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Tap san s6 14 1an nay sé gom 4 phan, trong d6
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OPHANO
@ MOT SO BAI VIET CHUYEN DE

Trong phan nay trinh bay vé mét s6 cht dé chuyén toan & bac Trung hoc co s& va Trung hoc
phd thong cho cac gido vién § STAR EDUCATION bién soan.

§1. KHAI THAC MOT SO HE THUC VECTOR
NGUYEN TANG VU - Phé thong nang khiéu DPai hoc Québc gia - Thanh phd H6 Chi Minh

Trong chuong trinh 16p 10, phén hinh hoc c6 khai niém mdi la vector tuong déi quan trong, &
day vector dugc dinh nghia theo ngdn ngtt hinh hoc va cidc phép toan trén vector dugc xay
dung moét cach cé hé théng dﬁy du, hop ly. Vector 1a khdi niém méi, hién dai, ¢6 nhiéu ung
dung trong viéc giai quyét cac bai toan, trong bai viét nho nay ta cing tim hiéu vé mot vai hé
thurc vector dep va ing dung trong giai toan hinh hoc.

Tr dinh ly Jacobi dén dudng théng Newton

Pinh 1i 1.1. Cho tam gidc ABC, M 1a diém nam trong tam gidc. AM cat BC tai D. Dat
Sq = SMBC, Sb = SMAC; Sc = SMAB/ S = SABC~ Khi dé ta co

Se-MA+S, -MB+S.-MC=10

Chung minh. Goi D la giao diém ctia M A véi BC, khi d6 ta ¢6
DC DB
oo MB+ 22 MC = AD

That vy, ta c6 DC - MB + DB - MC = DC - (MD + DB) + DB - (MD + DC) = BC - MD +
DC-DB + DB - DC = BC - MD.

Suy ra
DC DB
Hon ntra MD
Tir (1) va (2) ta co
DC DB MD —
Mat khac

DC _ Sacp . Sp DB S ND S
BC SaBc N S, +S.” BC N S, +S.. NA N Sp+ Sc
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nén — — —
Se - Ma+S,-Mg+S.-Mc= 0

Trén day la dinh 1y Jacobi, trong trudng hgp M ndm ngoai tam gidc thi dang thiic trén c¢6 dau

trur va cong.

Khi M triung v6i mot s6 diém dic biét ctia tam giac thi hé thirc trén sé cu thé hon, vi du néu M
trung vdi trong tam G cta tam giac thi S, = S, = S. nén ta c6 hé thuc GA + G + GC = 6>,
rat quen thudc. Khi M trung véi tim dudng tron noi tiép ta c6 vi du sau:
Vidu 1.1. Cho tam gidc ABC, goi I 1a tim dudng tron noi tiép ctia tam giac. Pat BC =
a, AC = b, AB = c. Chting minh rang

@ TA+b-1B+c1C=T

P Loigidi: Khi I 1a tam duong tron néi tiép, theo dinh Iy Jacobi ta c6

SABC‘Ij‘l‘SBAC‘I%"‘SBCA‘I_&:?

%
%m-lA%—%rb-ﬁ%—%rc-I%:ﬁ

%r(a-ﬁ%—blﬁ—%c'z):ﬁ

Pinh 1i 1.2. Cho tam giac ABC. M 1a diém nam trong tam giac, khi d6 x, y, z thda

X . y . z

Smc  Smac  SmaB

(hay con ki hiéu Spypc : Smac @ Smap = x : v @ z) khi va chi khi
WAty Mhee o T

Chung minh.
e Dat



e Gidsttaco

va
——

Nhan (1) véi S, va trir cho (2) nhan x ta c6

_>
(ySa — xSp)Mp + (28, — xS¢)Mc =

Nhin xét:
Mé rong hon, khi M 1a mot diém bat ki nam trong mat phang tam giac thi luon ton tai bo

ba (x;y;z) thoa
x-m%—y-m—%z-m:ﬁ(*)

va néu c6 mot b ba khac (x;y;2') thda () thix:y:z=x":vy : 2 tagoi (x;y;z) 1a toa
doé ti cu cua M trong mat phz?mg tam giac ABC.

Sau day la mot vi du ap dung cta dinh ly trén
Vidu 1.2. Cho tam gidc ABC nhon. Goi I, H 1an lugt 1a tdm noi tiép va truc tim ctia tam gidc
ABC. Chiing minh rang tam giac ABC déu khi

HA-TA+HB-IB+HC-IC=10

£ Loi gidi: Do I la tam dudng tron noi tiép nén ta co:
%
0 TA+b-TB+c-1C=0

Theo gia thiét va két qua bai trén ta co:

HA _HB _ HC
a b ¢

Tir d6 suy ra:
HA a sinA

HB b sinB

Ap dung dinh ly sin thi
a b c
sinA sinB sinC’

Suy ra:
sinA-sinB—sinA-sinB=20
= sin(A—B) =0
= A=8B [ |



Vi du 1.3. Cho tam gidc ABC c6 dudng tron tdm I ndi tiép tam gidc va tiép xtic véi cac canh
BC, AC va AB lan lugt tai D, E va F. Chiing minh rang AD, BE va CF déng quy tai diém | va

(p—b)(p—c)JA+(p—a)(p—c)JB+(p—b) (p—a)JC= 0

& Loigiai: Ta chung minh dugc AE = AF =p—a4,BD=BF=p—-b,CD=CE=p—c.
Theo dinh ly Ceva thi ta c6 AD, BE, CF dong quy tai J.

Ap dung dinh Iy Jacobi ta c6

x-]_/§+y-]%+z-]?:6>

voi
X:Yy:z=_S5pc: S1Ac : SiAB
Ma
Sipc _ FB _p-—b
Siac FA p—a
suy ra
Sipc(p —a) = Siac(p —b) = Siap(p —¢)
Do do 1 1 1
SiBc : Siac : SiaB = : :
p—a p—b p—c
hay

LI S S T
p—a p—b p—c
(P—b)(P—C)ﬁ—F(p —Cﬁ-i— —a)(p— bI%—O
]

Vi du 1.4. Cho tam gidc ABC, dudng tron tim I noi tiép tam gidc tiép xtic vdi BC, AC, AB lan
luot tai D, E, F. Ching minh réng

a-ﬁ+b-ﬁ+c-ﬁzﬁ>
P Loi gidi: Ap dung dinh ly Jacobi cho tam giac DEF ta c6
SIEF'B‘FSIDF‘I%"FSIDE'ﬁ

Ta can ching minh
SH:E:S]DF:SIDE:LZ:ZJ:C

That vay S = 17"2 sinlEF = 11/' .sin A = 17’ —  suy ra SIEF ﬁ
At vay IEF = 5 =5 i = 5" 5R y 4 iR
S S
Tuong tu ta cung co 1;3 E— 71515 = AIR do dé ta c6 diéu can chiing minh. m

Tir bai toan nay ta c6 Dinh ly con nhim cho truong hgp tam giac nhu sau:




Pinh 1i 1.3. (Pinh ly con nhim) Cho tam giac ABC. Cac Vector 7 vudng goc voi BC va
hudng ra ngoai tam gidc va c6 do dai bang BC; cac vector b  duogc dinh nghia tuong tu.
Khi do

T+ +7T =0
Dinh ly con nhim con dung trong truong hop da giac, hodc truong hop da dién.
Pinh li 1.4. (Pinh ly con nhim) Cho da giac 16i n dinh A A,...A,, cac vecto Z? cododail
vuong goc voi canh A;A; 1 (A1 = Aq) va hudng ra ngoai. Khi d6 ta c6 hé thuac

_>
A1Ar. el + ArAs.e3 + ...+ A Are, = O

Dinh ly nay cac ban ¢6 thé chitng minh bfang quy nap.

Sau day la mot vi dung ap dung Dinh ly con nhim trong truong hop tu giac.

Pinh Ii 1.5. (Puong thang Newton) Cho ti gidc ABCD ngoai tiép duong tron tam I. Goi
M, N 1an lugt 1a trung diém ctia AC, BD. Khi d6 M, I, N thang hang.

Chirng minh. Goi E, F, G, H lan luot 1a tiép diém cta (I) véi cac canh AB, BC,CD, DA.
bat AE = AH =a,BE = BF =b,CF =CG =¢,DG =DH =d.

Tacéd AB - I%_b I—/“—a I%BC ?—b I_(>?+c I%CD Iﬁ—c I_E>)+dlﬁvaAD ?I
d- I7§+a Iﬁ

Theo dinh ly con nhim ta c6

AB-IE+BC-IF+CD-IC+AD-TH= 10

suy ra
(a+c)(IB +ID) + (b +d)(IA + IC) =

Ma TA + IC = 2IM va IB + ID = 2IN.

Do dé — — —
(a4+c)IN+ (b+d)IM= 0

IM  b+d

tir d6 suy ra I, M, N thang hang va —— N~ atec

Tiép theo 1a 4p dung Dinh ly Jacobi trong chirng minh dinh Iy vé diém Lemoine.

