng nhom d6. C6 ton tai phuong an truyen tin théa man rang buoc NODUP khong?

4.3. M6 hinh NODUP c¢6 kha thi v6i n = 20 hay khong?

4.3 1 Chttng minh rang qué trinh truyén tin theo mo6 hinh NODUP la bat kha thi trong cac truong
hop: a) n = 14; b) n = 18.

4.4. Véi nhiing gia tri nao ctia n thi mo hinh truyén tin NODUP 1a kha thi?

4.4 % Chitng minh rang véi n > 4, trong qua trinh truyén tin theo moé hinh NODUP, moi ngudi
dua tin phai goi dién it nhat 3 l1an.

4.5. Hay thiét lap mot vi du trao doi tin tic theo mo hinh NODUP véi s6 luong cuoc goi bing

-n + ¢ ap dung cho mdt tap vo han cac gia tri n.

4
4.6. Chiing minh ring s6 lugng cudc goi toi thiéu trong moé hinh NODUP luén bi chan dusi béi
Zn +c.

@ 1ANG LUGI LIEN LAC GIAN DOAN

Cho n ngudi dua tin va mot so tir nhién k. Xét tinh huéng lich trinh cac cudc goi da duge thiét lap
tit trude va moi ngudi phai tuan thii nghiem ngat. Tuy nhién, do "lién lac gidn doan", cé thé c6 tbi
da k cudc goi bi hong (hai ngudi tham gia khong thé trao doi thong tin trong cudc goi d6). Bai toan
tuong ti ciing duge dat ra ddi véi mang ludi dién bao.

5.1. Giai quyét bai toadn trong truong hop "buu dién thiéu tin cay" - khi nhiing nguoi dua tin gii
dien tin va c6 toi da k biic dién c6 thé bi théat lac doc dudng.

a) Gia st trong s6 d6 ¢6 mot vi tong tu lenh. Can thiét lap lich giii dieén tin nhu thé nao dé bat chap
lien lac gian doan, moi ngudi van bao cao dudce thong tin ciia minh cho tong tu lenh? Can tdi thiéu
bao nhiéu btc dién tin?

b) Can t6i thiéu bao nhiéu biic dien tin dé tat cd moi ngudi déu nam duge toan bo thong tin?

5.2. Tré lai véi mang ludi dien thoai. Gia sit ¢6 mot vi tong tu lenh. Can lap lich cude goi sao cho
bat chap lién lac gian doan, moi ngudi van truyen dat dude tin tic cho tong tu lenh. Ky hiéu p(n, k)
la s6 lugng cude goi toi thidu can thiét cho tinh huéng nay. Chiing minh ring:

a) p(n, k) = VHLl n-‘ khi & > n — 2;

b) p(n, k) = {%mn—n] khi b < n— 2.

5.3. a) Chitng minh rang s6 lugng cudce goi t6i thiéu 7(n, k) ddi véi bai toan lien lac gian doan thoa
man:

T(n, k) < L(k—l— g) (n — 1)J .

b) Hay tim mot danh gid chin duéi cho 7(n, k) sao cho cang sat véi danh gid & cau a) cang tot.
(Chu thich: Gia tri chinh xac ctia 7(n, k) hién van 14 mot bai todn mdé. Véi cau héi 6 bai trude, ngusi

ta da thiét lap duge danh gia chan dudi:
7(n,k) = p(n, k) +n — 2v/n.

Viéc khao sat xem véi k c6 dinh, ddy s

(k) (k4 2) )
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c¢6 bi chin hay khong van dang 14 mot an s6.)

5.4. Bay gio gia stt khong c6 cuoc goi ndo bi héng, nhung nhitng ngudi dua tin yéu cau moi tin tic
ho nhan dugc phai "dang tin cay". Mot tin tic tit ngudi khac dude coi 1a dang tin cay néu ngudi
nghe nhan dudc tin d6 thong qua it nhat k + 1 dudng truyén doc lap. Ching minh rang s6 cudc goi

t6i thiéu y(n, k) thda man:

(k+4)n . (k+4)(n—1)
2 W_Zl’ b){ 2

) 20, h) < | | = ttogan) <6

@ NHUNG NGUOI bUA TIN LUOGI BIENG

6.1. Gia stt n nguoi dua tin da thuyc hién mot s6 cuoc goi. Do thi cuoc goi tao thanh mot cay, va

sau cac cuoc goi d6 mdi ngudi biét it nhat & tin titc. Chiing minh rang:
n = k=1,

C6 dinh cac s6 tir nhién n, k v6i k < n. Xét tinh huéng do thi quen biét 1a do thi day du, nhung miic
do to mo clia ho bi gidi han: muc tiéu ctia ho chi la sau qua trinh trao doi, mdi ngudi nim dugc it
nhéat k tin tdc. Yeu cau dit ra van la dat duge muc tieu nay véi sé6 cudc goi toi thicu. Ky hieu s6
cudc goi toi thidu do 1a P(n, k).

Gia thiét k > 4. Ta thiét lap mot day s6 hitu han phu trg: véi k c6 dinh, xét day

f, = oF 2 0<i<k—4

Dé thay day 1 mot day gidm.
6.2. Khi k tuong déi "nhé" so vé6i n, cu thé:

n > 2/6—1’

chting minh ring s6 lugng cudc goi can thiét "gan bang n'":

|

6.3. V6i k 16n hon, chon chi s6 i (0 < i < k —4) sao cho:
ti < n<t_i.

Chitng minh rang:
P(n,k) <n+i.

6.4. Chting minh rang véi diéu kién clia bai toan trude, thic chat ta c6 ding thiic:

LOI GIAI

1.1. Dap an: 4 cudc goi. 1.2. Néu tin tic ctia nguoi A truyen qua mot chudi cude goi dé dén dugc

P(n,k) =n+1.

v6i nguoi B, thi theo chudi cudc goi ddo ngudc thoi gian, tin tidc clia B ciing sé truyen ngudc lai dé
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dén duge véi A.

1.3. Chting minh bing quy nap. Budc cd s6: xét n = 4 ngudi. Bude quy nap: khi bo sung thém ngusi
thit n + 1, ta chi can thém hai cudc goi; cu thé, ngusi méi sé goi cho mot ngusi bat ky trude khi tat
cd moi ngudi bat dau trao doi, va sau khi qué trinh ctia n ngudi hoan tat, nguoi méi lai goi cho mot
ngudi bat ky mot lan nia.

1.4. [11, Bo dé 2]. Ta dong nhat A va B thanh mot dinh duy nhét; tai mdi thoi diém, dinh nay
sé luu trit hop ciia céc tap thong tin md A va B dang nam gitt. Loai bd cac cudc goi noi bo gitta
A va B. Khi d6 ta thu dugec mot phuong an truyeén tin cho (n — 1) ngudi vé6i s6 lugng cudce goi la
2(n — 1) — 5, diéu nay mau thudn véi tinh nhé nhat cta n.

1.5. Ménh dé nay da duge st dung trong [1]. Ta tién hanh "loai bo" dinh A: trude khi cuoce goi BC
dién ra, moi vai tro két néi cia A dugce chuyén giao cho B, con sau cudc goi BC, moi vai tro ciia A
duge chuyén giao cho C. Qua phép bién doi nay, s6 lugng ngusi giam di 1 va s6 cudce goi giam di 2,
mau thuan véi tinh nhé nhat cta n.

Bing lap luan tuong ti, ta ciing c¢6 thé chitng minh duge ring khong ton tai cac chudi truyen tin dai
hon ma bt dau va két thic tai cing mot ngudi (khong ton tai chu trinh).

1.6. Sau khi trao doi véi A, ngusi dua tin B da nim duge toan bo thong tin. Gia sit phan chiing
rang sau cuoc goi véi A, B van tiép tuc goi cho mot ngudsi C' nao dé. Khi d6 trong cudc goi nay, C
sé nhan lai duge chinh tin titc khéi thity ctia minh (thong qua B). Diéu nay dan dén sy hinh thanh
chu trinh, vi pham tinh chat da chitng minh & bai 1.5. Mau thuan.

1.7. Ménh dé nay da duge dé cap trong [11, Bo dé 4] va hoan toan tuong duong véi "bo dé giao
nhau" trong [1]. Y tuéng cot 16i 1a: néu tai mot thoi diém nao d6, hai ngudi c6 tap thong tin giéng
hét nhau (vi du, ngay sau khi ho vira goi dién cho nhau), ta c6 thé hoan ddi vai tro ciia hai ngusi
nay trong moi cuoc goi vé sau ma van bao toan tinh hop lé clia phuong an truyén tin.

Gia st phan ching: truée khi A va B goi dién cho nhau, ho da c¢6 chung tin tic ctia C. Xét mot
chudi cuoc goi bat ky chuyén tai tin tic tit C dén A va dén B.

Gia stt trén chudi truyen tin nay, cudc goi DE dién ra trude cuoc goi DF. Khi d6, néu ta hoan doi
vi trf ctia hai dinh D v F', ngay sau khi dién ra cudc goi DF, ta c¢6 thé xem nhu cudc goi FH duge
thay thé bang cuoc goi DH. Thong qua thao tac nay, ta thu duge mot chudi cudc goi méi, trong dé
nhanh DFH ... B (nim sau diém "ré nhanh") bi rat ngan thanh DH ... B,
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Tinh chat DH dién ra sau DE van dugc bao toan. Bang cach lip lai thuat toan cat tia nay, ta loai
bé hoan toan chudi H ... B phia sau diém ré nhanh. Tai budc cubi cling, ta hoan doi vai tro ctia B
va D (ngay sau cudc goi BD), kéo theo cudc goi AB ¢ phan dau lap luan bi thay thé bang cudc goi
AD. Hée qua la ta thu duge chudi DE ... A ndi tiép bdi cude goi AD. Diéu nay mau thuan tric tiép
v6i két qua clia bai 1.4.

1.8. Ménh dé nay da dugc sit dung trong [1]. Gid st mdi ngudi dua tin déu goi it nhat 4 lan, thi
tong s6 cuoc goi it nhat sé 1a 7n = 2n. Gia st ¢6 mot ngudi A chi goi ding 3 lan. Dé thong tin tit
A lan truyén dén tat ca nhitng ngudi con lai, can toi thieu n — 1 cudc goi; ngudce lai, dé thong tin tir
phan con lai hoi tu vé A ciing can t6i thiéu n — 1 cude goi. Duta vao bai toan trude, hai tap hop cuoc
goi nay chi c6 thé giao nhau tai cac cudc goi do chinh A truc tiép thuc hien. That vay, néu cudc goi
CD lam nhiém vy truyén tin tit A, thi cd C' va D déu da biét thong tin clia A; néu mot trong hai
ngudi nay lai tham gia vao nhanh truyén tin ngugc vé A, ho sé tra lai cho A chinh thong tin khdi
thity ctia A, vi pham tinh phi chu trinh (bai 1.5). Do d6, tong s6 cudc goi it nhat la:

(mn—1)+(n-1)—3=2n->5.

1.9. Néu mot ngusi dua tin bat ky goi k lan, 4p dung logic ciia bai trudc, ta c6 bat ding thiic:
2n—5>2n—-1)+(n—-1) —k.

Tu do suy ra k > 3.

1.10. Ta can chitng minh khong ton tai phuong an siéu téc nao chi st dung ding 2n — 5 cudc goi.
Duta theo bai 1.6, tap hop cudce goi dugde chia thanh ba nhom: mé dau (gom n/2 cudc, déng vai tro
la cudc goi dau tien cia ca hai phia), két thic (gom n/2 cude, déng vai tro 1a cuoc goi cudi ciing
cla cd hai phia), va nhém trung gian (con lai n — 5 cudc). Dua theo bai 1.9, mdi dinh phai tham gia
it nhat mot cuoc goi trung gian. Xay dung do thi con chi gom cac cudc goi trung gian: do thi c6 n
dinh va n — 5 canh, do d6 né phan ra thanh it nhat 5 thanh phan lién thong, va mdi thanh phan
chita it nhat mot canh.

Néu AB va AC lan lugt 1a cude goi dau tién va cudc goi cudi cling ciia dinh A, thi thong tin xuat
phat tit A chi c¢6 thé lan truyén qua cac thanh phan lién thong chita A hoic B, trong khi thong tin
hoi tu vé A chi c6 thé di qua cac thanh phan chita A hosic C. Suy ra c6 it nhat hai thanh phan lien
thong hoan toan ding ngoai qua trinh truyén va nhan thong tin cia A. Ky hiéu s6 lugng canh cia
hai thanh phan "ngoai lai" nay 14 d (d > 2). Bing cach diéu chinh lai bat dang thiic ctia bai 1.9, ta

co:

2n—5>2n—-1)+mn-1)—k+d.

Bat ding thiic nay ép k (s6 bac clia dinh A bat ky) phai 16n hon hoadc bang 5. Tuy nhién, diéu kién
nay ap dung cho moi dinh, dan dén téng s cuoc goi 16n hon 2n — 5, gay mau thuan triyc tiép (tham
khao lai gi6i han & 16i giai 1.8).

2.1. Menh dé nay da duge chiing minh trong [6]. Két hop vé6i két qua bai 1.10, ta thu duge he qua:
moi cau tric dang cay déu can chinh xac 2n — 3 cuodc goi. That vay, 2n — 3 cudce goi 1a di néu qua

trinh truyén tin tuan theo quy tic di tit cdc nut 14 don ve nat goc (quét tit cac canh xa gdc nhat vao
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dan dén gbc). Tai thoi diém két thic quy trinh quét nay, sé c¢6 hai dinh nidm gitt toan bo thong tin:
nit goc va mot dinh ké v6i niat gbe. Sau do, ta chi viec dao ngude thit tu cac cude goi dé lan truyéen
thong tin tit goc tra vé cac la.
Khong thé t6i uu hoa s6 luong cude goi xubng mitc thap hon, bdi néu it hon 2n — 3, do thi cau tric
cay sé xuat hién it nhat hai "canh don" (canh chi duge st dung duy nhat mot lan trong toan bo qua
trinh). Sy ton tai ctia hai canh don nay sé cat do thi thanh ba thanh phan lién thong rieng biet, lam
te liet kha nang trao doi thong tin toan cuc.
2.2. Thuat toan xay dung cau hinh dugc trinh bay trong [6]. Thyc hién thao téc co (contract) chu
trinh C; thanh mot siéu dinh duy nhat va dit sieu dinh d6 lam goc ctia do thi. Truyen thong tin tir
cac nit 14 vé goc theo co ché tuong tu muc trude, sau dé ap dung phuong an téi wu ctia muc 1.1 cho
do thi con noi bo Cy, roi lap lai qua trinh quét trén cay theo chiéu nguge lai. Phuong an nay tieu
ton:

m—4)+4+(n—4)=2n—-4

cudc goi.
2.3. Phép chiing minh duge trinh bay chi tiét trong [6]. Gia st phan chiing ton tai mot phuong 4n
truyen tin chi sit dung 2n — 4 cuoc goi. Dudi rang budc nay, moi canh trong mang ludi phai duge st

dung it nhat mot 1an. Néu mot canh déng vai tro 1a "

cau" (bridge) ma bi bé qua, mang ludi sé bi
dit gay va khong thé truyen thong tin gitta hai nita do thi. Néu mot canh nam trén chu trinh ma bi
bd qua, phan con lai clia mang luéi sé suy bién thanh mot cay, va theo dinh Iy ¢ muc 2.1, mot cay
khong thé hoan thanh qua trinh truyén tin véi s6 cude goi it hon 2n — 3. Do do6, déi véi phuong an
2n — 4 cuoc goi, do thi bat buoc phai chita it nhat 4 canh don (nhéc lai: canh don 1a canh chi duge
kich hoat duy nhat mot 1an).