Vi du 1.5. (Puong d6i trung diém diém Lemoine) Duong thang dbi xtiing véi dudng trung
tuyén qua duong phan gidc xuat phat ciing dinh duge goi 1a duong déi trung ctia tam giac.
a) Trong mot tam giac, 3 duong ddi trung dong qui tai mot diém L. Hon nita ta c6 hé thic

2 IA+R LB+ =0

b) Trong mot tam giac, diém Lemoine la trong tam ctia ctia tam giac c6 cac dinh la hinh chieu
cua diém Lemoine trén cac canh ctia tam gidc do.
P Loigidi: a)

Ta co: . -
sinBAM  BM _ sin ABM

sinm M sinm

@



Lai co: - -
sinBAP  PB _ sin ABP
sin@’ - PC sinXC\P

2)

Vi ABP + ACP = 180° nén: - -

sinBAM _ sin PAC
sin CAM ~ sinPAB

Do d6:
BD AB sinC AB? _f

CD AC sinB ACZ 12
b)
Xét tam gidc ABC c6 cac diém D, E, F 1an lugt nam trén cac canh BC, CA, AB sao cho:

BD c? EC a2 FA b2

DC~ 0 EA & FB @
Khi do:

BD EC FA

DC EA FB
= AD, BE,CF dong quy (theo dinh ly Ceva).

Goi giao diém 1a I. Ta c6:
TA+TB+1C =10

Xét theo dién tich:

Sarea _ BF _a®>  Spappe  a?

Saiac  FA T Sarca €2

Suy ra:

2 LA+ LB+ IC=10

) Tix tich vo huéng dén céc ddng thirc dé dai

Tich v6 hudng cua hai vector dugc dinh nghia v6 cung don gian, 1a dai luong dugc xac dinh
bang tich do dai hai vector véi cos goc tao bdi hai vector dé. Tuy vay tng dung cta tich vo
hudng nhiéy, trong s6 d6 c6 tinh toan do dai cac doan thang, tinh khoang cach cc diém, thiét
lap cac dang thiic hinh hoc hay. Trong muc nay ta chti yéu quan tam dén viéc khai thac tich
v6 hudng két hop véi dinh ly Jacobi dé thiét 1ap dang thitc hodc bat dang thitc hinh hoc. Ta
bat dau b.’?mg vi du sau:

Vi du 1.6. Cho tam giac ABC, trung tuyén AM va dudng phan giac trong AD. Ching minh
rang

1

a) AM? = %(ABZ + AC?) — 1BCZ.
2bc cos é
OAP=



c) V6i K 1a mot diém bat ki thudc doan BC. thi

BC- AK?* = KC-AB*+KB-AC?*—BC-KB-KC

& Loigiai:
a) Ta co:
AM = %zﬁ + %R
Binh phuong hai vé:
2
AM? = 1 (A—é +R)
4
- % (ABMACML@-R)
Loy )y 128 2
Ma: 2 ) )
+cc—a
AB-AC = T
Do do: . .
2_ 1o oy Ll
AM* = 2(b +c) 2
b) Ta co6:
DC DB
BD c .
Vi DC b nén: .
AD = " AB+ - Al
b+c¢ b+c¢
Binh phuong hai ve:
1 2
2
= j 5 (#2AB? + AC? + 2bcAB - AC)
Ma:
AB-AC = AB- AC-cos A = bccos A
Do do:
AD? = CEL (bzc2 + 2b? + 2b%c? cos A)
L AD? 2b%c2(1+cos A)
- (b+c)?
Suy ra:
2bccos§
AD = ————=
b+c



AR = oo AB 452 A

Binh phuong hai vé, ta c6:

1

AK? =
BC2

(KC2 AB? + KB?- AC2 4+ 2KB-KC - AB - R)

Nhan hai vé véi BC?, duoc:
BC?. AK® — KC2- AB? + KB?- AC® +2KB - KC - AB - AC
Ta biét rfing:

2 2 2
ﬁ-R:AB +A2C BC

Thay vao biéu thuc trén, ta dugc:
BC?- AK* = KC?- AB* + KB?- AC* + KB - KC (AB* + AC? — BC?)

Thu gon:
BC- AK?> = KC- AB*>+ KB - AC?> — KB - KC - BC?
]

Pinh li 1.6. (Pinh ly Jacobi - Lagrange) Cho tam giac ABC, céac s6 thuc a, B,y c6 tong khac
0. biém I thoa « - I7§+,BI +- I% = 0 Khi d6 v6i moi diém M ta c6:

a-MA?> +B-MB*+v-MC*= (a+ B+v)MI* +a-IA*> + B - IB* + - IC?

va

w-TA2 4+ B-IB* + - IC* = (aBAB* 4 ByBC? + ayAC?)

a+p+y
Chung minh. Ta c6

o MA? 4+ B MB2 + - MC? = a(MI + TA)? + B(MI + IB)? + (M + IC)?
=(@+p+7)MP+ (a- I7§+ﬁ 1B + - 1C)?
VialA + BIB + 9IC = 0, nén ta c6:
(aIA + BTB + y1C)? =
Khai trién:
02IA? + BAIB? + 21C? + 2aBIA - 1B + 2By 1B - IC + 29alC - TA = 0
Mt khéc
Ao AHIB AR o o IB+ICC-BC o IC 1A - AC?

2 A 2 T T 2
10




Thé vao, ta duoc:
(¢ + B+ 7)(«lA> + BIB* + 7IC?) = aBc® + Bya’ + yab®
Do dé

afc? + Bya® + yab?

alA? + BIB? + yIC? =
T PIBT a+p+y

Tir dinh ly trén ta co dz?mg thuc sau, dugc goi la dinh ly Jacobi-Lagrange:

afc? + Bya® + yab?
a+ B+

aMA? + BMB? + yMC? = (a + B+ ) MI* +

Nhin xét:

Khi ta thay ddi diém I bf?mg cac diém dic biét trong tam gidc ta c6 déng thuc khac nhau. Vi
dunéu I tring véi trong tam G cta tam gidc ABC thia = B = v = 1, v6i moi diém M ta c6

1
MA? + MB? + MC? = 3MG?* + é(a2 +b* +c?)

khi d6 dai lugng MA? + MB? + MC? nho nhét khi M tring G.
Dic biét, khi cho M trung véi tim dudng tron ngoai tiép ctia tam giac thi

1
OA? + OB? + 0OC? :3ocz+§( 2407+ )

(a* + b2+ c2).

O| -

1 )
. Ta tinh dugc OG? = R? — §(a2 + b% 4 %), dan t6i R? >

Béng cach cho cac diém khéc, ta sé nhan dugc nhiéu hé thitc tuong tu. Cac ban xem thém vai
vi du sau.
Vi du 1.7. Cho tam gidc ABC c6 I 1a tam noi tiép va O la tim ngoai tiép. Chiing minh rang
a) a-IA2+b-IB*>+4c-IC? = ab.
b) I0* = R? — 2Rr (Hé thitc Euler). Tir d6 suy ra R > 2r.

& Loi giai:
a) Ap dung Dinh Iy Jacobi-Lagrange cho truong hop I 1a tam noi tiép. Ta c6

a-TA>+b-IB*+c-IC* = LH_;)_H(abCZ + bea® + ach®) = abce

b) Khi M truing véi O 1a tdm ngoai tiép tam gidc ABC. Ta c6
a-0OA? +b-OB>+c-0C*= (a+b+c)OI* + abc

b
SuyraIO? = R2— —°  —R2_ 2Ry,
a+b+c
Tir d6 suy ra R%? —2Rr > 0,dan t6i R > 2r.

|
Vi du 1.8. Cho tam gidc nhon ABC c6 tryc tdim H. M la trung diém canh BC. Pudng tron tam

M ban kinh MH cat BC tai Ay, Ay; cac diém By, By va Cq, C; duoc xac dinh tuong tu. Chung
11



minh réng 6 diém A;, B;, C; v6ii = 1,2 ciing thudc mot duong tron. Xac dinh tdm va tinh ban
kinh duong tron dé theo a, b, ¢, R.
& Loi giai: Taco .
OA}> = OM? + MA; 2 — OB* — BM? + HA?

1 1 1
_ p2_ - 2 - 2 2y ~ .2
= R? = BC*+ S(HB* + HC?) — 1a
=R>— %BCZ + %(HBZ + HC?) — R?

1
= E(HA2 + HB? 4+ HC?) — R?

= 0A? = %(HAZ + HB* + HC?) — R?

1
=5 (12R* — (a* + b* 4+ *)) — R?

1
OA? =5R? — E(a2 + 0%+ )

Chung minh tuong tu cting c6 cho OB?,0C?, do d6 O cach déu 6 diém A;, B;, C;. [ |
Vi du 1.9. Cho tam gidc ABC c6 G, H, I lan lugt 1a trong tdm, trirc tdm va tam noi tiép. Ching
minh rfing

a® + b + 3 +abc

a+b+c
_a3+b3+c3+3abc

3(a+b+c)
P Loigigi: Ap dung dinh ly Jacobi-Lagrange khi I 1a tdm ni tiép tam giac.

a) IH?> = 4R?> —

b) IG* = %(ﬁ +1? + )

a) Khi M la truc tam H cta tam gidc, ta ¢
a-HA?> +b-HB*4c-HC?> = (a+b+c)HI* 4 abc

abc

S HI?= ———(a-HA*>+b-HB?>4c¢-HC?) — ————. 1
uy ra a+b+c(a + +c ) P (1)
Mit khac HA? = 40M? = 4R® — a?, tuong tu thi HB> = 4R? — b?, HC? = 4R*> — (2.
Khidéa- HA?> +b-HB? +c- HC> =4R*(a+b+c) —a® — b — %, 2)
3 3 3
Tir (1) va (2) ta c6: [H? — 42 — & F 0+ +abe
a+b+c

b) Khi M trung vdi trong tam G cda tam gidc, ta c6
a-GA>+b-GB*+c-GB*>= (a+b+c)GI* 4 abc

Suy ra
abc

.GA*>+b-GB? .GC?y - "~
(a-GA*+0b-GB” +c-GC?) o

GR— -
a+b+c

12



4a 1 1 2 1
oWy ) — Eaz) = Z(ab® + ac®) — ~a°.

5 (5! 9 9

Tuong tu ta cing c6 b - GB? = %(baZ +bc?) — %b3,c -GC? =
a3 + b + ¢3 + 3abc

~ 3(a+b+c)

Tacoa-GA? =

(ca® + cb®) — %C?’.

O N

2
Tir d6 ta c6: IG* = §(u2 + b+ c?)
|

Vi du 1.10. Cho tam giac ABC.GoiO,I,G, H lan luot 1a tam duong tron ngoai tiép, nodi tiép,
trong tdm va truc tdm cda tam giac. Chitng minh rang

oI > 0G >

& Loigiai:

1
e Theo vi du trén thi ta c6 OI> = R?> — _f:lc va OG22 = R? — §(012 42+ Cz), Khi dé
OI > OG tuong duong
abc 1,5 5 . o ) ,
i So@ U HE) & (atbto)(a+ b+ ) = 9abe
Dung theo AM-GM.
o Xét
410G — [H? — @+ b+ fabe  4(a® + 02+

a+b+c 9
Ta can chitng minh:
@4+ fabe 4(a® 47+ 2) -0
a+b+c 9 -

That vay, bat dang thic trén tuong duong véi
5(a® 4+ b + ¢3) 4+ 9abc > 4ab(a + b) + 4bc(b + ¢) + 4ca(c + a)
Diéu nay dung vi theo BDT Schur
a® +b° + ¢ + 3abc > ab(a + b) + be(b +¢) + ca(c +a)
va
a® +b% + ¢ > 3abe
n

Dé két thuc bai viét, ching ta ciing di chitng minh lai Dinh ly Feuerbach, mét dinh ly dugc
xem la dep nhat ctia hinh hoc phang so cap, va 1an nay ta st dung céc ki thuat tinh todn do
dai nhu da lam & cac vi du trén.
Pinh li 1.7. Ching minh rang trong mét tam giac thi dudng tron ndi tiép va duong tron
Euler tiép xtic nhau.

Chitng minh. Nhac lai, duong tron Euler 1a dudng tron qua trung diém cac canh va chan céc
duong cao, duong tron Euler c6 ban kinh bang ntra ban kinh dudng tron ngoai tiép va tam la
trung diém doan théng ndi truc tim véi tam duong tron ngoai tiép tam giac.

13



Xét tam giac ABC, goi H, O, I lan lugt la truc tim, tim ngoai tiép va ndi tiép tam gidc ABC, N
la tam duong tron Euler va N 1a trung diém OH. Dé chitng minh (I) va (N) tiép xuc, ta can
ching minh IN = %R — 1, trong do R, r 1an luot 1a ban kinh duong tron ngoai tiép, noi tiép
tam giac ABC.

Ta di tinh d6 dai doan IN, nhu cach da lam nhu cac bai toan trén.
Tac6a-NA*+b-NB*+c-NC?

= (a+b+c)NI>+ m(abAB2 +acAC? 4 beBC?)
= (a4 b+ c)IN? + abc.
Vi N 1a trung diém OH nén ta c6
AN? = 2am 4 toa2 - 101112(1)
2 2 4

Ma AH = 20M nén AH? = 40M? = 4(OC* — MC?) = 4R?* — a*(2)

OH = OA + OB +OC,

suy ra
OH2 — OA? + OB® + OC? + 20A - OB + 204 - OC + 208 - OC

=3R*+ (OA% + OB? — AB?) + (OA%? + OC? — AC?) + (OB* + OC? — BC?)

=9R?> — (a* + b* +*)(3)
Tix (1), (2), (3) ta c6:

1 1 1 1
NA? = E(4R2 —a%) + ER2 - Zl(9R2 — (@ + 1V +P2) = 1(R2 —a® + b+ ?)

Tuong tu cho NB?, NC?, tir d6 ta c6:

a-NA?+b-NB*+c-NC?

= i ((“+b+c)R2+ﬂ(b2+C2)—I—b(uz—l—cz) +C(g2+b2) —a3—b3—c3)

Khic‘té:1 ) b
2olpey L @)@+ ) (@) - B - ) - T
IN _4R +4(a+b—|—c) (a(b”>+c*) +b(a® + ) +c(a*+b°) —a® — b° — ) P
Ma:
a(b? + 2) + b(a® + &) + c(a® + 1) —a® — b* —
16s2

_(a-l—b—c)(b-l-c—a)(c-l—a—b)+2abc_m.q_g]zs

2,2 2

pr l6pr

2p + 8Rrp 5 + 8Rrp
Suy ra

Latb+o) (a®+c*) +b(a*+c")+e(a +b") —a’ —b° —c’) =r"+Rr
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Két hop cac két qua trén ta co

1 R\
IN? = JR* 47" = Rr = <—r> :
R . X g
Suy ra IN = 50 do d6 (I) va (N) tiép xtc trong.
Nhin xét:
Ldi giai trén da két hgp nhiéu budc tinh toan phuc tap da dugc thé hién & cac vi du trén.
Tuy phtic tap nhung nhin chung 16i gii rat ty nhién, cac bude di rd rang, viéc tinh toan chi
la viéc kiém tra lai tinh diing dan ma thoi.
Téi day xin két thuc bai viét, hi vong cac em c6 thém mot bai hoc thu vi, tu minh c6 thé kham
pha thém nhiéu dang thitc va bat dang thic méi.
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§2. PHUONG PHAP MOVING POINTS
NGUYEN ANH KHOA - Pai hoc sut pham Thanh phé Ho Chi Minh

Dbé tim hiéu phuong phap Moving Points mét cach hiéu qua, ban doc can trang bi trudce cac
kién thiic vé ty s6 kép trén duong thang, ty sb kép trén duong tron va ty s kép ctia chiim
duong thang. Ngoai ra, cac phép bién hinh can ban nhu phép doi hinh, phép dong dang va
phép nghich dao cting rat can thiét.

Ly thuyét

o Anh xa xa anh

Dau tién, ta sé tim hiéu vé khai niém anh xa xa anh. Ky hiéu F la tap hgp cac dbi tuong ma
trén d6 ty sb kép dugc dinh nghia. O bai viét nay, ta quan tim dén nhing phan t cta F la
duong théng, duong tron va chum duong théng.

Pinh nghia 2.1. V6i C;, C; € F. Motanh xa f: C; — C, dugc goi la mot dnh xa xa dnh néu né
bao toan ty s6 kép. Nghia 1a, néu A, B,C, D € C; thi

(A4,B,C,D) = (f(A), f(B), f(C), f(D)).
Tir dinh nghia, ta c6 thé chiing minh tinh chét sau.
Tinh chét 2.1. Anh xa xa anh 1a song anh.
Dinh 1i 2.1. Hop ctia hai 4nh xa xa anh la mét 4nh xa xa anh. Nghia 13, néu f va ¢ déu la &nh
xa xa anh thi f o ¢ ciing la anh xa xa anh.
P Chitng minh: Gid st ¢: C; — C va f: C; — Cs 1a hai 4nh xa xa anh. Xét cac diém

A,B,C,D € C;. Viglaanh xa xa anh nén

(A4,B,C,D) = ((A),8(B),8(C),8(D)).