Gia stt trong s6 cac canh don d6 c6 chita it nhat mot cau. Viec loai bé cau nay sé xé do thi thanh hai
thanh phan lien thong doc lap. Diéu nay bat buoc trude khodnh khic cude goi qua cau duge thic
hién, mdi dau cau phai tich lily tron ven toan bo thong tin noi bo ctia thanh phan tuong ing. Gia

stt mot thanh phan c6 kich thuéc 1a a dinh, qua trinh tich lfiy nay sé tiéu ton:
(a—1)+(n—a—-1)=n-2

cudc goi. Sau do6, cude goi duy nhat qua cau duge kich hoat, ndi tiép bang mot chudi sé6 hugng cude
goi tuong duong dé phan phdi thong tin ngude trd lai. Tinh tong lai, phuong an sé tieu toén 2n — 3
cudc goi, mau thudn véi gid thiét. Tt d6 suy ra khong c6 bat ky canh don ndo dude phép la cau,
dong nghia véi viéc tat ci cac canh don phai toa lac trén mot chu trinh.

Hé qua 13, khi ta tam thoi x6a bd cac canh don ra khéi do thi, chu trinh sé bi cat thanh 4 thanh
phan liéen thong, mdi thanh phan 1a mot cay. Danh s6 céc cay nay theo chiéu doc chu trinh, gid st

s6 lugng dinh ciia ching lan luct 1a ni, ng, ns, na, voi:
ny+no+ng+ng=n.

Khéo sat thit tu thai gian kich hoat céc canh don. Néu hai canh don dau tién dude kich hoat cling
gan v6i mot thanh phan 7, thanh phan nay sé vinh vién bi c¢o 1ap khoi luong thong tin tit thanh phan
(1 +2) mod 4. Vi vay, thit tu kich hoat cac canh don phai tuan thi nghiém ngat mo hinh da phan
tich & 11 gidi muc 1.1: cu thé, phai kich hoat cip canh 1-2 va 3-4 trudc, sau d6 méi dén cip canh
2-3 va 1-4.
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Ngay trudc thoi diém kich hoat cudc goi 1-2, ca hai dau moi giao tiép phai s hitu day du bo thong

tin noi bo ctia thanh phan minh, yéu cau nay doi héi phai c6 it nhat:
(n1 — 1) + (TLQ — 1)

cudc goi noi bo dién ra trude d6. Bang logic tuong tu, trude khi kich hoat cudc goi 3-4, hé thong
phéi tieu ton toi thiéu:

(n3—1) + (n4a —1)
cudc goi noi bo trong thanh phan 3 va 4. Dén giai doan nay, ta da dém duge n — 4 cudc goi.
Chuyén sang giai doan hai, sau khi cudc goi 2-3 dudc thuc hién, mdi phia sé tiép nhan thém mot
ludng thong tin dic trung tit phia déi dien. Dé phan tan ludng thong tin méi nay di khdp thanh
phan, hé thong phai phat sinh thém it nhat:

(’I’LQ — 1) =i (?13 — 1)
cuoc goi. Tuong tu, hé qua ctia cude goi 1-4 sé kéo theo t6i thicu:
(n1—1) + (ns — 1)

cuoc goi bo sung trong cac thanh phan 1 va 4. Tong cong giai doan hai tieu thu them n — 4 cudc goi
nta.

Diém méu chét: do chu trinh ban dau ¢6 do dai 16n hon 4, chic chin phai ton tai it nhat mot thanh
phan (gi& sit 1a thanh phan 1) ma tai d6 hai canh don bam vao né khong hoi tu tai mot dinh chung.
CAu tric rdi rac nay ép budc phai ¢é it nhat mot cudc goi noi bo bo sung dién ra bén trong thanh
phan 1 (chen vao gitta hai cudc goi 1-2 va 1-4) dé lam cau ndi trung chuyén dit lieu tit diém nhan
(ctia cuoc goi 1-2) sang diém phat (ctia cuoc goi 1-4). Cudce goi cau néi nay hoan toan nim ngoai sit
tinh toan ctia hai giai doan trudc.

Cong don tat ca cac chi phi, tong s6 lugng cudc goi toi thidu phai la:
m—4)+(n—4)+4+1=2n-3.

Mau thuan véi gia thiét 2n — 4.

2.4. Lich stt bai toan ghi nhan F. Harary va A. Schwenk [6] da ting treo gidi 10 USD vao nam 1974
cho ai dua ra dugc 1i chitng minh hoan chinh cho ménh dé nay. Nam 1980, R. Bumby [4] da chinh
phuc duge bai toan. Ngay sau d6, D. Kleitman va J. Shearer [7] da dé xuat mot phuong phap tiép
can dot pha khéc, tham chi luge bdé hoan toan gisi han "cudc goi hai chieu". Duéi day 1a phan phac
thao ¥ tudng cot 16i clia ho, tam gac lai cic cau tric xit 1y tinh hudng cuoc goi mot chiéu.

Gia st ton tai mot so do truyen tin chi tiu ton 2n — 4 cudc goi. Ta sé chiing minh bang cau tric
logic rang so do nay bat budc phai dung chita mot chu trinh Cj.

Can nhan manh rang trinh ty thoi gian clia cac cudce goi trong mot s6 do khong bi déng bang tuyét
d6i. Tap hop cac hoan vi hgp 1é ctia chudi cudc goi ma van bao toan muc tiéu truyen tin toan cuc
duge goi chung 1a cac phép gdan thi tu (orderings) clia so do.

Khéo sat do thi con dugc tao thanh tit n — 1 cuoc goi xuat hién dau tién, va trich xuat ra thanh

phan lién thong dang cay c6 kich thuéc nhé nhat. Theo 1y thuyét do thi, thanh phan dang cay nay
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ludn ludn ton tai, béi néu ving béng né, tong sbé canh ciia do thi con sé khong nhé hon téng sé dinh.
Ky hicu S 1a thanh phan dang cay théa man tiéu chi cuc tiéu héa trén toan bo khong gian cac phép
gan thu tu.

Gia dinh S ¢6 cau tric gom m dinh. Ta dé dang nhan dinh m > 2. That vay, néu m = 1 (nghia 13 S
suy bién thanh mot dinh co lap), thi dé phat tan thong tin tit dinh c¢o 1ap nay ra phan con lai ctia
mang lu6i, do thi can huy dong thém it nhat n — 1 cudc goi. Cong don vao qui cudce goi da tieu ton,
tong chi phi sé vuot tran 2n — 4.

Tap trung phan tich cuoc goi thi (m — 1) (duge tinh trén moéc thoi gian noi bo ctia S). Néu triet
tieu cudc goi nay, cau tric S 1ap titc phan ra thanh hai mang S; va Ss. M4 rong khong gian khao sat
lén cac phép gan th ty c6 chitc nang hoan doi vi tri cic cude goi bén trong noi bo S, ta c¢6 quyen
thit chit them gid dinh: S; dat ngudng cic tiéu theo nghia khong ton tai bat ky phép gan thit tu
nao khéc c6 kha nang cit got ra mot thanh phan lien thong nam lot thom (chita thyc si) bén trong
S;. Ky hiéu cuoc goi thit (m — 1) mang tinh quyét dinh nay 1a cau ndi gitta z; € S; va y; € Ss.
Khung chitng minh dugc xay dyng trén 5 ménh dé lién hoan sau day. Ménh dé thi 5 sé tung don
quyét dinh, phoi bay sy ton tai ctia chu trinh Oy an bén trong so do truyén tin.

Heé thong ménh de.

1. Kich thuéc cia méang S; khong nho hon 2 dinh.

2. Gia dinh S; ¢6 quy moé j dinh. Khi d6, quan thé j — 1 cudc goi noi bo trong S; (chét loc tit
m — 2 cuoc goi dau ciia S) sé tao thanh mot cau tric cay, ky hieu 1a 7' (Iuu §: ky hieu S; dai
dien cho tap hop dinh). D6i v6i mot chudi cuoce goi bat ky, ta dinh nghia mot cuoc goi gitta a
va b 1a cudc goi ddc biét néu n6 xuat hién trén truc thoi gian muon hon tat ci cac cuoc goi
khac c6 su gép mit ciia a hodic b. Cay T dung chita duy nhat mot cuoc goi diic biet, va cudc

goi nay bat buoc phai gan lién véi dinh z;. Ky hiéu 5 1a déi tac ciia ; trong cuoc goi nay.

3. Dé khéi tao cac cau tric S, S, va cay T, hée théng da dét di n — 1 cudce goi dau tien. Ngan sach
so do truyen tin con lai n — 3 cude goi, ta gom chiing vao tap hop £. Thao tac loai bé canh
7179 Ta khoi T sé ché cay thanh hai phan Ty, T v6i dieu kien bien z; € Ty va xo € Ty (tham
kh&o Hinh 1). D6i v6i moi dinh 2 ¢ T} (bao trum ca cdc dinh ndm ngoai ranh gidi S), luon ton

tai mot chudi cuoc goi duge lap ghép hoan toan tir tap
LU A{x1y1, 1272}

dam nhan st meénh trung chuyén tin tic tit z; dén 2. Logic nay duge phan chiéu tuong duong
cho hanh trinh truyén tin tit 2, huéng ra cac dinh ngoai 7. Hon thé nita, tap hdp cudc goi

LU {$1y1, $1902}
sé tir két tinh thanh mot cau tric cay.

4. Mot chudi cuoc goi lam nhiém vy bom tin titc tit cdc dinh ngoai vi do vé o, (hodc x5) chi dugc

phép stt dung tdi da mot cude goi thude tap

LU {xlyla 33'1552}7

va néu c6 khai thac dic quyen nay, né bat budc phai nam & vi tri chét so ctia chudi.
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5. Khao sat mot 16 trinh chuyén phét tin tic tit y; dén xo; gan nhan yszs cho chdt chan cudi cling
ctia 16 trinh d6. Tiép néi luong dit lieu, khao sat 16 trinh day tin ttc tit y» vé 21; gan nhan ysa,
cho ch6t chin cubi cing. Van hanh vong lap nay: y; 1 déng vai tro 1a nhan t6 (khac 1, z2) gop
mit trong cudc goi chdt s6 clia 16 trinh dan tin tit y; vé o1 (v6i i chin) hodic vé zp (V4i i 18).
Theo nguyén Iy nay, toan bo cac dinh y; déu bi khéa chat trong khong gian S,. Khang dinh
s ton tai clia cip chi $6 18 43 va chén iy sao cho y;, ¥, tao thanh mot lien két hop 1é trong Ss.
Dinh diém ctia van dé: cac lien két y;,z1 vA 3,75 13 nhitng mit xich c6 thue trong s6 do truyen

tin, va ca hai déu tré nhip thoi gian hon so véi cac cuoe goi x1zs VA i, Vi, -

TN (7

23)24 o

N N

S1 S 2

Hinh 1. Phan ra cau tric thanh phan lién thong S

Chaitng minh hé thong meénh de.

1. Khong mat tinh tong quat, ta co thé day cuodc goi z1y; xudng vi tri thit (n —1). Gia st S; suy
bién thanh mot dinh co 1ap, dieu d6 dong nghia véi viéc sau n — 2 cudc goi dau tién, thong tin
tir dinh nay van bi ket lai tai chd. Dé gidi phong luong thong tin nay di khap mang luéi, do thi

can bom thém it nhat n — 1 cudce goi bo sung, day tong chi phi cham day 2n — 3, mau thuin.

2. Ménh dé nay la di san truc tiép tit diéu kién cuyc tiéu hoa ap dat len S;. Tinh chat "cuoc goi
ch6t s6 luon mang danh hiéu dic biet" bao chiing cho sy hién dién ctia it nhat mot cude goi
dac biet. Gia st ndy sinh mot cudc goi dac biét ab trong S; hoan toan mién nhiém véi x;, ta
c6 thé can thigp vao truc thoi gian ctia S dé ép ab tut xudng vi tri (m — 1). Lap tic, m — 2
cuoc goi dau tién sé dic ra mot thanh phan lien thong ndm lot thom trong Sy, gidng mot don

chi mang vao tinh cyc tieu cua S;.
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3. Trén btic tranh toan canh, dong thong tin tit #; chiy theo mot huyét mach nao dé dé vuon téi
2. Goi ab 1a mat xich dau tién trén huyét mach d6 bt ra khoi bien gidi 7. Logic dan duong
chi ra ab va toan bo cac mét xich ké tiép tréen huyét mach dé déu thudc quyen kiem soat ciia
tap

LU {z1y1, T122}.

Néu hé thong dung chita mot huyét mach phu nam trong
LU{z1y1, v172}

kich hoat truée thoi diem ab vi dAm nhan viéc dan tin tit z; dén mot dau ctia ab, ta chi viec

han ndi hai huyét mach nay lai dé tao ra duong dan hoan chinh tit #; dén z.

Trong kich ban huyét mach phu bi bé tac, ta tién hanh thao tic gan lai tht tu: neo z,y; 6 toa
do n, chdt z1w9 & toa do (n — 1), va kéo ab (hodic mot phan ti ciia £ xuat hien sém hon ab)

len toa do (n — 2) (gitt nguyén trat tu thoi gian ctia cdc phan tit con lai).

Néu cudc goi thit (n — 2) khong bac cau vao S; (hodc né tranh S,), thi ngay tit diem khéi dau
ta da co thé chon S; (hodic Sp) lam S, tuée doat danh hidu cue tiéu ctia S. Néu cudc goi thit
(n — 2) vit ngang S; v& Sy, n6 sé dap do tinh cuyc tiéu ctia Sy, bdi vi khi nhd bd chdt chan

(n — 1) (ttic z179), he thong sé dé ra mot thanh phan con nam tron trong S.

Két luan: duong truyeén dan tin tr x; dén z trong ranh gidi tap hgp trén luon dude dam bao.
Quy trinh déi xting xac thyc luon dusng truyen tit xo bao phit moi z € T. Do d6, tap hgp

LU {5'3191, 1’1962}

v6i dung lugng n — 1 canh du stic ganh vac viéc truyen tai thong tin tit nhém trung tam w, o

dén n — 2 vé tinh xung quanh, nghiém nhién dinh hinh thanh mot cau tric cay khung.
4. Cay khung vitta duge dinh hinh bao tron cac canh cta

LU {xlyla $1962}7

day 1a tap hgp cac cudce goi xép chét trén truc thai gian. Cau tric nay ép buoc: néu mot luong
thong tin doi ngudc tit 2 vé (kich ban z5 tuong duong) ¢6 vay mugn mot cudce goi thude tap
nay, thi moi bude dém phia sau ciing bi cuén vao tap nay. Khac nghiét thay, luong giao thong
tren cay khung chi duge thiét ké mot chicu: day thong tin tit "16i" x; U o ban ra ngoai vi; do
d6, khe cita hep duy nhat dé bom théng tin nguge vao x; la nhan truc tiép tit lang gieng ke
sat, ép duong truyen dé chi duge phép dung nap duy nhat mot cudce goi ¢ chita ;.