Vi f 1a anh xa xa anh nén

hay

(8(A),8(B),&(C),g(D)) = (fo8(A),fog(B), fog(C),fog(D)).
Vay (A,B,C,D) = (fog(A),fog(B),fog(C),fog(D)),suyra foglaanhxaxaanh. N
Tiép theo ta tim hiéu mot s6 anh xa xa anh hay gap.
Tinh chit 2.2. Cho mot dudng thang c6 dinh va mot diém X khong ndm trén duong thang
d6, anh xa bién méi diém P trén duong thang thanh duong thang X P, hodc ngugc lai, la mot
anh xa xa anh.
Tinh chdt 2.3. Cho mot duong tron cb dinh va mot diém X nam trén duong tron do, anh xa
bién moi diém P trén duong théng thanh duong théng XP, hoac nguoc lai, la mét anh xa xa
anh.
Tir hai tinh chét trén, két hgp v6i Dinh 1y 1.1 ta dugc tinh chét sau.
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Tinh chit 2.4. Cho mot duong tron C ¢ dinh, mot diém X nam trén duong tron dé va moét
duong thang I c6 dinh khéng di qua X. Anh xa bién méi diém P trén duong thang I thanh
diém P’ (P’ 1a giao diém ctia duong thang XP va I), hodc ngugc lai, 1a mot anh xa xa anh.

Hon nta ta cing c6 tinh chét lién quan dén cac phép bién hinh.
Tinh chdt 2.5. Cac phép bién hinh nhu phép doi hinh, phép dong dang va phép nghich dao
la cac anh xa xa anh.

Tir phép nghich déo, ta c6 tinh chat sau.

Tinh chdt 2.6. Cho mot duong tron C ¢ dinh va mot diém X khong nam trén dudng tron do.
Anh xa bién mbi diém P trén dudng tron C thanh diém P’ (P’ 1a giao diém ctia duong thang
XP va C) la mot anh xa xa anh.

Ngoai ra, phép chiéu song song ciing la 4nh xa xa anh.
Tinh chét 2.7. Cho hai duong thang [ va I’ khong tring nhau. Trén [ 1dy cac diém A, B,C, D va
trén I’ 14y cac diém A’, B',C’, D' sao cho AA’||BB'||CC’|DD’.Khidé (AB,CD) = (A’B/,C'D’).

e Phuong phap Moving Points

Pinh1i2.2. Cho f: C; = C;va g: C; — C; la hai dnh xa xa anh. Khi d6, f = ¢ khi va chi
khi f = ¢ tai ba diém phan biét trén C;.

P Chitng minh: Chiéu thuan 1a hién nhién. D€ chiing minh chiéu déo, ta chon ba diém phan
biét A1, Ay, Az trén C; sao cho f(A;) = ¢(A;) = B; v6i moi i = 1,2,3. Khi d6, vé6i bat ky
D € C; \ {A1, A, A3} ton tai duy nhat mot diém X trén C; sao cho

(B1,By, B3, X) = (A1, Az, A3, D).

Do d6 X = f(D) = g(D), diéu phai chirng minh. [ |
Tix dinh ly trén, ta c6 thé chitng minh mot bai toan bf“ing phuong phap Moving Points vdi cac
budc thuc hién nhu sau:

a) Xac dinh hai 4nh xa xa anh f va g tuong ting bién diém P trén mot duong thfmg hoac
duong tron thanh diém Q va Q'. Hai énh xa nay phai tuong ting vdi hai cach dung khac
nhau: mét cach dugc cho trong dé bai va mot cach theo diéu can ching minh.

b) Tim ba vi tri ctia P sao cho Q va Q' tring nhau.

c) Trinh bay 13i gidi: ching minh cac két qua & budc 2, sau d6 chiing minh Q' = Q bang bién
déi ty s6 kép.

Luu y:

* Ta phai chon diém chuyén dong P cho pht hop, c6 mot s6 bai toan khong cho diém
chuyén dong, trong khi mot s bai toan thi viéc chon diém chuyén dong khac voi
diém da cho sé dé thuc hién hon.

e Anh xa f va g thuong 1a hgp ctia nhiéu 4nh xa xa dnh quen thuoc.

* Thong thuong c6 hai vi tri ctia diém P ma dé dang chitng minh hodc 1a chitng minh
tuong tu nhau (c6 yéu t6 déi xing).
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9 Diém vo cung

Trong phuong phap Moving Points, doi luc ta s€ gap kho khan trong viéc chitng minh cac
két qua & budic 2. Khi d6, ngudi ta thém cac dbi tugng diém vé ciing ciia duong thing vao mat
phéng, tao thanh mat phéng xa anh dé khac phuc kho khan trén. Ta chon P la diém vo cung
va thong thuong truong hop nay sé dé chiing minh. Trong mat phang xa anh, cho I 1a mot
duong thang, moi dudng thang I’ song song véi I sé cat ! tai diém vé cting ctia [, ky hiéu la
00;. Ta ¢6 ooy = ooy, do d6 diém v cung duge xac dinh bsi phuong ctia duong thang. Tat ca
cac diém vé cting nam trén dudng thang vé cling.

Khi d6 hai duong thezmg phén biét trong mat phﬁmg xa anh cat nhau tai mot diém duy nhat.
Ngugc lai, ton tai duy nhat mot duong thang di qua hai diém phan biét trong mat phang xa
anh. Vi du, cho duong thang  va diém S ndm ngoai [, duong thang di qua S va oo; la duong
thang qua S song song Vi .

Tir d6 ta c6 thé tinh ty s6 kép ctia hang diém c6 diém vo cting. Gi st ta mudn tinh (A, B, C, D),
trong d6 A, B,C € I va D = o0;. Bang céc tinh todn qua ty s6 kép ctia chum (SA, SB, SC,SD)

ta duoc
AC
A,B,C,D) = — = (AB,C).
(A,B,C,D) = . = (4B,C)
Mot y tudng khdc la khi D = coj, hai khoang cach vo cung 16n BD va CD sé triét tiéu nhau,
do d6 ta bo cac khoang cach c6 chira D khéi biéu thiic.

B vidu

Vi du 2.1 (Sebia MO 2018). Cho tam giac khong can ABC, (I) 1a duong tron noi tiép tam
giac. D la tiép diém ctia (I) va BC. E, F theo thtt tu thudc cac doan thang BI, CI sao cho
2/EAF = /BAC. Chiing minh rang ZEDF = 90°.

A

eV

Buoc 1. Cho E Chuyén dong trén BI. Xét anh xa
f:BI = CI
E— AE— AF — F.

ZBA
Ta c6 f la anh xa xa anh do AE — AF 1a phép quay tam A goc
LAy F’1a diém thuoc CI sao cho ZEDF' = 90°.
Xét anh xa
g:BI — CI
E— DE+ DF' — F.

c khong doi.
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Ta cling ¢6 g 1a 4nh xa xa anh do DE +— DF' 1a phép quay tam D géc 90°.

Budc 2. Ta sé xét 3 vi tri ciia diém E ma anh cta E qua f va g tring nhau.
e E =1.Khid6 f va g déu bién E thanh C;
e £ = B.Khid6 f va g déu bién E thanh I;
e E = X la tdm dudng tron ndi tiép ctia tam gidc ADB. Khi d6 goi Y 1a tdm dudng tron ndi
ZBAC ) iz
va ZXDY = 90°. Vi the f va g deu bien E

tiép ctia tam giac ADC thi ta c6 /XAY =
thanh Y.
Ta c6 thé trinh bay 15i gidi bang cach bién déi ty s6 kép nhu sau.
P Loigidi: Goi X va Y la tam noi tiép tam giac ABD va ACD. Lay F’ la diém thudc CI sao

cho ZEDF' = 90°.
/ZBDI+ ZIDC

Khi d6 Z/XDY = /XDI+ ZIDY = > =90°
va ZXAY = ZXAL+ 214y = ZBA] : 2IAC _ 4BzAC.
Ta co:
(BE,XI) = A(BE, XI)
= A(IF,YC) (phép quay tam A goc ZBZAC)
= (IF, YC).
Mat khac:

(BE, XI) = D(BE, XI)
= D(IF,YC)  (phép quay tam D géc 90°)
— (IF,YC).

Do d6 (IF,YC) = (IF/,YC),suyra F' = F.

Vay ZEDF = ZEDF' = 90°. |
Vi du 2.2. Cho AB la mot day cung ctia dudng tron tam O. Duong thang I di qua O va cat
cung AB tai diém P. C 1a diém déi xting ctia B qua dudng thang . Chtiing minh rdng cac diém
A, C, 0O, P cung thuoc mot duong tron.
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Buéc 1. C6 dinh diém A va duong thang I, cho diém B chuyén dong trén (O). Cho dudng tron
ngoai tiép tam gidc AOC cét lai duong thang I tai P/, goi tim ctia duong tron la I. Lay M la
hinh chiéu vudng goc ctia I trén I. Ta c6 I thudc trung truc AO cb dinh va M la trung diém
OP’. Xét anh xa

f:(0) =1

B—C+—AC— Ol I+ M~ P.

Trong d6 B — C la phép dbi xing qua [; chum AC va OI tuong ting vudng goc nén AC +— Ol
bao toan ty s6 kép; I — M la phép chiéu song song theo phuong OI (phuong khong d6i) tir
trung truc AO t6i [ bién I thanh M ciing 1a anh xa xa anh; M — P’ 1a phép vi tu tam O, ty s6
2. Vay f la anh xa xa anh.

Mat khac, xét anh xa

g: (0) =1

B+ AB > P.

Ta cting c6 g la dnh xa xa anh.

Burdc 2. Ta sé xét 3 vi tri ctia diém B ma anh ctia B qua f va g tring nhau. Cho I cat (O) tai hai

diém U va V.

e B = U.Khido6 céc diém P,C, B, P’ tring nhau tai U;

e B = V.Khid6 cac diém P, C, B, P’ tring nhau tai V;

* B = By la diém dbi xtiing ctia A qua O. Khi d6 P = O. Mat khac C = Gy la diém ddi xing
cta By qua [ va duong tron ngoai tiép tam giac AOCy tiép xtc [ tai O, dan dén P’ = O. Vay
f va g déu bién B thanh O.

Dé trinh bay 16i giai bang bién déi ty sb kép, ta phai goi thém cac diém I va M trong cac

truong hop ddc biét trén.

P Loigidi: Goi By la diém dbi xiing ctia A qua O; Cy 1a diém débi xing cta By qua l; I, Ip, I
va I, twong tng la tim dudng tron ngoai tiép tam giac AOC, AOCy, AOU va AOV; M, M; va
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M tuong tng la hinh chiéu vuéng goc cta I, I; va I trén I.

Tacé I, Ip, I, I cing thudc trung truc AO va M, My, M, tuong ting la trung diém OP’, OU, OV.
Hon nita, ACo||! (cing vudng géc ByCp), suy ra ZCoOV = LOCyA = LOAC,. Dan dén
(AOCy) tiép xtic I tai O, vi thé Oly vudng goc véi [ tai O.

Ta co:
(BV,UBy) = (CV,UCy) (phép déi xiing qua duong thang 1)
= A(CV,UGCy)
= O(IL, 1 1) (AC L OI,AV 1 AL, AU L OL,ACy L Aly)
1D, I1 1)

= EMMZ, M;0) (phép chiéu song song theo phuong OI tir trung tryuc AO tdi 1)
= (P'V,UO)  (phép vitu tdm O, ty s6 2).
Cho duong tron ngoai tiép tam gidc AOC cat lai duong thang [ tai P’, ta c6:
(BV,UBy) = A(BV,UBy) = (PV,UO).

Do d6 (P'V,UO) = (PV,UO),suy ra P’ = P.

Vay A, O, C, P cung thudc mot duong tron. n
Nhin xét:
Dé y rang ZIAP' = 90° — ZAOU khong déi va % cting khong d6i. Ta c6 thé xét phép vi
ty quay tdm A bién I thanh P’, day ciing la mot anh xa xa anh.

Ngoai ra ta con mot cach khac dé giai quyét khac cho bai toan la sit dung phép nghich dao.
Cu thé, c6 dinh diém B va cho diém A chuyén dong trén (O). Khi d6 diém C cb dinh. Lay
P’ € lsaocho A,C,P,0O cung thudéc moét duong tron. Xét ¢ 1a mot phép nghich dao tam
C, phuong tich tuy y. Khi d6 qua phép nghich déo ¢, diém O bién thanh diém O, co dinh,
diém P’ bién thanh diém P, thudc dudng tron ¢(I) c6 dinh va diém A bién thanh diém A,
thuoc duong thang ¢((0)) cb dinh. Hon nita, do A, C, P/, O ciing thudc mot dudng tron nén
Ay, Op, P(;, thang hang.




Xét anh xa

f:(0) =1

Taco A +— Apva P(;, s P’ 1a phép nghich dao ¢ nén béo toan ty s6 kép. Do d6 f la anh xa xa
anh.

Mat khac, xét anh xa

g: (0) =1

A~ BA— P.

Ta cing c6 g la dnh xa xa anh.

Viéc xét 3 truong hop dat biét lam tuong tu 1oi giai trén.

Nhin xét:

Dé y rang, gia stt AC cat I tai Q, ta c6 OP’ - OQ = OC?, nghia la Q va P’ 1a anh ctia nhau
qua phép nghich dao tam O, phuong tich OC?. Xét anh xa

t: (0) =1

A CA— Qs P.

Ta cing c6 ¢ la 4nh xa xa anh.

Vi du 2.3. Cho tam giac ABC khong can tai A. Cac diém M, N theo thit tu thudc cac canh
AB, AC sao cho BM = CN. S 1a giao diém thit hai ciia dudng tron ngoai tiép tam gidc AMN
va ABC. Chtiing minh rang duong thang qua M vuodng goc véi BN cat AS tai E. Puong thang
qua N vudng géc véi CM cat AS tai F. Chiing minh rang SE = SF.

Ta c6 dinh tam giac AMN va cho B, C tuong ting chuyén dong trén AM va AN sao cho B, C
cting phia bd MN va BM = CN. Theo tinh chat quen thudc, cé S la diém chinh gitra cung
MAN, suy ra AS la duong phan giac cila ZMAN c6 dinh. Hon nita, ASMB ~ ASNC.

Budc 1. Goi F' 1a diém déi xiing ctia E qua S. Xét anh xa
f: AM — AS
B+— C+— MC+— NF — F.
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Trong d6 B +— C la phép vi tu quay tdm S bién B thanh C; chum MC va NF tuong ting vuong
géc nén MC +— NF bao toan ty s6 kép. Vay f 1a anh xa xa anh.

Mat khac, xét anh xa

g:AM — AS

B+~ NB+— ME — E s F'.

Ta cting c6 g la anh xa xa anh.

Budc 2. Ta sé xét 3 vi tri ctia diém B ma anh ctia B qua f va g trung nhau. Ldy U € AM va

V € AN thoaman NU L MSva MV L NS.

* B= M.Khid6C = N vaE,Flacic diém trén AS sao cho ME, MF cting vudng géc BC.
Dan dén F' = F;

e B = ooz Khi dé C = ooy va NB thanh duong thang qua N song song AM, MC thanh
duong thang qua M song song AN. Vi thé E, F 1a cac diém thudc AS sao cho ME | AM va
NF L AN. Dé dang chitng minh F' = F;

e B = U. Ta chiing minh rang C = V. Khi d6 E = F = S. Vi thé f va ¢ déu bién B thanh S.

Tuy c6 stt dung diém vo ciing trong lic xét truong hop dac biét nhung khi trinh bay ta van c6

thé "né" diém vo cting bang cach bién déi thong qua ty s6 don.

P Loigidgi: Do BM = CN nén S la diém chinh gitta cung MAN (tinh cht quen thudc), suy
ra AS la dudong phan gic cia ZMAN cb dinh.

Duong théng qua M vudng goc MN va duong théng qua N vuong goc MN tuong ung cat
AS tai El va Fl-
Do S thudc trung truc caa MN nén SE; = SF;.

Duong thang qua M vudng géc AM va dudng thang qua N vudng géc AB tuong ting cat AC
tai Ep va b.

Suy ra ME, cat NF, tai A’ théa AA’ 1a dudng kinh ctia dudng tron ngoai tiép tam giac AMN.
C6 A’S vira la dudng cao, vira 1a phan giac trong tam giac A'EoF.

Dén dén S la trung diém E,F,.

Lay U € ABvaV € AC théa NU L MSva MV L NS.

Khi d6 MV cat NU tai H 1a tryc tdm ctia tam gidc SMN.

Cé6 /ZMUN =90° — ZAMS = LASH.

Suy ra AUHS noi tiép. Tuong tu ASVH noi tiép.

Lai c6 ZUHV = 180° — ZMSN = 180° — ZMAN, suy ra AUHV noi tiép.
Vay A,S,V, U, H déng vién

Suy ra MU = NV

Ta co:

(BU,M) = (CV,N)  (MB=NC,MU = NV)

= (MC, MV, MN, Mx) (Mx la duong thang qua M song song AC)

= (NF,NS,NF,,NE)  (MC L NF,MV L NS,MN L Ni,Mx L NE)
= (FS, RiFy).
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Goi F’ 1a diém ddi xtiing cta E qua S, ta c6:
(BU,M) = (NB,NU,NM, Ny) (Ny la dudng thang qua N song song AB)
= (ME,MS,ME;, ME;)  (NB L ME,NU L MS,NM L ME;, Ny L ME,)
— (ES, E1E2)
= (F'S,FR)  (phép dbi xtiing tdm S).

Do d6 (FS,FE) = (F'S,F,F,),suyra F' = F.

Vay SE = SF. [
Vi du 2.4. Cho tam giac ABC noéi tiép duong tron w, AD, BE, CF la cac duong cao. X, Y, Z
tuong ung thudc EF, DF, DE sao cho DX, EY,FZ d6i mét song song. Chiing minh rfmg
AX,BY,CZ déng quy trén dudng tron ngoai tiép tam giac ABC.

A
E
X
K
F
H
D
B c
H/
Y
z E,

Cho AX cat lai dudng tron w tai S. Ta sé chiing minh B, S, Y thang hang bang phuong phap
Moving Points. Bang cach tuong tu ta ciing sé ¢6 C, S, Z thang hang. Cho diém X chuyén
dong trén EF. Cho BY cat lai duong tron w tai §'.