5. Phan tich gbc géc, y; € Sy. Ap dung ménh dé 4), trén dudng truyén tit y; tham nhap vao x,,
moi bude dém (ngoai trir chdt chin cudi yows) déu phai trich xuat tit kho n — 1 cudce goi dau
tien, nghiém cam st dung z,y; hay ;2. D6i chiéu v6i ban chat hinh thanh S,, diéu nay kéo
theo y5 € S,. Vong lap dé quy xac nhan toan bo tap thé y; € Ss.

Heé qué kéo theo: cac nhip cau dang y;r; hodc y;ro (sinh ra trong qua trinh truy vét y;) déu
truc thudce cay khung
LU{z1y1, 1172}
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Khong gian S, 1a hitu han, bay Dirichlet sap xudng tao ra giao diém vy; = v;1x. Tham s6 k
bi khéa & trang thai chdn, vi néu k 1&, cap canh 1y;x; va ;x5 sé dong thoi hien dién trén cay
khung, bép nat cau tric phi chu trinh.
Dung vong lap khép kin:

Yi = Yir1r = - 7 Yirk = Yi

(ltu §: luong chay noi bo trén ting phan doan tuan tha truc thoi gian, nhung tinh lién tuc
tong thé thi khong). Vong lap nay bi nhét trén cay, ép budc mdi canh ctia né phai bi cay x6i

theo ca hai chieu.

Sang loc ki ludéng, moi dinh bam trén vong lap nay déu phai diém danh trong tap hop:
{yj li<j<i+k}

Gia st phan chiing vong lip vit qua mot ké lac loai a. Loi ¢o cude goi muon mang nhat co
dinh lfu dén a trén vong lap, gin nhan ab. Tai mot phan doan di chuyén tit y; sang y;41, dong
chay di theo huéng b — a; ket néi ab da la chét chan cudi, luong thong tin khong thé thoat ra
khéi a. Buoc a = y;41, phan ching bi dap tan.

T d6, ta tu tin khoanh viing dugc cap doi y;, y:, v6i thong s6 4; 18, i5 chin (chic chan cim ré
trong Sy). Cac mach ndi y;, ¥y va y;, 7o da c6 mit sdn trong ho so ctia so do, vi theo st ménh

dugc giao, ching la nhitng ngudi van chuyén thong tin cudi ciing doi ve x1, xs.

2.5. Dap an: Can it nhat

2n — 2
btc dién tin.
Bai toan nay duge trich dan tit cong trinh [6]. Qua trinh phan tich rat don gian: truée khoanh khic
ngudi dau tién thu thap di tron bo tin tic, mang ludi phai tieu thy téi thidu n — 1 biic dién tin (dé
gom thong tin vé mot méi). Ngay sau thoi khéc lich sit d6, (n— 1) thanh vién con lai mdi ngusi buoc
phai nhan thém it nhat mot bie dién chita dit lieu tong hop dé hoan tat nhiém vu. Chi phi cho khau
nay la n — 1 biic dién. Vay tong chi phi khong thé thap hon 2n — 2.
Cau hinh minh hoa: chon mot do thi cay bat ky, diéu phéi ludng dién tin tit cic nut 14 don vé goc,

sau d6 ddo chiéu luong thong tin tit goc bung téa veé lai cac nut 14.

2.6. Day chinh 1a noi dung ctia Dinh 1y 3 trong tai lieu [9]. Viéc xay dung vi du trong dé c¢6 ding
n — 1 ngusi nhan lai tin tic clia chinh minh rat tryc quan: moi ngudi dong loat gii dién tin bao cao
cho trung tam (Vasya), sau d6 Vasya dong goi toan bo dit liéu va gt lai mot ban sao cho ting ngusi.
Danh gia chin dudi. Khéi dong co ché phan ching: gid st ton tai mot so do truyén tin ma s6 nan
nhan nhan lai tin titc ctia minh it hon n — 1. Loc ra mot mang lu6i phan vi du ¢6 quy mo nhé nhat.
Xac dinh bitc dién tin khép lai toan bo qua trinh, gid sit né6 duge chuyén phat tit A t6i B. R rang
tai thoi diém nay A da nidm git bic tranh toan canh, nén btc dién nay chita toan bo thong tin. Suy
ra B bi ép trd thanh nan nhan nhan lai tin ttc ctia chinh minh. M3t khac, néu trude dé6 B da duge
tiép can mot tin tic ngoai lai ndo do, thi biic dién cudi cling nay sé nhoi nhét tin tic dé vao dau
B lan thit hai (vi pham tinh "tiét kiem"). Két luan: trudc khoanh khic chét s6 nay, B hoan toan
bi cach ly khéi luong thong tin dén, chi déng vai tro ngusi giii. Bing cach gach tén B va moi biic

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 115/151



https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

dién lién quan, ta thu dugec mot mang lu6i phan vi du nho hon mang luéi cyc tiéu ban dau, mau thuén.

3.1. Dap an: C6 thé, va tham chi con vuot qua duge bai kiém tra ciia mo hinh NODUP khic nghiét
hon. Tham khdo chi tiét tai phan md dau 1oi gidi bai 4.3.

3.2. Dap an: Mang ludi van hanh kha thi ddi v6i cac gia tri n chin, tham khao [12].

Lay mdi nguoi dua tin lam trung tam, truy xuat cudc goi cudi ciing ma ca nhan dé tham gia. Dudi
sit kiém soét ctia dieu luat NOHO, cac cudc goi chét s6 nay sé ché mang lusi thanh céc cip doi biet
lap (van dung logic 6 13i giai bai 1.6, bd qua cau chdt). Quy luat bat cip hoan héo nay ép buoc tham
sO n phai 1a mot s6 chan.

Tuong tu, cac cudc goi khai man ciing chia mang luéi thanh cac cap doéi hoan héo.

V6i mbi n chén, ta dyng duge mot so do truyen tin tuan thi NOHO véi quy 2n — 4 cudc goi [12, bd
dé 2.4]. Dat tham s6:

m=——1.

n
2
M4 héa mang luéi nhan sy thanh hai nhom a;, b; v6i bién chay ¢ = 0,1,...,m + 1; danh sich nay
duong nhu doi du ra thanh n + 2 ngudi, nén ta thiét lap vong lap tuan hoan:

Qg = bm+17 Am41 = bO-
Kich hoat chudi cudc goi khai man (quét theo ¢ ting dan, tham khéo Hinh 2):

aiberQ,i, 221,2,,m—|—1
Chuyén tiép sang chudi giao dich trung gian:
;A4 1, bibi+1, 1= 1,2,...,m— 1.

Ha man bang chudi cudc goi chdt so:

biam_i, i:O,l,...,m.

Kiém tra chéo cau tric nay xac nhan né la mot so do truyen tin hoan toan hgp lé va khong vi pham

diéu luat NOHO.

bl bz .bs b,;: bs ba
o A —& ra x A
\ PN PR AN N Y
& “ r N e N . \ \ N
S \\- \\ o \\-.'.-' hY b Y \ )
bo = ar . \ Y A X X » ag=by
. N Ay SN S SN
N S A - hY & AY A Y AN
NS A \ \
o g — — » .
ag as [+7] (5] [1%)] (251

Hinh 2. So d6 chudi goi t6i uu duéi rang buoc NOHO

3.3. Moi s0 dd truyeén tin déu doi héi mitc cude phi toi thidu 14 2n — 4 cude goi. Bing ching sinh
dong vé mot cau hinh vita théa man NOHO vita cham dang vach dich 2n — 4 da duge trinh dién
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tron ven ¢ ngay 16i giai phia trén.

4.1. Dap an: Co, tham khao [8]. Trude khi di sau vao phan tich, ta can thong nhat mot s6 thuat
ngtt hoc thuat.

Manh tin tttc ma mdi c4 nhan doc quyén nam git tit vach xuat phat dude goi 1a tin tic ban dau.
Khi guong quay truyén tin khéi dong, gid dinh xuat hién mot t6 hop cac tin tic ban dau sao cho:
mdi ca nhan hoiic s6 hitu tron bo t6 hop dé, hodc hoan toan mii tit vé toan bo to hop dé. Trong giai
doan sau ctia mang luéi, to hop nay dudce nang cap thanh mot "sieéu tin tidc". Cau tric nay duce gisi
chuyén mon dinh danh la tin tic gop (theo [8]).

Vi du minh hoa, xét phd thong tin clia cac ca nhan dudi day:

Nguoi dua tin 1121 3 |4

Tin dang nam gitt | ay | B | ay | B30

Trong phan b nay, khéi « va v hgp thé thanh mot tin tiic gop, bdi vi bat ky ai cling déu c¢6 dii ca
hai manh ghép, hosic khong c6 manh ndo. Trai lai, khéi 8 va § bi pha v cau tric tin tic gop, 1y do
1a c4 nhan s6 2 chi ndm git duge phan nita thong tin ciia khoi.

Nang tam bai toan len binh dién tong quat. Tudng tugng mot hé sinh thai gom céac phe phai véi
quan sb ay, as, . . ., ax, ma noi bo mdi phe phéi déu dong bo héa chung mot pho thong tin. Mang lusi
nay duge gan nhan 1a mot tap hop. Céc ca thé van tuong tac va huéng t6i muc tieu tdi thuong: pho
cap toan bo thong tin cho toan mang luéi. Néu mang ludi nay kién tao duge mot so do truyén tin
khong vi pham dicu luat NODUP, ta vinh danh tap hop do6 1a hé lién két. Tap hop chi c6 mot phe
phai duy nhat nghiém nhién dugc phong tudc hé lien két.

Quay lai bang phan b6 tren, tap hop gom 3 phe phai {1,3}, {2}, {4} bi tudc di danh hi¢u he lien
két, vi cd nhan s6 2 vinh vién bi chin ciia tiép can manh tin § do vuéng phai vong kim c6 NODUP.
Dong bo héa véi ngon ngit nay, bai toan goc v6i n ca nhan giit n bi mat rieng tu tuong duong véi
mot tap hop gom n phe phai, mdi phe phéi chi c6 mot thanh vién.

Trong cau tric ctia mot tap hop, néu pho thong tin ctia mdi phe phéi chi chita dung chinh xac mot
ménh tin (c6 thé 1a tin ban dau hodc tin gop), cau tric d6 duge phan loai 1a hé don. Lay vi du trude
lam phép ddi chiéu, cau trac {1,3}, {2}, {4} bi loai khéi phan hang hé don, vi c4 nhan s6 4 6m dom
hai manh tin khong cau thanh mot khdi tin gop.

Tinh chat cong gop: néu ta hop nhat hai hée lien két c6 quy mo dan s6 can biang, va kho chita tin
titc ban dau ctia chiing hoan toan phan tach (roi nhau), thi tap hop lai tao ndy van bao toan duge
tinh lien két. Co ché van hanh: hoan thanh phd cap thong tin noi bo trong ting hé, sau dé thiét lap
duong day néng 1-1 gitta cac thanh vien ctia hai he. Ap dung cong thic lai tao nay, tit cac vien gach
nén tang (phe phai 1 ngudi), ta dic ra duge cac chudi phan bd quy mo l6n, vi du:

(a,a), (a,a,2a,4a,8a,16a),
a,a,a,...,a, (a,a,a,a,4a,4a,4a,16a). (1)
——

2k nhém

Khao sat phép cong gitta hai tap hop

(al,az,...,ak), (bl,bg,...,bk),
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v6i diéu kien hai bén phai chia sé chung kho dit liéu tin titc ban dau. Diém méau chét 1 véi mdi toa
do 4, nhém a; ngusi 6 tap hop nay va nhom b; ngudi & tap hop kia phai s6 hitu phd thong tin tring
khép. Quy tac cho phép a; hodc b; nhan gia tri 0; trong truong hgp lech pha (vi du a; = 0,b; # 0),
ta mac dinh rang moi manh tin khéi thily ma nhém b; dang nim gitt da hién dién rai rac trong céac
nhém khéc ciia tap hop thit nhat.
Phép lai tao:

(ay + by,as + b, ... ap + by)

chinh thic duge cong nhan la téng clia hai tap hop cau thanh.
Dua vao thuec tién, mot tap hop phi don chita 10 ngudi véi von tit viung a, 3, :
Pho thong tin | o | B | ay | By
Quan s 3131 2| 2

hoan toan c6 thé duge giai phau thanh tong ctia hai tap hop con:

Tap hop | a | B | ay | By
1 310] 0] 2
2 03] 210

Chan ly: néu cdc manh ghép déu cé tinh lién két, thi khéi tong thé cling mang tinh lien két. Trong
tam bai toadn gis day quy vé viéc chiing minh: mot tap hop c6 kha nang phan ra thanh téng ciia cac
he lien két (dya trén chung nén tang tin ban dau) thi ban than né ciing la mot he lien két.

X1t 1y ca lam sang n = 12: ép khuon tap hgp don gom 12 nhan sy 1é loi thanh mot hé don dong nhét
(4,4,4) (cong thiic tom luge: khoi 24 nhan syt ¢6 thé nén lai theo mo hinh (1)). Khai trién dai so:

(4,4,4) = (1,1,2) + (1,2,1) + (2,1, 1),
trong d6, mdi s6 hang phan ra déu da dudc ching minh 1a mot hé don lién két.
4.2. Dap an: Cé.
Ta tién hanh thao tac nén cic phe phai ban dau:
(13,8,6,5, 4, 4)
(ting v6i phd thong tin «, 3,7, d,¢,¢), va ép khuon vé mot he don tinh gon hon bao gom 4 nhom:
(13,6, 5, 16)

(nhém 16 ngudi nay chiu trach nhiem cho khéi tin gop Se().

Hé don nay ngoan ngoan phan ra thanh téng ctia 5 hé lien két:
(2,1,1,4) (21an),  (4,1,1,2) (21an),  (1,2,1,4) (1 lan).

Mot thi thuat phan ra pha cach khac: khéi dong bang mot cude goi giao luu gitta mot dai dién phai
v va mot dai dién phai ¢, bat cip song song véi cuoc goi gitta dai dién phai § va phai . Giao dién

mang ludi lac nay trai ra nhu sau:
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Taphop [a | B |y |[d|e|C|de|C
1 2121]oflol2]1]0
2 gl4aflol2]1l0o]lo0]|1
3 1{1|4]oflo|1]1]oO
4 211022001

4.3. Dap an: Co, tham khao [8].

Phan tich nguyén mau hé don (3,3,2,2), noi cdc nhom s6 hitu phd thong tin lan lugt 1a a, 3,7, .
Kich hoat hai cudc goi chéo: mot ngusi nhém I véi mot ngusi nhom 11, va mot ngusi nhom IT véi
mot nguoi nhém IV. Mang luéi ltc nay nd phinh ra thanh mot tap hop (khong con don nita) gom 6

nhém, va cau tric nay dé& dang bi bé gay thanh tong ciia 3 he lién két:

(3,3,2,2) = (2,2,1,1,2,2)

tmg v6i phan bo cot «, B,7, 6, vy, 36.
Ddi trong tam sang mo hinh 20 ngudi, ép khuon thanh hé don (4, 4, 4, 4,4). He nay chinh 14 tong ctia
hai hé don co s6:

(3,3,2,1,1), (1,1,2,3,3),

mdi hé co s6 chi can tiéu ton ding mot cude goi dé chuyén héa vé phom dang (3,3, 2,2) da duge giai
ma phia trén.

4.3 % Tién trinh chting minh tinh bat kha thi ctia mang lu6i NODUP déi véi cac thong s n =
6,10, 14, 18 dugc trich xuat tiu [8, ménh dé 4].