Budc 1. Xét anh xa

fEF - w

X AX +— 6.

Ta c6 f la dnh xa xa anh.

Xét anh xa

g EF - w

X+ DX — EY — Y+ BY — §'.

Do chum DX va EY tuong ting song song nén ty sd kép ctia hai chirm bang nhau, vi thé ¢
cling la anh xa xa anh.
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Budc 2. Ta sé xét 3 vi tri ciia diém X ma anh ctia X qua f va g tring nhau.

e X=E.KhidéY=D,dindén S=5 =C.

e X=F.KhiddY = oopr,dandén S = S’ = B.

e X = K la giao diém ctia AD va EF. Bién déi goc thi ta dugc Y = E’ la diém ddi xing cia
E qua BC. Goi H la tryc tdm tam gidc ABC va H' 1a diém déi xtng cuia H qua BC. Ta ¢6
B,Y,H' thang hang. Dod6, S =S = H'.

Bang nhitng phan tich trén, ban doc hoan toan c6 thé trinh bay 16i giai bang bién déi ty s6 kép

nhu da thuc hién 6 Vidu 1.1, 1.2, 1.3.

& Loi giai: Danh cho ban doc. |
Vi du 2.5. Cho tam gidc ABC va hai diém P va Q lién hop dang giac. D, E, F tuong tng la
giao diém ctia AP, BP, CP v6i BC,CA, AB. O 1a tim dudng tron ngoai tiép tam giac ABC. X
1a giao diém duong thang qua A vudng géc EF va OD. Chiing minh rang QX L BC.

Xo

C6 dinh diém D, cho P chuyén dong trén AD. Khi d6, Q thudc duong dang giac cia AD
trong goc ZBAC cb dinh. Cho EF cat BCtai S, tac6 (SD,BC) = —1, suy ra S cb dinh.

Budc 1. Xét anh xa
f: AD — OD
P+ BP +— E+ SE+— AX — X.
Do chum SE va chum AX tuong ing vuong goc nén hai chim c6 ty sb kép bang nhau, vi thé
f la anh xa xa anh.
Lay X’ thudc OD sao cho QX' | BC. Xét anh xa
g: AD — OD
P+ BP+ BQ+— Q+— X
Vi P va Q lién hgp dang gidc nén BP + BQ la phép déi xiing qua phan giac trong géc ZABC,
do d6 BP + BQ bao toan ty s6 kép. Hon nitra, Q +— X’ la phép chiéu song song, phuong
vuong goc v6i BC 1a anh xa xa anh. Vi thé g cling la anh xa xa anh.
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Budc 2. Ta sé xét 3 vi tri ctia diém P ma anh cta P qua f va g trung nhau.

e P=D.Khid6 Q= AvaE =C,dodé X = X la giao diém ctia OD va dudng thang qua
A vuédng géc BC. Tat nhién QX L BC.

e P =Py, véi P la giao diém ctia AD va BE;, E; la giao diém ctia AC va duong thang qua S
vudng goc AO. Khi d6 X = O. Mt khac, bé“mg bién d6i goc, ta dugc Q = Q; thod man tam
gidc BQ1C can tai Q1. Do d6 QX = Q;0 va vudng goc voi BC.

e P = A.Khidé Q = T la diém thuoc BC sao cho AT va AD dang giéc trong géc /BAC.
Mat khac E = F = A, suy ra X = Y 1a di€ém thudc OD sao cho AY L AS. Ta ching minh
TY 1 BC.

Cho OD cat lai duong tron ngoai tiép tam giac OBC tai Z, H 1a hinh chiéu vudng goc
cta A trén BC. Ta ¢6 ZO la phan giac trong goc Z/BZC va Z(DS,BC) = (DS,BC) =1,
suy ra SZ | ZO tai Z. Do d6 ASZY ndi tiép dudng tron dudng kinh SY. Mat khac, c6
SD.SZ = OB?> = 0OA?, dan dén AOAD ~ AOZA. Suy ra Z/OZA = ZOAD. Do AH va
AO ciing lién hgp dang gidc trong goc ZBAC, ta dugc ZHAT = ZOAD. Bién déi géc

ZATS =90° — ZHAT = 90° — LOZA = LAZS.
Do d6 ATZS la ti giac ndi tiép. Vay AYTS la t giac noi tiép duong tron dudng kinh SY.
Suy ra ZATS = 90° hay TY L BC, diéu phai ching minh.
& Loi giai: Danh cho ban doc. [ |
Dé két thuic phan vi dy, ta sé giai quyét mot bai toan quen thudc nhung bang phuong phap
Moving Points.

Vi du 2.6. Cho tam gidc ABC va hai diém P, Q sao cho AP va AQ déng giac trong goc BAC.
Gia st BP cat CQ tai X, BQ cat CP tai Y. Chitng minh rang AX va AY dang giac trong goc
BAC.
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C6 dinh diém P. Goi d la duong dang giac ctia AP trong géc ZBAC, khi d6 d ¢6 dinh. Cho Q
chuyén dong trén d. Goi X' 1a giao diém ctia BP va duong dang gidc ctia AY trong goc ZBAC.

Bugc 1. Xét anh xa

f:d— BP

Q+— BQ— Y+ AY — AX' +— X'. Ta c6 f la 4nh xa tuyén tinh do AY — AX' 1a phép dbi
xung qua duong phan giac trong ctia goc ZBAC.

Mat khac, xét anh xa

g:d — BP

Q—CQ—X.

Ta cting c6 g la dnh xa xa anh.

Budc 2. Ta sé xét 3 vi tri cta diém Q ma anh ctia Q qua f va g trung nhau. Gia st d cat
BP,CP,BC tuong ung tai U, V, T.
e Q=U.KhidsY=PvaxX=X =U;
e Q=V.KhiddY=Vvax=X =P;
e Q=T.KhidéY=CvaX=X =B.

& Loi giai: Danh cho ban doc. [ |
Bdi t@p tu luyén
Bai tap 2.1. Ching minh cac tinh chat & phan ly thuyét.
Bai tap 2.2 (IMO 2010). Gia st I 1a tam dudng tron ndi tiép ctia tam gidc ABC va gid st T la
duong tron ngoai tiép ctia né. Gia stt duong thang Al lai cat T tai D. Gia st E la mot diém
trén cung BDC va F 1a mot diém trén canh BC sao cho

ZBAF = ZCAE < %ABAC.

Gid st G 1a trung diém ctia doan IF. Chiing minh rang cac duong thang DG va EI cat nhau
tai mot diém trén I
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Bai tap 2.3. Cho tam gidc ABC c6 P trén phan giac goc BAC. Ha PX, PY, PZ vudng gbc
BC,CA, AB. Ha XH vuong ZY. M la trung diém cung BC chua A. Chung minh MP, AH, BC
dong quy.

Bai tap 2.4. Cho tam giac ABC va hai duong thang cit nhau x va y cting nam trong mot mat
phéng. Diém D di dong trén canh BC. Puodng thang qua D song song véi x cat CA tai E;
duong thang qua D song song véi y cat AB tai F. Chiing minh rang dudng tron ngoai tiép
tam giac AEF luon di qua diém c6 dinh.

Bai tap 2.5. Cho tam gidc ABC va hai diém E, F di chuyén trén canh CA, AB sao cho CE = BF.
Ching minh rang duong thang Euler ctia tam gidc AEF ludén di qua mot diém c6 dinh.

Bai tap 2.6 (Serbia TST 2019). Cho tam giac ABC (AC # BC) va D la diém bén trong tam

giac ABC sao cho
ZACB

2
Tiép tuyén tai C ctia dudng tron ngoai tiép tam gidac ABC cat AB tai P. Tiép tuyén tai C cta
dudng tron ngoai tiép tam giac ADC cat AD tai Q. Ching minh rang PQ la tia phan giac ctia
ZBPC.
Bai tap 2.7. Cho hinh thang ABCD ngoai tiép (I). M, N, P, Q tuwong ting la tiép diém cta (I)
v6i AB,BC,CD,DA. S 1a mot diém tuy y thuoc (I). MS cat NQ tai K. Puong thang qua B
song song vdi NS cat QN tai F. Ching minh rang (AQF), (I), PK ciing di qua mot diém.
Bai tap 2.8 (2015 USA TST P6). Cho tam gidc ABC khac tam giac déu. Cac diém M,, M, M,
la trung diém ctia cic canh BC,CA, AB. Goi S la diém thudc duong thang Euler. Goi X, Y, Z
1a giao ctia SM,;, SM,,, SM, v6i dudng tron Euler. Chiing minh rang AX, BY, CZ ddng quy.

ZADB =90° +

Bai tap 2.9. Cho tam gidc ABC noi tiép duong tron (O), AD, BE,CF la cac duong cao.
M, N thuoc (O) sao cho /ZMAB = /NAC. Goi I,] lan lugt 1a tdm cta cac duong tron
(NEC), (MBF). Chting minh rang BI, CJ,OD dong quy.