Menh dé 1 ([8], Bo dé 1). Dudi bo luat NODUP, loat cudc goi khai man sé ép toan bo nhan su vao
cac cap doi hoan hao; dinh 1y nay ciing tng nghiém lén loat cuoc goi chét so.

Chatng minh. Nita sau ctia ménh dé (vé cuoc goi chot so) 1a hién nhien (khi mot ngusi da thu thap
dt thong tin, doi tac cudi cling ciia ho cling phai dat dén trang thai d6; mang ludéi khong dung nap
them bat ky tuong tac nao ctia hai nguoi nay). Nita dau (cuoc goi khai man) chitng minh bang phan
chiing. Néu B uu tien A lam déi tdc dau tién, nhung A lai chon C' cho cudc goi md man ctia minh.
Ngay sau giao dich d6, C' da bo tti tin tiic cia A nhung lai trang tay vé tin ciia B. Chd dén khi B
két néi véi A, ké tir do trd di tin tiic clia B vinh vién bam duoi tin tic ctia A. Rao can NODUP sé
chan ding moi nd Iyc ciia C' trong viéc tiép can tin titc ciia B. Phan chiing thanh cong. [

Quy u6c n = 2k. B6 trf lai truc thoi gian dé k cudc goi dau trung khép véi loat khai man ciia toan
mang lu6i, va k cudc goi sau cling 1a loat chdt s6. Lo trinh khai man tao ra k khoi tin gop (dong goi
theo cap). Doc theo truc thoi gian, déi v6i mot ca nhan X, ta vinh danh déi tac vita giao dich véi
X 1a "ban cap" Y; & trang thai nay, X va Y dong nhét vé pho thong tin.

Ménh dé 2. V6i n > 4, rao cdn NODUP cam bat ky ai 6m dom duge k — 1 khdi tin gop ngay trude
ngudng ciia ciia cuoc goi chot so.

Chaing minh. Néu A tich lity duge k — 1 khdi tin gop trude thém chét s6, dbi tac cudi ciing clia A 1a
B ltc d6 chi mang trén minh hanh trang gom dung 1 khéi tin gop. Truy vét lai, goi By 1a ngudi c6
giao dich dau tién véi B, va A; la ngudi giao dich véi A & thai diém ap chot. He luy tir viec nay la:
hanh trinh ctia 2 manh tin thuoc nhom B va B; vinh vién bi chon viii trong s6 it 6i nhitng nhan vat

nay, danh sap muc tiéu pho cap thong tin toan cau. O
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Chap hai ménh dé lai, ho so n = 6 bi két an t1i: hau khai man sinh ra cac khéi tin gop theo cap;
buée vao vong chdt so, hai déi tac chi ¢ thé roi vio hai cuc 2 va 4 tin, vi pham truc tiép lenh cam
cia Ménh de 2.

Dao sau ho so n = 10. Ménh dé 2 bép nghet cude goi chdt sd vao khudn mau: mot phe cam 2 khéi
tin gop, phe kia 6m 3 khéi tin gop. He qua la ngay trude 5 cudce goi chdt so, trén ban do c6 dung 5
ca nhan dang thi sén 3 khoi tin gop. Tim kiém "ban cap" cho mdi nguoi trong nhém 5 ngudi nay,
ta thay ho chi c6 thé bit cap luan quan bén trong noi bo nhom 5 ngudi (bdi ngusi da vuon téi moc
3 khéi tin thi chi con cita dgi tham gia vong ch6t s6). Nhiem vu chia 5 ngudi thanh cac cap doi hoan
h&o vap phai btic tuong chén 1&. Vo ly.

HO so n = 14 (ganh 7 khdi tin gop). Ménh dé 2 tude quyén bat ky ca nhan ndo bude vao vong chot
s6 véi ding 6 tin. Dap khuon logic chin 18 phia trén, kich ban hai phe cting thii 3 hoac 4 tin ciing bi
phé san (vi khong thé c6 phép ghép cap hoan hio trén tap hgp 7 ngusi mang 4 tin). S6 lugng cip
(2,5) phai duy tri tinh chin, nén s6 lugng cap (3,4) bi day vao thé 1&; dé gd nit thit chan 1é nay,
phai xuat hien mot nhan t6 cam 4 tin ma "ban cap" ctia ho tranh thtt nhat thém duge manh tin thit
5 ngay sat gio G.

Ky hiéu héa: A mang cac manh 1,2,3,4 vao vong chét so; ban ciap B sau khi chia tay A da kip vot
thém manh s6 5 (tit O, ké chi ¢6 ding 1 manh tin nay). Diém danh d6i tac chdt s ctia B va C 1a D
va F, hai ké nay déu chi mang trén minh manh 6 v& 7; ta ngam hiéu ho da trao déi chiing cho nhau.
Nhém F, G, H 1a nhitng ké hap thu cdc manh 5,6,7 & giai doan dau (ndm ngoai danh sach vita ké).

Lan mo duong di, déi tac chét so ciia A bi ép phai nap di combo 5,6,7. Khai thac tinh déi xting cta
nhém F, G, H, ta ¢6 dinh 16 trinh: F goi G, tiép dén F goi H, va F la ngudi doi mat A trong vong
chét s6. Tré tréu thay, dé G tiép thu duge khéi tin gop do H tao ra ban dau, G phai ndi may triec
tiép v6i H; hau qua la G sé bi doi lai toan bo luong thong tin ma F da bom vao trude do, pha vo
tan tanh rao can NODUP.

Truong hop n = 18 con phat sinh thém nhiéu ung nhot hé thong, chi tiét tham khao [8].

4.4. Dap an: Mo hinh kha thi véi cdc moc
n—=1,242812,16

va rong ciia cho moi n chan > 20.

Mbc co s6 n = 1,2 vuot ai dé dang. Khao sat ving n > 3. Trich xuat két qua tit bai 4.3%: NODUP
déng sam ctta véi n 1é, ciing nhu cac hd den n = 6,10, 14, 18.

Menh dé ([8], Bo dé 5, 6 va Ménh dé 2). Rao cdn NODUP bi choc thiing khi n chia hét cho 4.
Chatng minh. Bom nhién liéu bang phuong phap quy nap.

Tap hop n 1a liy thita ctia 2 duge bao ké bdi cau hinh (1). Ho so n = 12,20 da dugce thanh 1y & cac
bai truée. Dan méng quy nap duge do tong béi cac mbe n = 4,8, 12, 16, 20.

Bu6c nhay quy nap: Phong tam nhin n > 24. Néu n chia hét cho 12, ché nhé thanh 3 tap hop dong
dang; quy mo mdi nhém déu 1a boi ctia 4 va bi thu hep lai, nén Ic lugng quy nap da sdn sang chong
lung cho s6 d6 NODUP noi bo. Cau tric két tinh thanh he don (4a, 4a, 4a) véi a = n/12, sau d6 lam
v6 vun thanh a hé con (4,4,4).

Néu n tit chdi chia hét cho 12, phan tach phan du n = 12a + r véi r = 4 hoic 8.
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Vé6i r = 4, nhém quan thanh 3 canh:

(4(a—1)+4, 4(a—1)+4, 4(a—1)+8).

Luat quy nap bdo vé so do6 NODUP trong ting canh quan, va toan bo hé thong héa than thanh
a — 1 hé con (4,4,4) di kem mot he (4,4, 8).
Véi r = 8, dinh dang lai n = 12(a — 2) + 28 v& trién khai doi hinh:

(4(a—2)+8, 4(a—2)+8, 4(a —2) +12).
Menh dé ([8], Bd dé 7, 8, 9 va Ménh dé 3). Dau an:
n=2 (mod4), n > 22

chinh thic mé cita cho NODUP.

Ching minh (Khung suon). Phan tich tang sau ¢ tai [8].

Van muon lie tit ¢6 may quy nap. Khau don nén tén kha nhiéu stc lyc: ra soat thi cong sy hién
dién ctia s6 do NODUP trén dai chin hep:

20 < n < 62.

Y tudng dot pha: néu n chia hét cho 16, ché déu thanh 4 canh quan dé dung len he don lien két
(4a,4a,4a,4a) véi a = n/16 (vi khu vuc chia hét cho 4 da duge binh dinh xong).
0 day, khi n ngoan ¢6 khong chiu chia hét cho 4, thi thuat tach phan du lai dugce trung dung. Viét
lai:

n=16a+r, r€{2,6,10,14}.
Néu ta gidi phau thanh cong:

r="r1+ry+r3+ry

dé timg khdi 4a + r; déu duge cap chitng chi NODUP va tap thé (rq, 7y, 73, 74) tu gan két, thi bai
toan khép lai: chia quan thanh cac mang

(4a + r1,4a + o, 4a + r3,4a + 14)

va mo phong n6 dudi dang tong ctia hai khéi (4a, 4a,4a,4a) va (r1, 72,73, 74).
Khé khan ndm & chd cdc manh vé 2, 6, 10, 14 qua nhé bé. Citu van bang cach muon thém vai khoi
16:

n = 16(a — k) + (r + 16k).

Neo tham s6 k = 3, phan du duge thdi phong lén mitc an toan:
50, 54, 58, 62.
Lay méu s6 50, hé gin két tuong ting 1a (8,8, 12,22); tién hanh bung biéu thic:
(4(a— k) +8, 4(a—k)+8, 4(a — k) + 12, 4(a — k) + 22).

Cac canh quan chi Iyc duge quy nap chéng lung, phan con lai gdnh vac bdi tong ctia (4,4,4,4) va
(8,8,12,22). Quy trinh dugc copy-paste cho 3 phan du con lai 54, 58, 62.
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4.4 3" (Trich dan [10], Bo de 2.5). Mot dinh 1y c¢6t 161 cia NODUP khang dinh loat cudc goi khai

man sé cudng ép mang ludi vao céc cip doi hoan hdo (xem chi tiét 6 phan dao dau ctia bai 4.3%).

Day mang luéi vao bay phan chitng: gia dinh ton tai ca nhan A chay ludi chi nhac may ding 2 lan.
Lan dau A goi B, tao ra khoi hop thé tin ttc khong thé tach roi gita A va B. Lan thtt hai A goi C,
lac nay dung lugng thong tin ctia C' da dat ngudng gan MAX (chi thiéu ving ding hai manh ghép
ciia A va B). Truy ngugc lai, néu D 1a do6i tac goi cho C' & nhip trude, thi D ciing dang ket & trang
thai tuong tir. Con dudng duy nhat dé D cham tay t6i hai manh ghép con thiéu 1a két ndi trye tiép
v6i B ¢ thoi diém B chi c¢6 trong tay hai manh ghép A, B (chua bi tap nhiém thong tin khac). Nhung
néu kich ban nay xay ra, hé thong sé roi vao trang thai nghén mach: hai manh ghép A, B vinh vién

khong thé phat tan ra cho n — 4 c4 nhan con lai. Chuéng bdo mau thuan reo lén.

4.5. Loi sim truyen nay da duge kiém chitng trong so tay ctia D. West [13] v& bao céo clia A. Seress
[10, §3].
Menh de. V6i dinh dang n = 4k, mic san chi phi dudc thiét lap 6:

9k — 6

cudc goi.

Chitng minh. Bam mang lu6i thanh k 6, mdi 6 giam giit 4 ngudi. Tai cac 6 noi bo nay, trien khai mot
loat cuoc goi dé pho cap thong tin cho cac thanh vien; héa don thanh toan cho mang nay la 4k cudc
gol.

Phan ra tiép toan bo mang ludi thanh 2 ban cau, mdi ban cau dung nap 2k ngudi, va moéi ban cau
déu phai nim gi® mot cap "triim thong tin" (ndm tron bo tin tic ctia 6 thi i, i = 1,..., k). T6 chiic
giao dich tai ban cau thit nhat nham dic ra cac cap bai triing, méi cap cach vach dich hoan hao
dang 1 manh tin (thifu mot manh). Tuong tit cho ban cau thit hai. Budc cudi cting, to chiic cude
gap lich st gifta hai ban cau dé chip va manh ghép con khuyét; khau nay doi gia them 2k cuoc goi.
Thach thic con lai 14 dyung lén cau hinh kién tric 6 ban cau thit nhat véi hau bao 3k — 6 cudc goi.
Ban vé k§j thuat dude trinh chiéu 6 Hinh 3-4. Dan xép quan s6 ¢ ban cau thi nhat thanh mot vong
tron.

Phéat phao léenh: ngudi sé 2 ganh vac k — 2 cudc goi: rai tham goi cho cac cd nhan mang s6 thit tu 1é
(mién trit ngudi thi 2k — 1), theo 10 trinh:

3,5,7,...

(Tham chiéu Hinh 3 ben trai).
Tiép quan: ngudi s6 2k — 1 thau nét k — 2 cudc goi: rai tham goi cho cac cd nhan mang s6 thi tu

ch&n (mién trir nguoi s6 2), theo 1o trinh lui:
2(k—1),2(k—2),...

(Tham chiéu Hinh 3 bén phai).
Hé qud 1a duc ra duge 4 ca nhan chi cach vach dich hoan hao 1 ménh tin: nguoi sd 2 va 2k — 3 (thiéu
manh thit k); nguoi s6 4 va 2k — 1 (thiéu manh thi 1) (Tham chiéu Hinh 4).
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X1t Iy not dam tan du: véi i = 2,...,k — 1, thiét 1ap dudng truyén ndi ngudi sé hitu khoi tin:

1,2, i—1
sang ngudi nam giit khoi tin:
i+1,i4+2,... ..

San pham dau ra la céc cap doi cach vach dich ding manh tin tht i. Chi phi cho mang nay la k — 2

cuoc goi.

Hinh 3. Lich trinh cudc goi ctia ngudi s6 2 (trai) va nguoi sé6 (2k — 1) (phéi). Bén canh mdi nut 1a
cac khoi tin gop ma ho ndm gitt trude céc cudce goi thé hien trong hinh.

4.6. Chan ly nay da dugc dong dau trong [10, Dinh 1y 4.1].
5.1. a) Dap an:
(n—1)(k+1)

btc dién tin.
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Hinh 3 (tiép).

Piic két tir [2, Dinh Iy 4.1].
Céu hinh khd thi. Mdi quan nhan dé trinh & + 1 biic dién tin lén tong tu lénh.
Danh gid chan dudi. Dé choc thiing hang rao phong ngu (cit k& dudng truyen), mdi quan nhan buoc
phai huy dong it nhat k + 1 dudong day lien lac.
b) Dap an:

(k+2)n—2
bitc dién tin.
Diic két tir [2, Dinh 1y 4.2]. D6 thi truyén tin viit bo giéi han cAm canh boi. Khac dau mbc thoi gian
len tiing canh thong qua he thong trong s6 (thuce): thoi gian dién ra cang muon, trong sd ganh vac
cang cao. Su xuat hién ciia cac trong s6 bang nhau la diéu hién nhién doéi v6i cac cude goi c6 thé
hoan doi vi tri trong lich trinh. Mot tuyén dudng truyen tai duge vinh danh 1a duong di ting néu
doc theo tuyén do, trong s6 cic canh khong ngting leo thang.
Cau hinh khd thi. Phac thdo mot do thi c6 huéng sao cho ma tran duong di giita hai dinh bat k¥
luon ¢6 it nhat k + 1 duong di tang hoan toan doc 1ap (khong xai chung canh). Tt dinh ¢ méc noi
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Hinh 4. Lich trinh céc cudc goi con lai d ban cau thit nhat

sang dinh ¢ + 1 bang k + 2 canh ganh véac trong so:
i,n+i, 2n+14, ..., (k+1)n+i (1=1,2,...,n—2),
tit dinh n — 1 lao thang vao dinh n bang k + 1 canh trong so:
n—1,2n—1, ..., (k+1)n—1,
va nhip cau hoi quy tit dinh n do vé dinh 1 dugce 14t bang k + 1 canh trong sb:
n, 2n, ..., (k+ 1)n.

Ban thiét ké Hinh 5 chiéu xa cau hinh khi n = 6,k = 2.

Danh gid chin dudi. Khao sat mot do thi truyeén tin sé hitu siéu nang lic mién nhiém véi k vét chém
(x6a k canh). Phan lap H la dd thi con sinh ra tit n — 2 canh dau tién; hién nhiéen H khong thé 1a
khdi lien thong. Nghich Iy nay ép budc méi dinh phai trang bi cho minh t6i thiéu & + 1 vit khi (canh)
nam ngoai ranh giéi H. Boi dap lai, kho vii khi ctia dd thi khong thé thing ngudng:

(n—=2)+ (k+1)n.

Q 16/2 Tran Thién Chanh, P.12, Q.10, TP.HCM Trang 125/151


https://www.facebook.com/hocthemstar

STAR EDUCATION [ 089 66 888 30 - 089 66 888 40‘
(o

2.8 14,20

4,10,16,22

Hinh 5. M6 hinh buu dién gian doan

5.2. Két qua duge cap bang sang ché tai [2, Dinh 1y 2.1].

Dau vao cho cau hinh kha thi 1d mot do thi 7, gom n dinh, quy hoach dinh téng tu lenh & bac 0
hodc 1, ép cac dinh con lai vao khuon bac k£ v6i rao can & < n — 2. Két cau cia 7,, bam theo nhip
chén 18 ciia n, k. Danh ma s cac dinh, dua téng tu lenh lén ngdi viuong & dinh n.

Néu tham s6 k chén, kéo day gitta 4,j (1 <7 < j < n — 1) khi théa man:

((i = ) mod (n —1)) € {:I:l,iQ,...,ig} |

Truong hop k 1€, n chan, day kéo khi:
. k—1
((i—j)mod (n—1)) € {:I:l,:I:Q, . .,:I:T} :

va dan thém mot 16p ghép cip hoan hao bao trum 1én n dinh.
He sinh thai n, k cung 1é kich hoat day khi:

k—1 n-—1
((i —j) mod (n—1)) € {il,i2,...,iT,n 5 } .
Xoay lang kinh vé lai bai toan gbc.
a) Do thi phéi gong ganh stic chiu dyng trude k vét chém ma van phai gitt duge trang thai lien thong,
nén biic tudng bac é mdi dinh khong thé tut dusi k + 1. Khoi lugng tong bac ty 1é thuan gap doi s6

=

lugng canh, ép mic san cudc goi lén:
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Nhiém vu la phai ndn ra mot do thi thuc thé dam duong duge vai tro truyén tin vé dich va thoa
man chuan bac k + 1 (nhiing ca khé dé chin 1é c¢6 thé duge cham chude day 1 dinh len bac k + 2).
Ving k£ > n — 1 da dude mé khoa; viing nho hon doi héi xiét chat bo luat gan trong so.
Thuyc hién phép chia:

k+1=a(n—1)+0, a>0,0<b<n—1

Nhao nan do6 thi thanh khéi tong hop clia @ mang do thi day du K,, va mot mang R neo & bac b cho
moi dinh, néi 16ng doc quyen cho dinh téng tu lenh & bac b hodc b+ 1. Ngudn nguyen lieu cho R c6
thé bon rit tit ban thiét ké T,,,; va hop thé dinh tong tu lenh véi mot linh lac.
Phan phdi trong s6: hang long cho méng R (né tong tu lénh); hang trung cho mang K, (né tong tu
lenh); hang nang danh riéng cho cac tuyén dudng huéng vé tong tu lenh. Thit tu noi bo trong timg
hang 1a tu do. Cau hinh nay bo lanh cho mdi dinh c¢6 k + 1 duong thoat than vé trung tam khong
dung cham nhau. Hé qua: k vét chém vo dung. Cac dinh quy chuan & bac k + 1; tong tu lenh déng
doe 6 bac k + 1 hoac k + 2.
b) Tai viing k = 0, duy tri mach lién thong doi héi lugng méau t6i thiéu 1a n — 1 canh; mot do tric
cay c6 goc cam tai trung tam vé6i nhip trong s6 tang dan 1a mot bang chiing soéng.
Ré nhanh sang 1 < k < n — 1. Quét tit mot linh lac v, chét lai canh chita trong s6 cuc dai 1a £. Néu
16 trinh tang tién c6 di ngang qua canh nay, n6 budc phai tham nhap vao v bang mot trong so6 thap
bé hon roi méi phéng ra bang ¢. Bé 1ai canh ¢ huéng thang vao dai ban doanh. S6 Iuong vii khi béo
toan, va he thong phong ngy truéc k vét chém van hoat dong tron tru.
Phu séng chién thuat nay lén toan mang ludi, moi linh lac déu c6 mot duong day néng véi dai ban
doanh. Luc lugng téng tu lenh phinh to lén mic n — 1. Cong don téng bac:
(k+1)(n—1)+(n— 1)}
2

#cuoc goi > {

Ban thiét ké cau hinh kha thi: linh ldc neo bac k + 1, tong tu lénh vuon lén n — 1 hodc n (dip them
canh boi dé b hao chén 18). Lay khuon mau T,,, gan cho n6 hang long trong s6, roi dip len biang
nhitng tuyén dudng néng noi vao dai ban doanh 6 hang ning trong so.
5.3. Trich xuat tt [2, Dinh ly 3.1]
a) Trung bay do an kién tric do thi phu hop. Xét ving n 18. Tai cac dinh 1¢ (mién trit 1), phong k
mii tén vé dinh 1 v6i trong so6:

3.5 ... . 2%+1,

va tai cac dinh chén, phong k + 1 miii tén vé dinh 1 vé6i trong s6:
2.4, 2% +2.

Ké tiép, giita hai dinh ké ¢ va ¢ + 1, gising hai nhip cau mang trong s6 1 va 2k + 3.
Sut va cham trong so 1a c6 chi dich. Trong s6 dai dién cho mot khéi thoi gian: bén trong khoi, khong
gian hoan vi 1a tu do, nhung trat tu gitta cac khdi duge bao vé nghiem ngat: ¢ < j. Ban vé Hinh 6
chiéu xa cau hinh n = 7,k = 3. Bo may kiém duyét xac nhan: tit mdi dinh phéng ra, luon c6 k + 1
tuyén duong xuyén pha khong dam chan lén nhau.
Tran sang ving n chin, dinh kém thém mot vé tinh mdi vao mang lu6i bang & + 1 nhip cau huéng
ve dinh 1, v6i hé trong s6:

2,5,3,5,5,5,7,5,...,2k + 1,5.
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b) Dat len ban can 7(n, k) va u(n, k). Gan mac G cho mot he thong truyen tin bat khuat trude k
vét chém. Ché doi lich trinh tai nhat cat r cuoc goi dau; phan du thita tao thanh bo khung H phu
trén cuing mang ludi.

Quét mot dinh ngau nhién v trong H. D& hip tron thong tin (bat chap k vét chém), v chi vigc hap
thu r cuoc goi dau va tan dung cdc mach mau trong thanh phan lien thong ctia n6 6 H. Khéi luong
tai san "hitu ich" nay bi chan dudi bdi p(n, k). Dat tham s6 t6i uwu:

r = k) €.
Cong thiic cot 16i:

|E(G)| =r+ |E(H)].
Dé thiét lap san cho |E(H)|, nén v vao thanh phan lién thong ban cuing nhét véi ¢ dinh. Khéi lugng

phan manh sé nay né léen khong dudi n/¢, kéo theo:

EH)| 2 n-5
(vé phai biéu trung cho sé canh t6i thiéu khi moi phan ménh déu héa thanh dang cay cd ¢). Song
hanh vé6i do, £ > £, béi néu khong, da day thong tin ctia v sé khong dugc 1ap day. Suy ra:

[E(H)| >n—=.
3
Hoi tu lai:

BO)| > (k) = ) + (- F )

Day clia vé phai dude cham tai & = v/n, dic két thanh:

|E(G)| = puln, k) +n —2[v/n].

5.4. Trich xuat tu [3, Dinh ly 3.2].
a) Danh gia chan trén duge bao ké bdi mot vi du kinh dién. Khéi tao mang R (dd thi hosic da do
thi) chinh quy, hoac tiém can chinh quy trén n dinh, 6m tron bac k (dung ting cho 1 dinh xé rao len
k+1). Van hanh hé théng: ddt 2n — 4 cudc goi dau dé kién tao phuong an truyen tin siéu téc; phan
hau ky duge nhudng chd cho cac cudc goi nuong theo cau tric ctia R (thit tu ti do). San pham dau
ra dat chiing nhan "dang tin cay" theo tiéu chuan dé bai. Cudc phi tong cong:

{(k 4—2 4)nw _a
b) Bo dé 1 ([3], B6 dé 3.1). Phit mot he trong s6 1én do thi cay T ¢d n dinh. Véi lang kinh tai u, ma
héa 7, 1a s6 lugng dinh banh truéng t6i da cé thé vuon téi bing dwong di tang. Gan:

R(T) = minr,.
Va day 7(n) len dinh vinh quang ctia R(T') trén toan céi cac cay c6 huéng n dinh. Tuyén &n:

r(n) = [logyn].
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Hinh 6. Minh hoa mot cau hinh do thi truyén tin

Chatng minh Bé dé 1. Ep cay T vao khuon cuc tri R(T) = r(n). Rt thanh guom zy (mang trong sb
khing nhat) chém doi 7' thanh hai nia 7, T, (x € T, y € T,). Gia st T, 1ép vé trude T, vé quan

rir <o((2])

Nh&m muc tieu u € T, cham dinh R(T}). Chay trong mé cung 7', ludng séng tit u bi bitc tudng zy
doi nguoc, khong thé 1an sau vao T, xa hon dinh y. Suy ra:

SO, suy ra:

Khoa chot tai moe r(1) = 0, kéo theo:
r(n) < |logyn|.

Ban vé cau hinh cuc tri dat dang thitc duge nhan ban bing quy nap: copy hai mo hinh dinh cao ctia

thé he n — 1, dan chtng lai v6i nhau bang mot dudng nodi sieu trong s6 ¢ ré. [
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Bo dé 2 ([3], He qua 2.1). Phit he trong s6 len (da) do thi G trén n dinh. Ghim tai u. Yéu cau: moi
nga duong nham t6i v # w déu phai chap va tut it nhat k duong di tang phan ky & buée chan cudi.
Loc ra cau tric G gay go nhat (it canh nhat) thoa man yéu cau. Phan quyét G sé hitu:

{(/{:—1—2)2(71— 1)}

canh.
Chitng minh Bo dé 2. Khung xuong ciia G 1a su hgp thé gitta mot cay khung va mot do thi k-chinh
quy (hodc tiem can k-chinh quy) lop trén khong gian cac dinh ngoai trit v. Cong thitc 1a he qua tat
yeu.
Nan cay khung: anh xa vao mdi dinh v # u, ghim canh e, (mang trong s6 béo nhat) bam trén moi
duong di tang tit v dén v. Gom nhat n — 1 canh duge ghim; chiing téa nhanh 6m tron khong gian
(canh beo nhat tai u cting bi bat céc), tao hinh cay khung hoan chinh.
Thém vao doé, e, 1a soi day duy nhat neo vao v di tu cach hién dién trén duong di tang tit . That
vay, néu cb soi e, lan la vao v va doi ké trén duong truyen, né budc phai qua canh tai w véi mot
trong s6 thap bé hon e,,, mot diéu khong tudng. Hau qua 1a, ngoai trit e,, dinh v phai di &n xin thém
it nhat & canh khéac. S6 canh t6i thiéu cham déay & cau hinh k-chinh quy. O
Dong bo hoéa hai bé dé vao bai toan chinh. Khéo sat mot so do truyen tin dat chuan "dang tin cay".
Chét loc n — 1 giao dich dau tién thanh do thi H. Nho tinh gay go clia nd, it nhat mot phan ti ctia
H 1a cau tric cay T. Kich hoat B6 dé 1, trong T ¢6 chita mot hat giong u ma tit dé6 dwong di tang
chi vion voi téi toi da:

[log, 7]
dinh.
Cao sach cac canh thudc duong di tang nay khoéi H, phan xac con lai 1a H'. Nhan dugc:

|[E(H")| > n—1— |logyn|.

Chiéu B6 dé 2 len hé G — H' va hat giong u (cac canh bi cao da thudc vé qua khit, bi cam cita trén
duong di tang tit u), ap dat ranh gidi t6i thiéu cho s6 canh ctia G — H':

{(k+2)2(n—1)“.

Téng hop lai, G bao ke khong dudi:

(k+2)(n — 1)}

n—l—LloanJﬂL{ 5

canh.

6.1. [5, B6 dé 3] Khai thac phuong phap quy nap theo bién k. Budc co sé khong c6 gi ban cii. Budc
nhdy: X6a so giao dich khéi nguon. Do thi cay vé doi thanh hai nita, méi nita hting chiu sy thiéu hut
ding 1 manh thong tin bi chan lai tit bo kia. Hiat nang hugng tit gid thiét quy nap, mdi nita hién tai
nim giw it nhat 2! dinh.
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6.2. Xay dung ciu hinh ([5], B6 dé 1). Phan ra n cho 2" 7'
n = 2k_1n1 + ns.

Xép quan thanh n; trung doi, mdi doi chia 287! nhan sy, tan du don vao doi cubi gom no ngusi. Tai
mdi trung doi 2871 ngudi, chay quy trinh 2°°! — 1 giao dich dé 14p day & manh tin cho mdi thanh
vién (thuat toan phan bao: 2 ngusi giao dich — 4 ngudi — 8 nguoi...).

Vé phan tan du, cai cdm mdi ngudi két ndéi véi mot ca nhan & cac trung doi trude (sau khi cac doi
d6 da hoan tat chu trinh) dé hit tron bo k& manh tin. Ké toan tong két:

k=1 _ 1
P(n,k) < (28! = 1Dny +ny = {W : nw :

Ddnh gida chan dudi ([5], Bd dé 4). Ta nham thang vao chan 1y:

el

bat chap moi rang budc go bé len k.
M6 xé do thi truyeén tin t6i wu s hitu P(n, k) canh. Boc tach n; lam s6 lugng cac thanh phan lien
thong c¢6 ¢ dinh. Ta co:
Z n; = n.
i

Mot thanh phan ¢d 4 ngdn it nhat i — 1 canh. Hon thé nita, cdc phan méanh ¢d nhé (i < 287') bi chan
clia tién héa thanh cau tric cay (bai 6.1), nén chiing ganh trén lung it nhat ¢ canh. Lap vao phuong
trinh:

P(n, k) > Z in; + Z (i — 1)n;.

i<2k—1 i>2k—1

Khéao sat phan khu i > 2k_1, toan hoc co ban chi ra:

|
Z-l}wl,
chét so: - -
27 —1 , 2" —1

6.3. [5, Bo dé 2] Xé Iyc lugng thanh hai mang khong giao nhau: nhanh X chia i thanh vién, va
nhéanh:
Y ={y1,92, -, Yor-i2}
quy tu 2°7°"2 thanh vien. Lén kich ban giao dich nhu sau.
Chuong 1: Toan thé nhanh X chia héa lyc vé y; dé don thong tin. Tiéu tén ¢ giao dich, y; no bung
v6i i + 1 manh tin.
Chuong 2: Khéi dong c6 may nhan ban s6 ngusi "cap nhat" trong khong gian Y.
Moi Itta:
Y1Y2, Y3Y4, Y1Y3, Y2Ya4.