Bai tap 2.10. Cho tam gidc ABC noi tiép (O). Diém I bat ki. BI,CI cat AC, AB tai E, F. (AEF)

cat lai (O) tai K. AI cat lai (O) tai S. Chitng minh rang (KIS) truc giao dudng tron duong

kinh BC.

Bai tap 2.11 (Trai nghiém VMO 2024 - Vong 2).

Cho tam gidc nhon ABC noi tiép dudng tron (O). Gia st P 1a diém nam trong tam gidc ABC

va di chuyén trén mot duong thang ¢ ¢6 dinh di qua A. Cho £ cat lai (O) tai D. Q la diém lién

hop dang gidc cta P trong tam gidc ABC.

a) DQ cat BC tai G. Ching minh rang PG song song véi AQ.

b) Ly diém K c6 dinh sao cho DK L BC. Goi R 1a hinh chiéu vuéng géc ctia Q 1én BC.
Ching minh rang duong thang qua R, vuong géc PK luén di qua mot diém cb dinh.

Bai tap 2.12 (Viét Nam TST 2023). Cho tam gidc ABC nhon khong can ndi tiép duong tron
(O). Céc dudng cao BE, CF ctia tam gidc ABC thi cat nhau & truc tim H va M 1a trung diém
AH. Goi K 1a hinh chiéu ctia H 1én EF. Puong thang khong di qua A va song song véi BC
cat cung nhd AB, AC lan lugt tai cac diém P, Q. Ching minh rang tiép tuyén tai E cia duong
tron ngoai tiép tam gidc CQE va tiép tuyén tai F ciia dudng tron ngoai tiép tam giac PBF thi
cat nhau trén MK.
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$3.MOT SO BAI TOAN TAP HOP SO
VO HOANG THANH - Giso vién STAR EDUCATION

Trong ndi dung bai viét nay ta xét cac tap hop sO va mot s6 van dé lién quan. Cu thé, cho trudc
mot tap A, xét mot tap con B théa man tinh chét P; tir day ta c6 mot sb van dé lién quan dén
"mo ta" tdp B (nhu vé luc lugng, vé dic diém cac phan tir hodc tham chi la xac dinh chinh xéac
tap B). Cac "quan hé" 1a cac phép toan sb hoc co ban (gitta cac phan tir trong tap hop) hodc ¢6
thé 1a phép toan tap hop (gitra cac tap hop con), khai thac cac "quan hé" nay sé gitip ta co cac
thong tin vé tap B.

Mot sé vi du

Vi du 3.1 (APMO 2004). Xac dinh tat ca cac tap hitu han S khéc réng gom nhitng s6 nguyén
it
7)

P Loi gidi: Gia st ton tai tp S thoa dé. Véi x € Sbatki, taco2 =

duong sao cho € Svéimoii,j € S.
X+ x

oo €5

Gia st S chita mot s6 16, goi a 1a s6 1€ 16n nhat thuoc S. Khi dé:

a—+2 a—+2
pr— pr— 2
w2~ 1 7

1a 56 1é thudc S, mau thuan do a 1é 16n nhat. Néu S \ {2} # @, dat b = min(S \ {2}), khi nay

b chan va
br2 b2

(b;2) 2

thudc S. Tuy nhién, b—;—?_ < b, diéunay la vo ly.
Vay tap duy nhat thda déla S = {2}. |

Nhin xét:

Vi du nay cho thdy néu ta biét dugc cdc phan ti trong tap c6 mébi lién hé gi d6 thi c6 thé
xéac dinh cy thé tap S. Ciing chii y rang nhg diéu kién hitu han ma s6 18 16n nhat 2 méi ton
tai (twong tu 1a s b). Nguyén ly cuc han cing la mot y tudng tot khi lam viéc véi cac tap
htru han.

Vi du 3.2. Tim tat ca cac tap hiru han A, B khac réng c6 cac phan tr 1a s6 nguyén théa man:
(i) Néux € Athix+1¢€ B;
(ii) Néux € Bthix* —4 € A.

P Loigidi: Lay x € Bbat ky thi x* — 4 € A, kéo theo x* — 3 € B. Xay dung day s6 (u,) xac
dinh béi u; = x va u, 1 = u’ — 3 véi moi n nguyén duong. Khi d6 (u,) C B nén la day bi
chan. R6 rang néu |x| > 3 thi (u,) 1a day cac sd nguyén ting ngat nén khong bi chan. Do dé
|x| < 2. Tir day din dén néu x € A thi —3 < x < 1. Ap dung lién tiép hai diéu kién (i) va (ii),
taco0 ¢ Bva—1¢ A.

Néu —3 ¢ A thi =1 ¢ B. Ma do x # x* — 3 v6i moi x nguyén nén |B| > 2, vay nén B = {+2}.
Thtt lai thay khong thdéa. Vay —3 € A, dan dén

—-2e€eB=0cA=1¢€8B.
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Tir day ta tim dugc cac cap tap hop (A; B) thda man la:
{=3;0}va{-2;1}, {-3;,-2;0}va{—2,+1}, {-3;,-2;0;1} va{£1;+2}.

|
Nhin xét:
Bang cach ap dung cac diéu kién lién tiép, ta xay dung dugc mot day sbé. Tir diéu kién cac
tap A, B httu han ma ta khéng dinh duoc day phai bi chdn. Vi vay c6 thé dua bai toan vé
van dé tim tham s6 u; dé day bi chan.
Vi du 3.3 (Olympic 30/4 16p 10, 2003).
Tim tat ca tap hop htru han M gém n so thuc, véi n > 2 va théa man diéu kién: véi moi
2
a,beM,a;ﬁbthié’—bzeM.
£ Loi gidi: Gia st ton tai tip M thoa man dé bai. Nhan thy rang 0 ¢ M vi néu khong thi M
N 2\"
chira v6 han phan t (3> avéia € M,a #0.Datm = min M, khi d6 v6ia € M,a # m, ta
co gm—az € M nén
2
gm—azzmémg —3a% < 0.
Xét truong hop n > 3. Gid st tat ca phan tir &m ctia M la a; < a3 < ... < a;. Khi d6 tit ca phan
, 2l A A N A £ .. . PR
tu ?l — ajz- deu am va thuéc M vdi moi i # j. Chu y rang

2 2 o X 2 2a o
%—a?<%—a?, veimoii < j va ﬂ—a£<7y—a%, voimoi x < y.
Do dé M c6 it nhat 2k — 3ph5n tor am, suy ra k > 2k — 3, hay k < 3.
200 5, 24y 5, 213

e Voik=3,tacé: — —a5 < — —a3 < == —a3,nénla
3 3 3

2a
J—ﬂ%:ﬂl

3

2&1 2=a

3 3"
2112 2=

3 B30

Hé nay v6 nghiém.
2111 2 2(12

e V6ik = 2, xét cac truong hop 5 g a3 € {ay;ay} ta cling khang dinh khong c6
truong hop nao thoa.
. £ 2
Vay M chia dang mot so am la m. Gia st M chia hai so duong a, b; khi d6 3M - a* va

2 £ £
3M = b* 1a hai s6 am thudc M, vo ly. Vay M chita dting mot sb duong. Vay thi M = {m; t},

2 2
m < 0 < t. Luc nay gm — 2,2t —m? € M. Ta ¢6 cac truong hop:

3
2 2 2 2
Sm—r =t m—t=a Sm— =t Sm—12=m
% hoac % hoac % hoac %
gt—mzz gt—mzzm gt—mzza gt—mzzm



R 4 2
Gidi cac truong hop trén, ta dugc tap thoa dela M = {— 33 } [

Vi du 3.4 (Romania 1996). Cho céc s6 thuc x, y. Chitng minh rang néu tap hop {cos(n7mx) +
cos(nrty) : n € N} hiru han thi x, y 1a cac s6 hiru t.
P Loigidi: Data, = cos(nnx),b, = cos(nmy), véi moi sb nguyén duong n. Khi dé:
(ay +by)? + (an — by)? = 2(a% + b2) =2+ a, + boy.
Néu {a, + b, : n € N} 1a tap hiru han thi tir dang thic trén, suy ra {a, — b, : n € N} ciing la
tap httu han. Chia y a, = %(an +b,) + 1(an — b,) nén a,, chi nhan hiru han gia tri. Khi d6 ton

2
tai hai s0 nguyén duong m # p dé
2k
Ay = ap < COS(MXTT) = COS(pXTT) & mx7T = pxT+ k2w & x= —— €Q.
Tuong tu ta cing c6 y 1a s6 hiru ti. Hoan tit chiing minh. [

Nhdn xét:
Trong 16i giai trén c6 sit dung két qua: néu hai tap A, B hitu han thi tap tich Descartes
A x B cung httu han.

Bay gid ta xét mot s6 vi du c6 cac tap vo han.
Vi du 3.5 (Chon d6i du tuyén 16p 10 PTNK 2009-2010).
Cho A la tap con caa tap hop céc s6 hiru ti duong Q™, thda man déng thoi cac diéu kién sau
day:
(1) 1 thudc A.
(ii) x thudc A thi x + 1 thuoc A.
1
(iii) x thudc A thi po thudc A.