4 giao dich dugc thiét lap, bo tt Y déu nang cap lén mic ¢ + 4 manh tin.
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Vong lap nhan ban: néu 6 ching truée, nhém 2" ngudsi dan dau ctia Y da vuon t6i moéc ¢ +r + 2
manh tin, thi bung lua 2" giao dich:

Y1Yi+27, Y2Ya+42r, .., YarYar+l,

song lan téa gitp 27! ngusi dan dau thang cap lén ¢ + ~ + 3 manh tin.

Qué trinh phanh lai khi can quét hét khong gian Y. T6i diém ditng, tong chi phi ngdn:
Z+ 2k‘—i—2,

va moi cé4 thé trong Y déu da hap thu dd k£ manh tin. Man ha man: y; na dai bac giao dich vao toan

bo cac thanh vien ngoai Y dé phan phéi du dinh miic k& manh tin. Dic két:
P(n k) <i+2"7"724+ (n—2"%) =n+1.

Chiéu thiic nay chi vay muon diéu kién ¢; < n.

6.4. Ménh dé nay duge vinh danh trong [5]. Tuy nhién, cac phan tich chi ra ring nén tang chiing
minh ctia ménh dé thi hai trong Bo dé 3 clia cong trinh d6 chita mot 16 hong ki thuat can duge va

lai.
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§7. OLYMPIC QUOC TE TUYMAADA 2016

Ky thi Olympic hoc sinh qubc té Tuymaada dugdc to chiic tai Yakutia hiing nam tit nam 1994. Ngay
tir dau, day duge thiét ké khong chi 1a mot ky thi quoc té (ngoai hoc sinh tit nhiéu ving ctia Nga,
cac nam khac nhau con c¢6 hoc sinh Romania, Bulgaria, Mong C6 va nhiéu nudc khac), ma con 1a
mot ki thi da mon: gom Toan, Vat 1y, Hoéa hoc va Tin hoc. Trong khoang 18 nam gan day, dé Toan
ctia k¥ thi phan 16n do cac thanh vién ban gidm khao Olympic Toan hoc sinh Saint Petersburg bién
soan; doc gia quen thudc cé thé dé dang nhan ra, mot mit 1a sy gan giii vé phong cich gitta hai k¥
thi, mat khac 1a khuynh huéng k§ thuat thuong thay & cac cudc thi Todn quoc té.

@ BANG TRE

€@ NCAY THU NHAT

M1. Truée mit Tanya va Seryozha la mot dong 2016 vién keo. Hai ban lan lugt di, Tanya di trudc.
O mai lugt, mot ban c6 thé an 1 vien keo; hodc néu s6 keo hién thoi 1a chén thi c6 thé an ding mot
nita dong keo. Ngudi khong di dude thi thua. Héi néu choi t6i wu thi ai thing?

(A. Golovanov)

M2. Trén duong cao AA; clia tam giac nhon ABC lay diém D sao cho

ZBDC = 90°,

va H 1a trge tam tam gidc ABC. Dung dudng tron c6 duong kinh AH. Chiing minh do dai tiép
tuyén ké tit B dén duong tron nay bang do dai doan BD.
(L. Emelyanov)
M3. Mot con xtic xac dat trén mot o clia ludi vuong vo han. Trén moéi mat c6 mot miii tén chi mot
trong bén hudéng song song canh mat d6. Anton nhin tit trén xuéng va lan xic xac qua mot canh
theo ding huéng mii tén trén mét trén cing. Chiing minh rang xtc xiac khong bao gio quét kin dugc
mot hinh vudng 5 x 5 nao ca.
(A. Chukhnov)
M4. Cac s6 khong am a, b, ¢ thoa

a’+ b+ = 3.
Chitng minh ring

(a+b+c)* = 9(ab+ be + ca).

(A. Khrabrov)
a NGAY THU HAI

M5. Trong moi 6 cia bang 10 x 10 ghi cac s6 duong. C6 5 con éch ding trén 5 6 nao do, che méat
cac s6 ¢ nhitng 6 nay. Kostya tinh tdng cac s6 nhin thay duge va duge 10. Sau dé méi con éch nhay
sang mot 6 ké canh, Kostya lai tinh dugc téng 10%. Rdi cac con éch lai nhéy, Kostya duge 103, v.v. -
mdi lan tong déu gap 10 lan lan trude. Héi tong 16n nhat ma Kostya c6 thé nhan duge 1a bao nhieu?
(K. Kokhas)

M6. C6 ton tai s6 tu nhien N > 10%° chi gom céc chit s6 1&, trong dé cac chit s6 1,3,5,7,9 xudt hién
v6i s6 lan bang nhau, va N chia hét cho moi s6 20 chit s6 nhan dugc tit N bang cach x6a bét chit s6
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(cac chit s bi x6a hay con lai khong can diing lién nhau) hay khong?
(S. Berlov)
MY7. Cac s6 a,b, c,d thoa

0<a<b<d<eg, a+c=b+d.

Ching minh ring véi moi diém trong P ctia doan thing do dai a, doan nay la mot canh clia mot ti
gidc ngoai tiép c6 cac canh lien tiép a, b, c, d, sao cho dudng tron ndi tiép di qua diém P.

(L. Emelyanov)

MS8. Trén ban do dudng bay ctia hang hang khong K., ¢6 mot s6 thanh phd; mot s6 cap thanh phd
duge ndi béi duong bay théng hai chiéu, téng cong c6 m dudng bay. Can chon hai nhém roi nhau,
moi nhém gom r thanh pho, sao cho moi thanh phd ctia nhém nay deu co6 duong bay truc tiép tdi

moi thanh phd ctia nhém kia. Chiing minh rang s6 cach chon nhu vay khong vuot qua

2m’.
(D. Conlon)
BANG LON
©® ~NGAY THU NHAT
C1. Day (a,) dugc xac dinh béi
ay = 0,
B = a1+a2—;~~—|—an +1

Chitng minh rang

2016 > 5 + a1000-

(A. Golovanov)
C2. Xem bai M3.

C3. Céc duong cao AA,, BBy, CC} clia tam gidc nhon ABC cit nhau tai H. Cac diém Ay, By, Cy lan
lugt 1a trung diém ctia BC,CA, AB. Trén cac doan AH, BH, HC, lan luot lay cac diém As, Bs, Cs

sao cho
AAOBQAQ - ABOOQBQ - ACOAQOQ - 900.

Chitng minh ring cac duong thing AC,, BA,, CB, ddng quy.
(L. Emelyanov)
C4. V6i moi s6 ti nhién &, hdy tim s6 nghiém nguyén ciia phuong trinh

8F =2 +o® + 23 — 3ayz,

thoéa

(V. Shevelev)
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Q NGAY THU HAI

C5. Hai s6 nguyén t6 p, g khac nhau va chenh léch khong qué hai lan (ttc 1a s6 16n khong qué gap
doi s6 nho). Chitng minh riang ton tai hai s6 ty nhién lién tiép sao cho mot s6 c6 wée nguyen t6 16n
nhat bang p, con sb kia c6 uwdc nguyen t6 16n nhat bang q.

(A. Golovanov)

C6. Xem bai M7.

C7. Chitng minh ring véi moi

> —
T z
' Y, 2

ta c6 bat ding thic
2
SL’24—|— 5 y60+240 2 <$4y3+%y222+%$323) )
(K. Kokhas)
C8. Cho mot do thi lien thong. Chiing minh c¢6 thé t6 moi dinh ctia né bang hai mau xanh lam va

xanh luc, dong thoi chon ra mot s6 canh sao cho:
e moi cap dinh déu néi véi nhau béi mot duong di chi qua cac canh da chon;
e modi canh da chon ndéi hai dinh khac mau;
e khong c6 hai dinh xanh luc nao néi v6i nhau bang mot canh ctia do thi goc.

(V. Dolnikov)

@ LOI GIAI CAC BAI

M1. Dap an: Tanya thang.

Tanya c6 chién luge cudng biic, tic 1a chién luge khong cho déi phuong co hoi chit dong. Gan nhu
su6t van, Tanya chi an 1 vién. Khi d6 sau lugt ctia Tanya, s6 keo luon 1& v lugt ctia Seryozha bi xac
dinh duy nhat: cling phai &n 1 vién. Theo cach nay, Tanya gidm dong keo di 2 vien mdi vong. Khi
con 4 vien, Tanya di khac di: ldy mot nita, dé lai 2 vién cho Seryozha. Day 13 thé thua cho Seryozha.
M2. Goi w la dudng tron trong dé, BL la tiép tuyén tit B dén w, va CC; la dudng cao clia tam giac
ABC. Vi

JHCLA = 90°,

nén C; € w. Theo dinh 1§ cat tuyén:
BL? = BC, - BA.

Hai tam gidc vuong BAA; va BCC; dong dang (cung géc nhon tai B), do do

BC, B4,
BC  BA’

suy ra
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Tuong ty, cac tam gidc vuong BA; D va BDC dong dang, nén

BD  BC’

BA, BD

tic 1a
BA, - BC = BD?.

Gop cac déng thrc:

BL? = BC, - BA= BA, - BC = BD?

hay BL = BD.

B Ay C

M3. Vi xtic xac chi c6 6 mat, sé c6 lic mot mat da ting & trén lai quay trd lai phia trén. Xét lan
dau tien diéu dé xay ra. Néu mat F quay lai sau k 1an lan thi tir thoi diém F & trén lan dau, day cac
mit trén ciing trd thanh tuan hoan chu ky & (hién nhién k& < 6). Trude thoi diém do, mot s6 mit
(khong qua 6 — k) c6 thé chi len trén ding mot lan, va vé sau khong lap lai.

Gia st trong mot chu ky, tam mit F dich tit A dén B. Mii tén trén mit nay co the:

1. quay 180°;
2. quay 90°;
3. khong quay.

Ta chiing minh trong ca ba truong hop, xic xic khong thé di qua toan bo 6 ctia mot hinh vuong
5 X H.
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Loz — N
Truong hgp 1: 6 chu ky ké tiep, tam F' dich theo vectc BA, mii tén trd lai huéng ban dau, sau do

quy dao chi lip trén cac 6 cii. Vay sd 6 khac nhau nhiéu nhat 1a
(6—k)+2k=6+Fk <12 <25.

Truong hop 2: sau bon chu ky, tam F quay vé A, lan lugt dich theo cac anh clia zﬁ qua cac phép
quay 0°,90°,180°,270°; miii tén ciing trd ve trang thai dau, nén quy dao lap theo vong. S6 6 khac
nhau nhiéu nhat:

(6 — k) + 4k = 6 + 3k < 24 < 25.

Truong hop 3: sau k budc, khong chi mat trén ldp lai ma huéng mii tén trén mat dé cling git
nguyén, nén trong phan tuan hoan, hai trang thai cdch nhau % lan lan léch nhau vecto /@ . Chia
cac trang thai thanh nhém: mdi trang thai § phan khong tuan hoan 1a mot nhém rieng (khong qua
6 — k nhom), con trong phan tuan hoan thi gom cac trang théai cach nhau s6 nguyen chu ky (c6 k
nhém). Moi trang thai cting nhém nam trén mot duong thang song song 1@ . Vay toan bd quy dao
nim trén khong qua 6 duong thing ciing phuong.
Néu cac duong nay khong song song canh 6 (gid st E huéng lén phéi), thi tam 9 6 ndm & canh
trai va canh dudi ctia hinh vuoéng 5 x 5 phai thuoc 9 duong khac nhau, nén khong thé déu nim trén
quy dao.
Néu cac dudng song song canh 6 (vi du nim ngang), thi trong mot chu ky xtic xic chi c6 thé di trong
nhiéu nhat 3 hang theo phuong d6. Vay phan khong tuan hoan phai phti it nhat 10 6, diéu khong
thé.
M4. Loi gidi 1. Khi nhan dong thoi cac bién vé6i ¢ > 1, vé trai nhan ¢, vé phai nhan ¢, nén chi can
chiing minh khi
a®+b+c =3

bat S=a+b+c. Tacod

ab+ be + ca = %(S2 — (@ + 0 +)) = %(52 -3).

Do dé bat dang thiic can ching minh tuong duong
9

s° > 5(52 - 3)7

hay
(S —3)*(2S +3) > 0.
Diéu nay hién nhién véi S > 0.
Loi gidi 2 (M. Andreev). Ap dung AM-GM
(z+y+2)° > 2Tzyz
cho cac s6
r=a®+b+ y =2z =ab+ bc+ ca,

ta duge
(a+b+c)° = (a® +b* + ¢ + 2ab + 2bc + 2ca)?

27(a* + b* + ¢*)(ab + be + ca)?
81(ab + be + ca)?.
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Lay can hai vé suy ra diéu phai ching minh.
MS5. Dap an: tong lén nhat 13

10°.
Can trén. Moi 6 nhin thay & lan dau cé s6 khong vugt qua 10. Vi sau lan nhay thit nhat tong ting
rat manh, tit phai xuat hién nhitng 6 truéc dé bi che; cic 6 méi 10 nay c6 sd khong vugt qua 100.
Sau lan nhay thit hai tong lai tang manh, nén lai phai c6 cac 6 chua timg 16 & hai lan trude; céc 6
nay c6 so6 khong vuot qua 1000.
Lap luan tuong tu cho thay sau mdi lan nhay phai c6 cdc 6 mdi chua titng nhin thay. Ma ban dau
éch chi che 5 6, nén s6 lan nhay c6 thé lam tong tang theo cach trén khong vudt qua 5.
Vi du dat dugc. Cho 5 con éch ditng trén 5 6 trai nhat ctia hang duéi cling, va méi lan déu nhay sang

0 ké bén phai. Goi cac s6 § 5 6 ¢6 éch lan luct 1a a, b, ¢, d, f, va moi 6 con lai déu ghi g. Chon

10
9:9—5,
roi dat

a =100 — g,
b=10°—a — 2g,
c=10"—b—a— 3g,
d=10°—a—b—c—4g,
f=10°—a—b—c—d—5g.

Khi dé6 dat yéu cau.

MG6. Dap an: c6, ton tai so6 nhu vay.

Bo dé. Cho Q, M € N vé6i (M,10) = 1. Khi d6 ton tai mot s6 chia hét cho M ma biéu dién thap
phan 1a lap lai nhiéu lan biéu dién cia Q.

Chaing minh. Trong cac s6

Q, QQ, QQQ,...

6 hai s6 dong du modulo M. Lay hiéu ctia chiing r6i bo cac s6 0 tan ciing, ta dugce s6 can tim.

D@ giai bai toan, du chi ra mot s6 N chi gom chit s6 18, trong dé cac chit s6 1,3,5,7,9 xuat hien déu
nhau, vd N chia hét cho moi s6 20 chit s6 chi gom chit s6 1é.

Trong tat ca cac s6 20 chit s6 chi gom chit s6 1&, 1ay mot s6 ¢ chia hét cho liiy thita 16n nhat cta 5,
gid sit 1a 5%, Viét 1ip ¢ nhiéu lan dé duge s6 ¢6 hon £ chit s6, roi them mot sb chit s6 16 & dau sao cho
két qud c6 s6 lan xuat hién cua 1,3,5,7,9 bang nhau; goi s6 thu duge 1a Q. Theo cach dyng, Q chia
hét cho 5°.

Tiép theo liet ke tat ca cac sd 20 chit s6 chi gom chit s6 1é, chia mdi s6 cho lity thita 5 16n nhat cta
no, roi nhan tat ca cac thuong lai; goi tich 1a M.

Theo b6 dé, bing cach lip biéu dién thap phan ctia @, ta nhan duge mot sé chia hét cho M. Lay s6
do6 lam N.

MY7. Xét mot tid gidc ngoai tiép bat ky c¢6 canh a,b, ¢, d.

Trong tG gidc ngoai tiép, mdi tiép diém chia canh chta né thanh hai doan; hai doan ké cling mot

dinh c¢6 do dai bing nhau. Vi thé, khi xac dinh vi trf tiép diém P trén canh nhé nhat, ta tu dong suy
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ra cac do dai duong ctia moi doan bi chia trén cac canh con lai. Goi cac do dai dé la xy, xe, 3, T4:
a=1x1+x3, b=x0+w3, Cc=2x3+24, d=T4+ 7.
Goi R 13 ban kinh dudng tron noi tiép. Khi do cac goc clia tit gidc bang

R R R
2arctan —, 2arctan —, 2arctan —, 2arctan —.
T T2 T3 Ty

V6i moi x;, ham
R +— 2arctan E
Ty
1a lien tuc, don diéu tang, va chay tit 0 dén g khi R tit 0 dén +oo. Vi vay v6i moi 1, o, 73, 74 cho
truée, ton tai R thoa

R R R R
2 arctan — + 2 arctan — + 2 arctan — + 2 arctan — = 2.
Ty 4 Z3 Xy

C6 duge ban kinh nay, ta dyng dude tit gidc can trong de.
MS8. Néu da chon dugc hai nhém can tim, ta chi ra duge r dudng bay ndéi gitta hai nhém va pht
ding 2r thanh phd. Do d6 mdi cach chon c6 thé moé ta bang: chon r dudng bay khong chung dau
mut, roi véi moi duong bay quyét dinh thanh phdé nao vao nhém thi nhat. Cach thi nhat c6 khong
qua

Crn
cach, cach thi hai c6 2" cach. Vay tong s6 céch khong viugt qua

m(m—1)---(m—r+1)

o .o = Lo

C1. Viét he thitc truy hoi ctia dé duéi dang
Npy1 = @1 + -+ + a, + n.

Viét tuong tur cho a,:
(n—Da,=ar+---+a, 1+n—1.

Lay phuong trinh dau trit phuong trinh sau, thu duge

Apy1 = Qp + ﬁ

Suy ra
A2016 = 000 + 7005 T 7007 T T 5015
Chi can kiém tra
S DN S
1000 © 1001 2015 ~ 2’

2 2 ~ 1
Day 1a uéc lugng chuan: tong ¢6 1016 hang, moi hang khong nhé hon 2015 nén

1 11
e —— > 1016 ——— > =
1000 T 2015 2015 ~ 2
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C2. Xem bai M3.

C3. Vi
ZA()BQAQ - ZAQAlAO - 900,

nén By vd A; cing niam trén dudng tron dudng kinh AgA,. Cong suat ciia diem C déi véi duong
tron nay la

1
CAy-CA = §BC-AC-COSC.

Tuong ty, cong suat ciia C doéi v6i duong tron duong kinh ByB, 1a

CBy-CB; = %AC-BC-COSC.

A | B

Hai biéu thiic bang nhau, nén CB, la truc dang phuong ciia hai duong tron trén. Do d6 cac dudng
thing CB,, BA,, AC, 1a céc truc dang phuong ting cap va cit nhau tai ciing tam ding phuong.
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B e e e A

C A

C4. Dap an: k+ 1.
Quy nap theo k.
Co s6 k = 0. Ta c6 dong nhat thrc

PP 3y =(z+y+2)(@®+ 97+ 2% — Yy — yz — x2).
Giai phuong trinh
1= (z4+y+2)(@®+9°+2° —zy — yz — x2).

Véi diéu kién ctia dé, ngodc thit nhat khong nhé hon 1, ngodc thit hai duong va nguyén. Do d6 nghiém
duy nhat 1a
r=y=0, z=1

Bude quy nap: néu nhan bo (z,y, 2) biéu dién 87! véi 2, ta duge bo biéu dién 8*. Con lai chi can
chimg minh ton tai duy nhat mot bicu dién 8* trong d6 cé it nhat mot sb 16 trong x, vy, 2.

Trong biéu dién nhu vay, tong = + y + z > 1 va chin, nén ding hai trong ba s6 1a 18. Khi d6
x2—|—y2+22—a:y—yz—xz
14 s6 1é, nén phai bang 1. Ma

(=9’ +@y—2>+(z—2)).

N | —

l=a? 4> +2° —ay—yz — 2z =

Suy ra z — o = 1, con y bang mot trong hai s6 x, z.
Néuzr=y=a, z=a+1thi
23+ 9P+ 22— 3xyz = 3a + 1.

Néuzr=a—1, y=2=ath
23+ + 2% — 3aeyz = 3a — 1.
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Vi thé biéu dién can tim duge xac dinh duy nhat béi phan du ctia 8% modulo 3.
C5. Gid st ¢ < p < 2¢q. Vi p, ¢ nguyén t6 cuing nhau, ton tai cac so6 nguyén z,y sao cho

pr—qy =1

Do c6 thé thay (z,y) bang (z — ¢k, y + pk) v6i moi k € Z ma van gitt dang thitc, ta gia st

q

< —-.

o] < &

Hai s6 |pz| va |qy| 1a hai s6 tut nhién lien tiép. Ching khong thé bing 0 (néu mot sé bang 0 thi s6

kia bang 1, didu khong thé vi 1 khong chia hét cho p hay ¢). Vi

[pa| < %,
nén udc nguyeén t6 16n nhat cta |pz| 1a p.
Mat khac,
lay| < \px\+1<%+1<]%1q,
suy ra
<23 <q

nén moi udc nguyen to6 cia |qy| déu khong vugt qua g. Diéu phai chiing minh.
C6. Xem bai MT.

C7. Dat | |
A=+ §y2z2 + §x3z3.
Loi gidi 1 (phdn ching). Gia stt bat dang thitc can chiing minh sai. Khi do

< A% Y80 < A2 V240 < A2

tic la
z < AY12, y < AYS, z < AV,
Suy ra
A=t + ly222 + 1x?’z?’
3 9
B VL LY
3 9
4 1
= —AYS 4 — A
3 * 9

Ta sé mau thuin néu chiing minh
2y aca
3 9

Bat ding thtc nay tuong duong
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PR 3
ding vi x,y, z > 3 va

3\ 6
A>x4y3>(§) .

Loi gidi 2. Chon trong ngodic & vé phai hang 16n nhat. Cé ba truong hop.

Truong hop 1:

Khi do

Udc lugng vé trai tit dusi (bo 2*%):

Truong hop 2:

Khi do

Va

Truong hop 3:

Khi d6

Mat khéc

124 + 5 yG() +Z4Q > l‘24 +y12 > 2x12y6

3\4
> 2595 - (5) > 9x8y5 > A%
Lo 4,3 Loooo 1 33
- > , - > -
Y2 >y 3Y ¥ 2 GT4
A2 <yt

2244 \5/y60 4 240 5 {/yGO + 240 > {)/Qy?’ﬂz?o = /24521 > ytst

L5 o
—x°2° Z xy°, —x°Z >§yz.
2 _ 1 66
A< =22
9
24 | 5 2 24 8 o Lg 1 13
T+ YO+ 20 > =1 t32 +a2 + oz

C8. Chitng minh bang quy nap theo s6 dinh n ctia do thi.
V6i n = 1, hién nhien ding. Gia st ding cho d6 thi c6 n — 1 dinh. Xét do thi lien thong G c6 n dinh,

b6 mot dinh v sao cho do thi con lai

GlzG\U

> A%,

van lien thong. Ap dung gia thiét quy nap cho Gi: cac dinh ciia Gy da dude to hai mau v mot sb

canh da duge chon.

Néu trong G, dinh v néi v6i mot dinh xanh lyc, t6 v mau xanh lam va chon canh néi d6. Néu tat ca

canh tit v chi di t6i cac dinh xanh lam, t6 v mau xanh luc va chon tuty ¥ mot canh di ra ti v.

Trong c4 hai tinh hudng, cic canh dugc chon tao thanh mot do thi lien thong trén moi dinh clia G;

dong thoi khong sinh ra canh chon néi hai dinh cling mau, va ciing khong sinh ra canh goc ndi hai

dinh xanh luc.
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§8. PUNG BO PHIEU CHO MAU DO!

Trong vong thi thi nhat ctia ky Olympic ndm nay danh cho hoc sinh 16p 6, c6 mot bai toan ctia tac
gia O. Ivanova nhu sau.

Trén mot bang kich thude 4 x 9 ¢6 9 6 mau dé, 11 6 mau xanh va 16 6 mau trang. Quy tac nhap
chuot vao mot hang hodc mot cot duge quy dinh nhu sau: néu trong dudng ludi (hang hoac cot) do,
s6 lugng 6 clia mot mau nao dé nhiéu hon s6 lugng 6 clia ting mau con lai, thi toan bo dusng ludi
d6 sé duge doi sang mau ay; néu khong c6 mau nao chiém uu thé tuyet déi thi bang khong cé gi thay
doi. Nguoi ta nhan thay, néu nhap chuot lan lugt vao tat ca cac hang roi méi dén tat ca cac cot, thi
moi 0 trén bang déu bién thanh mau dé. Nguge lai, néu nhap vao tat ci cac cot trude roi méi dén
tat cd cac hang, thi moi 6 déu bién thanh mau xanh. Hay dua ra mot vi du vé bang théa man cac
diéu kien do.

Loi gidi clia bai toan doi hoi mot chit sy khéo 1éo khi thiét lap bang. Dudi day 1a mot vi du.

DI(DID|D|X|X
D(D|D|D|D
XX X[X|X
XX [X[X

*(Quy ude: D - Do, X - Xanh, khoéng trang - Trang)*

Bang nay c6 thé duge xem nhu mot minh hoa thuec té cho "nghich Iy bé phiéu" dusi day.

Gia stt ¢c6 mot khu chung cu 4 tang véi 9 16i vao; tai mdi 16i vao, méi tang chi c6 ding mot can ho.
Dé don gian, ta gia sit mdi can ho c6 ding 1 ngudi &, tong cong c6 36 cu dan. So do ctia khu chung
cu nay tuong ting v6i chinh bang 4 x 9 & trén. Cu dan can bd phiéu quyét dinh mau son cho toa nha.
C6 16 ngusi (gan mot nita) muén son mau trang, 11 nguoi (chua t6i mot phan ba) chon mau xanh,
va 9 ngudi (chi ding mot phan tu) chon mau d6. Gié sit sé thich ctia cu dan duge phan bo chinh xac
nhu mau sic trong bang.

Khi d6, néu tién hanh bd phiéu tric tiép (mau ndo nhan duge nhiéu phiéu nhat trén tong sé 36
phiéu sé thang), khu chung cu sé duge son mau trang.

Néu tién hanh boé phiéu theo ting 161 vao trude, tiic 1a mdi 16i vao tir chon ra mau da s6 ctia minh,
roi méi tong hop 9 két qua lai, thi toa nha sé duge son mau xanh. Ly do 14 c6 5 trén tong s6 9 16i
vao "nghiéng" vé mau xanh.

Ngugc lai, néu tién hanh bé phiéu theo ting tang truée, titc 1a méi tang chon ra mau theo da s6 clia
tang minh r6i méi tong hop 4 két qua lai, thi toa nha sé duge son mau dé. Ly do 1a c¢6 2 trén 4 tang
"bé phiéu" tng ho mau doé, trong khi mau trang va mau xanh mdi mau chi gianh chién thing ¢ 1
tang.

C6 thé cach thic bd phiéu gian tiép nhu vay nghe c6 vé thiéu tu nhien, nhung trong thuc té né
lai duge ting dung rat rong rai. Cac ctt tri thuong duge phan chia thanh nhitng nhém nhé: 16p hoc,
phong ban, hodc cic bang/khu vic... Khi d6, ngudi ta thuong to chiic bé phiéu trong noi bo ting
nhom trude, sau dé6 mdi dem tong hop két qua clia cdc nhém tai hoi dong gido vien, ban giam déc,

hodc quoc hoi... va quyét dinh phuong an chién thing dya trén sd lugng nhém ting ho nhiéu nhat.
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Vi du, thay hieu trudng quyét dinh trong k¥ nghi t6i sé t6 chiic mot hoat dong chung cho toan bo
hoc sinh tit khdi 1 dén khdi 4: thi trugt tuyét (tréng), di cong vien nuée (xanh), hodic chép phat lai
bai kiém tra (d6). Ngoi truong nay kha nhd, méi 16p chi c6 ding 9 hoc sinh, va xin bat mi thém:
mot phan tu trong s6 dé 1a hoc sinh ¢6 hoc lic yéu. Vay nén chon phuong an nao? Hay dé hoc sinh
tu quyét dinh! Mbi 16p sé tu t6 chiic bo phiéu, sau dé nha trudng sé chon phuong an gianh chién
thang & nhiéu 16p nhat! Nghe rat quen thuoc ding khong?
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§9. GOC OLYMPIADOPHOBE

@ “BAT KY” KHONG PHAT LA “MOT”

Bo ndo clia con tring von di khong duge thiét ké cho viéc tinh toan phtc tap. Cac thanh ghi vira it
61 lai kém tin cay, khong c¢6 kha nang xit 1y song song, khong ¢6 bo nhé dém, con bd nhé RAM (nhé
lam viéc) thi cting 1dm chi ho trg dia chi hoa 4-bit. Thé nhung, bat chap moi rao can do, cha gian
Kuzka vAn miét mai tinh toan. Dé b dip cho nhing han ché clia ndo bo, cau da si dung di moi
méanh khée: dém bang ngén (hay noéi chinh xac hon 14 bing chan), ding cac quy tadc nhan nham, va
dl moi chiéu tro "do thuat" tinh toan khac.

Qué trinh tinh toan dién ra cuyc ky vat va. Kuzka huo vung ca sau céi chan, lic nghiéng sang phai
ltc ngé sang trai, thinh thoang lai 1on nhao mot cach ky quéc. Co nhiing lic cau chay loanh quanh
khép quan Am-Bar 16i chop lay mot mau phan, hi huc ghi ghi chép chép xubéng san nha.

Nhin tit bén ngoai, moi hanh dong clia cau trong hét nhu mot dieu mua té 1& c6 xua. Busenka,

Gorguly va Ogryza ding nhin theo day mé man.

e Di cac tu thé ct lap di lap lai, - Busenka lén tiéng nhan xét, - nhung chudi chuyén dong nay

trong van khong c6 vé gi 1a tuan hoan ca.

e K&é ca néu c6 chu ky di ching nita, thi chic chan chu ky do6 cling phai rat 16n, - Ogryza gat gi
phu hoa.

e Nhung ro rang 13 mdi tu thé déu da dugc lap lai it nhat mot lan, - Gorguly chot 10i.
Kuzka r6 rang da hoan toan kiét stc.

e Xong roi! - cudi cing Kuzka thé hat ra mot hoi nang nhoc. - Ra két qua roi!

e Ra cii gi co?

e T6 vita tim ra duge mot dau hiéu chia hét hoan toan mdi! Chiac chan cac cau chua ting thay

bao gid.

e Cho phép toi bay té6 mot chiat nghi ngs nhé, - Gorguly lich sy lén tiéng. - Ban vé cac dau hiéu

chia hét thi toi da nam ré trong long ban tay roi!

e Vay thi hay chuan bi mé rong tam mét di, - Kuzka diéu bo cti chao hét nhu mot nghé si tren
san khau. - Xin tran trong gi6i thiéu: dau hiéu chia hét cyc ky don gidn, thanh nha va hiéu
qua danh cho s6 403!

oY cau la dau hieu dé nhan biét mot sé chia hét cho 403 chit gi? - Gorguly héi lai, c6 phan to

N

mo.

e Khong, khong phai 1a "chia hét cho"! Ma 1a dau hiéu chia hét cia s6 403! Sy ky diéu nidm &
chd do! Binh thuong, ngudi ta cho truéec mot s6 x r6i dilng dau hieu dé kiém tra xem z c6 chia
hét cho 5 hay 11 hay khong. Con v6i dau hiéu ciia t6, ta sé kiém tra xem s6 403 c6 chia hét
cho x hay khong!
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e Thé kiém tra bang cach nao? - Ogryza sét ruot hoi.

e 36 403 sé chia hét cho mot s6 tu nhién c6 hai chit s6 « khi va chi khi: tdng cac binh phuong

clia hai chit s6 tao nén x bang dung 10, - Kuzka tuyén bd véi vé day tu hao.
Cé& nhém khén gid im lang mat vai giay dé tieu héa thong tin, 16i dong loat vo tay ram 10.
e Cau lam t6t 1dm, Kuzka, - Ogryza cat 16i khen nggi.
e Tam mat ciia anh sao roi? - Busenka quay sang héi Gorguly. - Da duge md rong chua?

e Cam on ¢o, md rong lam roi, - Gorguly dap. - T bé dén gio toi chua ting chiing kién thit gi
giong nhu vay. That sy qua an tuong. Nhung diéu khién t6i bai phuc nhat lai 1 dieu mua ba-lé

nhao 16n ma cau ay da biéu dién dé dic két ra dudc cai dau hieu do.

e Duong nhién, khong hé dé chut ndo, - Kuzka hanh dién dong tinh. - Hon nita, trong lic t6
dang tap trung tinh toan, cac cau cit diing ngoai thi tham to nhé mai, lam t6 mat tap trung

lam day.

e Bon t6 chi dang tram tro than phuc thoi ma, - Busenka voi giai thich, - vdi ca, bon t6 con dang

ban luan xem chudi chuyén dong ciia cau c6 tinh tuan hoan hay khong.
e Chudi nao co?

o Néu ta xét day cac tu thé ctia cau, ky hiéu la x,,. Chéng han, theo nhiing gi t6 nhé thi...
n=H w=F ==}

T6 nhan ra rang cac tu thé ctia cau lién tuc lip lai, viét theo ngon ngit logic toan hoc ngan gon thi
la:

Vk In Tk = Tkan-

May cai ky hiéu tuong hinh nay nghia la gi thé? - Kuzka thic mac.

D6 1a cac luong tir trong logic. Ky hieu "V" doc 1a "véi moi"; con "3" doc 1a "ton tai". Ca

ménh dé d6 sé dugce doc 1a: v6i moi s6 k, ton tai mot s6 n sao cho x = Tppp.
e Cau than cha do6 rét cuoc c6 ¥ nghia gi?
e Don gian 13 thé nay nhé: cau chon lay mot s6 k bat ky...
e "Bat ky" Ia cu thé sd nao co chi? Va lay & dau ra? - Kuzka van té vé khong hidu.

e Cit lay trong ngan kéo clia t6 chang han, - Ogryza lén tiéng, - trong dé t6 cat ca déng s6 "bat
ky" day. Day nay. - Ogryza lay ra mot chiéc hop mau xanh, trén nap hop c6 dinh kem mot

chiéc phong bi nhé. C6 xé 16p vé phong bi roi dua né cho Kuzka.
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e Dé t6 xem nio, - Kuzka hao hing néi, - trong nay chta cai gi day... S6 31! Ra vay, 31 chinh la

mot s6 bat ky a?

e Ciing khong hoan toan la thé... Nhung it nhat né 1a mot dai dién cho cac s6 "bat ky"! Dé lam
vi du thi ta c6 thé chon s6 31, nhung vé nguyén tic, bat cit con s6 nao khac ciing déu ¢ quyen

duge dua ra xem xét.
e Lam sao c6 thé xét hét tat cid moi sd dude co chi?

e Phuong phap 1a ta chon ra mot s6 dai dién, goi n6 1a k, sau d6 tién hanh lap luan ma khong
st dung bat ky tinh chat dac thu riéng biét nao ctia s6 k& d6. Khi lam nhu vay, 1ap luan cta

ching ta sé tu dong ding véi moi con s6 khéc.

e Noi cach khac, néu thich thi t6 c6 thé chon k = 31, nhung trong qué trinh lap luan, t6 khong
duge phép stt dung dit kien né chinh xac 1a s6 317

e Hoan toan chinh xac, - Gorguly tan thanh, - vi du nhu cau khong dugce phép stt dung tinh chat

"tong binh phuong cac chit s6 ctia né bang 10" vao trong lap luan.

e Nghe van tritu tugng qua. Thoi bo qua di. Tiép theo 1a doan "ton tai s6 n..." - Kuzka doc lai

cau noéi khi nay. - Thé thi con s6 ay ton tai § dau?

e N6 ton tai ngay ¢ day nay, bén trong chiéc hop mau xanh, - Ogryza dap va day chiéc hop ve
phia Kuzka.

e Cau chic chan day ding 1a con s6 d6 chi? - Kuzka héi véi vé ban tin ban nghi.

e Chinh n6 day, - Ogryza xac nhan, - chiéc hop nay dugce thiét ké di lién véi chiéc phong bi chita

s6 k ma cau via lay.
e Dugc rdi, dé t6 mé ra xem sao, - Kuzka can than hé mé nap hop.

Dot nhién, "con s6" lap tic bat tung ra khéi hop, nhay vot xudng san nha, ngo ngoe may chuc cai
chan méng dinh trong vo cling buon cudi. N6 chay thuc mang vé phia géc phong roi chui tot vao
mot cai khe hep duéi chan tuong.

e Ai chal - Kuzka giat minh keu len. - C6 ai trong s6 cac cau kip nhin 16 d6 1a sé méy khong?

T6i chiu, khong nhin kip, - Gorguly dap.

T6 ciing thé, - Busenka lac dau.

Thé thi lam sao ching ta st dung duge con sb nay trong tinh todn néu tham chi con ching

biét no6 c6 gia tri bang bao nhieu?

Quan tam gia tri ctia n6 lam gi co chi? Diém mau chét ¢ day 1a con s6 d6 ¢ ton tai, - Busenka

giai thich.

Nhung tém lai 1a n6 ton tai ¢ dau?
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e O dau la & dau ch? Ban dau thi né tdn tai & bén trong chiéec hop. Con bay giss thi né dang
ton tai ¢ dudi chan tuong kia kia! Su ton tai ctia né 1a diéu hién nhien, chi 1a ching ta khong
biét gid tri cu thé clia n6 thoi. A, ma cau ciing can luu ¢ ring s6 n nay 13 "hang dinh kem"
chi danh riéng cho s6 k = 31 thoi nhé. Néu cau chon mot s6 k khac, thi rat c6 kha nang cau

sé nhan dugc mot sé n hoan toan khéac.

e Nghia la n6 song trong mot chiéc hop khac chit gi, - Kuzka lam bam phéng doan. - Nhung viéc
"k khac sé kéo theo n khac" c6 quan trong dén mic d6 khong, trong khi ding nao thi ching

ta ciing chang hé biét gia tri cu thé ciia n bing bao nhieu?

e Cau van nén tap hinh dung 16 rang vé mdi quan hée d6. Hay lay vi du, néu s6 n nay la mot gia
tri ¢6 dinh va st dung chung cho moi sb k, thi ta hoan toan cé thé két luan ring day sb6 do la

mot day tuan hoan. Dugce viét dudi ngon ngit logic toan hoc 1a:
dn Vk xp = xpn.

e So v6i cai ménh dé ban dau, cau chi viéc ddo nguge thit tir hai chit thoi ma, - Kuzka nhan xét.
- Gidng hét nhu viée néi "Mai con gian déu c6 mot théi quen ngody rau" hay "Ton tai mot

théi quen ngody rau ma moi con gian déu c6". Ching c6 khac gi nhau dau chi?

e Dimg voi vang don gian héa van dé nhu vay. Hai ménh dé ctia ching ta mang y nghia khac
nhau hoan toan, - Busenka nghiém ttc néi. - Cau hoan toan c¢6 thé ty minh kiém tra su khac

biet d6 ma.

e T6 a? Cau bat t6 tu kiém tra 47 T6 chi 1a mot con con triing nhé bé méng manh thoi, sao cau
nd bat t6 phai lam nhiing viéc ning nhoc nhu vay... - Kuzka gid vo than van, nhung 10i rén ri
con chua kip ditt, cau da dot ngot dung ding cip rau len véi vé day khi thé: - Duge thoi, t6 sé

tu kiém tra cho cac cau xem!

Khéo sat Ménh dé 1:

Vk dn xr = Tiin.

Meénh dé nay c6 nghia la: néu ta chon mot sé k bat ky, vi du lay & = 31, thi bén trong chiéc hop di
keém ctia Ogryza sé xuat hién mot s6 n nao dé sao cho tu thé & bude thit 31 (z3;) sé hoan toan triung
khép véi tu thé & bude thit 31 +n (2314,,). N6i mot cach dé hiéu la tu thé z3; chic chin sé duge lap
lai trong tuong lail Va vi diéu kién nay ding véi moi s6 k bat ky chit khong chi rieng s6 31, ta co6
the két luan: moi tu thé déu sé dugc lap lai tai mot thai diém nao dé trong tuong lai!
Chuyén sang Ménh dé 2:

dn Vk xp = xpin.

Menh dé nay phét biéu rang: ton tai sin mot khodng cach n ¢6 dinh (mac dit hién tai ta khong biét
chinh xac n bang bao nhiéu do né da chay t6t xuéng gam chan tuong roi), va véi chinh khoang cach
n c6 dinh nay, tai moi thai diém &k bat ky, tu thé x;, déu sé lap lai é budc x4,,. Vay & truong hop
nay, toan bo cac tu thé khong chi lap lai, ma ching con lip lai theo mot chu k¥ tuan hoan ¢6 dinh

mai mai!
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Vay néu ta thit thay déi biang cac luong tit khac thi sao nhi? Ching han nhu tao ra Ménh dé 3:
Vk Vn xr = Tiin.

Meénh dé nay c6 nghia la: cho dit ban c¢6 chon s6 k nao di chang nita, va két hop v6i bat ky khodng
cach n nao di chang nita, thi tu thé z;, luon luon gidng hét tu thé x,,,. Tic la t6 chang lam gi khac
ngodi viéc gitt nguyén ding mot tu theé!

Busenka, Gorguly va Ogryza troé mat ngac nhién nhin Kuzka. Con Kuzka lic nay duong nhu dang
"len dong", hing say hung bién khong ngitng nghi.

e Moi ngudi cit thich lam ra vé khoa hoc nguy hiém v6i may cai ky hiéu toan hoc ngoin ngoeo,
trong khi ban chat ctia van dé thi c6 khéac gi nhau dau co chid! Thé t6 héi cac cau, néu ta tiép

tuc doi chd hai lugng tit & ménh dé vita roi thi sao? Ta sé ¢c6 Ménh dé 4:
Vn Vk x) = Tpan.
N6 s€ ¢6 y nghia la...

e Khi hai lugng tit "véi moi" ding lién ké nhau, cau cé thé doi choé chiing thoai mai! - Ogryza voi
vang len tiéng ngét 10i dé ngan cau ban dang qua hung phan. - Y nghia clia ching van giéng
y hét nhau thoi.

e Vi du thé nay nhé: "Trong moi tang ham, mdi mot con chuot déu sé hitu mot kho pho mai clia
rieng minh." Ding khong nao?

e Nghe rat hop 1y, - Ogryza gat dau.

e Thé bay gio t6 thit doi chd nhé: "Mdi mot con chuot, ¢ trong moi tang ham, déu sé hitu mot
kho pho mai." Vi du nhu khu vyc tang ham nha Zlobnopotam chi c6 ding mot cai két sat.

Thé cau dinh cat pho mai clia cau vao trong cai két sat do6 a?

e Duong nhién 1a khong roi, - Ogryza gai dau boi rdi, - pho mai ning mui nhu thé, Zlobnopotam

sé danh hoi thay va phat hién ra ngay lap tic.

e DAy, cac cau thay chua! - Kuzka dua mat nhin quanh moi ngudi v6i vé day trach moc. - Chi
vi dinh vao mAy céi khai niém lugng tit linh tinh ric rdi nay ma suyt chit nita 1a t6 da danh
mat dau hiéu chia hét tuyet voi ma minh vira tim ra! N6i that nhé, con trung ching ta song

rat don gidn, hoan toan chang can dén may cai lugng tit lam gi! T6 ghét luong tir!

Ngay tai dinh diém ctia man dién thuyét day cadm xtc ay, Kuzka con chua kip noi gian cho théa
thich thi bong nhién cau ngap dai mot cai, co thé tir tir trugt xudng, tua han lung vio bic tudng va
nhanh chéng ngu lim di.

e Diung la bat cau nhéc lam viec qua stic 10i, - Ogryza khé chép miéng t6 vé khong hai long. -
Bat hai cai lugng tir chui vao trong cai dau nhé bé clia cau ay da 1a mot ky tich, ma ching c6
tru lai trong d6 dugce lau dau co chi.
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Busenka di tim dau d6 duge mot chiée 14 ¢6 ba 14 mém mai rdi nhe nhang 16t xudng dudi dau dé

Kuzka goi len.

e Ma tien thé cho t6i hdi, may cai hop va phong bi ky diéu lac nay co lay ra thuc chat 1 cai gi

vay? - Gorguly quay sang to mo hoi Ogryza.

e A, miy thi d6... S6 1a ti nay & quan Am-Bar, t6 ¢6 t6 chiic mot chuong trinh quay x6 sb
100% trang thuéng. Cai hop lic ndy chinh 1a mot trong nhiing phan thudng ctia chuong trinh,
va theo dung kich ban thi nguoi giit tam vé s6 31 sé quay tring né. Bén trong hop chita mot
con rét thuoc ho Symphyla: co thé c¢6 24 chan, hé ho hap bing khi quan, trong oai phong 1am

liet y hét nhu mot con chién ma thyc thu vay!

e U, cong nhan la con vat dé trong ngau that diy, - Gorguly gat gi dong tinh, - nhung diéu toi

thac mac la: con rét d6 thi lien quan gi dén may khai niém toan hoc nay gis?

e That ra thi ching c6 méi lien hé nao ca. Nhung anh phai cong nhan 13, dé vao vai an s6 n chay

tron, n6é da c6 mot man dién xuat vo cting thién tail
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