Ching minh ré“mg A=Q".
1

& Loi gidi: Tix cac diéu kién trong gia thiét, dé thiy A chita cac s6 c6 dang k, T va hé x thuoc

. . - e UTd s X A 1 A Al 2z
A thi x + k thuoc A, véi moi k € IN*. Mat khac, vi he x thudc A thi p cing thudc A nén dé
hoan tt chitng minh, ta chi can chi ra rang véi p bat ki thudc IN*, A chita tt ca cac s6 c6 dang

Z,méquN*Vél<q<p.

That vay, xét day (x,) xac dinh bdi x; = T va véi moin > 1,

p
1 £
{} , neux, #0;
Xn+1 = Xn
0, néu x, = 0.

Ta théy (x,) la day s6 hiru t duong, va néu ton tai ¢ 1a sd nhd nhat sao cho x; = 0 thix, =0,

L. . N . 1 n 1 o a2
voi moi n > t, dong thoi } =x =0,nén — € N* C A,suyrax;_q € A, te do
Xt—1

Xt—1
X0 =k+x;_1 €A, k€N nao do. Tiép tuc thuc hién tuong tu, ta thu duoc x; = Z € A.
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Ngugc lai, néu khong ton tai s6  c6 tinh chat vira xét thi x, € (0;1) vdi moi n € IN*. Khi do,
Vi g, 1a mau sb ctia x, khi viét & dang phan s6 t6i gian thi (g,) 1a day nguyén duong, vo han
va gidm ngat, day la diéu vo 1.
Tix cc 1ap luén trén, tasuy ra A = Q*. |
Vidu3.6. DitM = {a—bV3:a,b € Z,a>—3b* = 1}. Chiing minh rang tap hop M N (—4;0)
c6 v6 han phan tir véi moi & > 0 cho trude.

P Loi gidi: Xét phuong trinh nghiém nguyén duong x* — 3y*> = 1. Theo cong thitc nghiém
ctia phuong trinh Pell, tat cd nghiém (x;y) ctia phuong trinh 1a (x,; v, ),>1 trong dé:

—1,x, =2, — 4y, —
X0 X1 Xn4-2 Xn+1 Xn ,vn cN.
Yo=0,y1 =1L, Yynt2 = 4Yut1 — Yn
Xéta, = —x,, b, =y, v6imoin € IN*. Khi d6 a,, + by,V/3 € M. Ta sé ching minh véi moi

8 > 0 cho truée luon ton tai s6 N dé (a, + bn\@)nzN C (=6;0).
Détu = 24 V3,0 = 2 — V/3. Tix cong thtic truy héi cta (x,), (v,), ta 6
u'+o" u" —o"

, b, = , Vn € N*.
2 " 23

a, =

Khi d6 a, +b,V3 = —0v" < 0va
ay —byV/3 = —u" — —c0  khin — +oo.
N . . 1
Do d6 tdn tai sé N dé véi moin > N, ta ¢ a, — byV/3 < 5 suy ra

1
m > —4.
Vay ta c6 diéu phai chiing minh. [
Vi du 3.7. Ton tai hay khong tap A C R\ {0} = R* c6 it nhét hai phan tir thda:
i) Vy,y€ Ax#y= ; €ER\Q;

Iy + byV/3 =

(id) Vxe]R,EIyeA:;GQ?

P Loigidi: Tap A nhu vy ton tai. Ta sé xay dung mot tap A théa man dé bai.
Vi mébi so thuc x # 0, dat
Rx:{ye]R*:%eQ}.

Kiém tra dugc moi x,y € R* thi hodc Ry N R, = &, hodc R, = R, O méi tap R, ta lay dung
mot phan t, ky hiéu A la tap hop tat ca cac phan tir d6. Tap A nay thoéa man (i) va (ii).

That vay, voi moi x,y € A, x # y thi Ry # Ry, dandén Ry N R, = &, tucla ; ¢ Q. Tiép theo,
vdi moi x € R, néux = 0thichony € A tlly y, néu x # 0 thichony € (AN Ry), ca hai truong
hop déu c6 ; € Q. Bai toan dugc hoan tat, m
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Tiép theo 1a mot s6 bai toan dém c6 lién quan dén tap hop.
Vi du 3.8. V&i mbi s6 nguyén duong n, dat X = {1;2;..;n}. V&i mbi song anh f : X — X, ta
n
goi D(f) = Y |f(i) — i 1a d6 dich chuyén ctia f. Vi n > 3 cho trudc, tim sd cac song dnh
i=1

f: X — X c6 do dich chuyén bang 4.

P Loi gidi: Xétsong anh f : X — X théa man D(f) = 4. Ro rang c6 toi da bon sb x sao cho

Flx) # x.

e Xét truong hop c6 i < jthéaman (f (i) —i)(f(j) —j) # 0. Khi d6 phaico f(i) =, f(j) = i.
Vi vay,

4=D(f) =1f@) —i[+f() —jl=2(—i) =j—i=2
Do d6 méi cap sb cach nhau 2 don vi sé cho tuong ting mot song anh f théa D(f) = 4. C6
tat cd n — 2 cdp s6 nhu vay nén s6 song anh la n — 2.

o Xét truong hop c6i < j < ksao cho (f(i) —i)(f(j) —j)(f(k) —k) # 0. Néu f(i) =t # j, k
thi f(t) # t, vay c6 it nhat 4 gia tri x d€ f(x) — x # 0, vo ly. Lap ludn tuong ty, ta
c6 (f(i); £(j); f(k)) phai 1a mot hodn vi cta (i;j; k). Néu f(i) = j thi f(j) = k, kéo theo
f(k) =1i. Do dé:

4=D(f) = [f(@) =i+ [f(G) =jl+ [f(k) =kl =j—i+k—j+k—i=2(k—1i).
Dodék—i=2,vivay (i;j;k) = (i;i+1;i+2),dandén (f(i); f(i +1); f(i +2)) = i+ 1;i +
2:1). Tuong tu, néu (1) — ki (F(7); f(7); F(K)) = (F(0); Fl+1); f+2)) = (i+2;51+1).
Vay trong truong hgp nay, cit mdi bo ba sd lién tiép trong (1;2;...;n) sé cho dugc dung
hai song anh f théa man D(f) = 4. C6 tat cd n — 2 bo ba s6 lién tiép nén s6 song anh la
2(n—2).
o Xét truong hop cobdnsdi < j < k < I'sao cho f(x) # x, x € {i;j;k;1}. Ta c6:

D) =1f@) =D+ 1fG) =il +1f ) =K+ [f() =1 =T+1+1+1=4.

Daéng thiic xay ra khi va chikhi (i;j;k;1) = (i + Lkk+1)va f(i) =i+1,f(j) =i, f(k) =

k+1, f(k+ 1) = k. Vay s song anh sé bang vdi s6 bo bon sb gdm hai cdp hai s6 lién tiép.

(n—3)(n—2)
2

Vay s6 song anh thda man dé bai la:

Cé tat ca b6 boén sb nhu vay.

(n—2)+2(n—2)+ <”_3)2<”_2) _ (”_2)2(“3).

|
Nhin xét:
Bai toan quy vé viéc dém cac tap hgp gdm hai, ba, bon phan ti ctia X véi mot s6 diéu kién
rang budc. Bai toan cting chi can dung tinh chat thu tu caa tap s6 nguyén.
Vi du 3.9 (Thanh ph6 Ho Chi Minh TST 2025-2026).
Tap hop A gém cac s6 nguyén dugc goi la dep néu A c6 it nhat mot phén tor khac 0 va
vOi X,y € A (c6 thé trung nhau) thi x —y € A. Hoi c6 bao nhiéu day cac tap hop dep
(A], A, ..., Ag) théa man 2025 € Aq va Ak C Ak+l voi moi k=1,2,..8?
P Loigiai: Xét Alataphopdepvaa e A\{0}.Khido0=a—-ac A, —a=0—ac A,
2a = a — (—a) € A. Bang quy nap, ta c6 ka € A v6i moi k € Z. Khi d6 néu chon s6 nguyén
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duong b € A nhé nhét thi A 1a tap hop tat ca cac boi sb ctia b. That vay, véi moi ¢ € A, ta viét
c=bg+rvéige Z,0<r<b.Dobéc Anénbg€ A, dandénr=c—bg€ A, vaynénr =0
(vinéu r > 0 thi tit r < b sé vo ly vdi cach chon b). Tit chiing minh trén, véi méi tap A dep ta
c6 mot tuong ting 1 — 1 véi mot sé nguyén duong b, dit b = f(A). Hon nira, néu A, B 1a cac
tap hop depva A C Bthi f(A) : f(B).

Dit f(A;) = a;. Theo chitng minh trén, ta c6: 2025 :a; ‘ay : ... :ag. SO day cac tap hop dep
(A1, Az, ..., Ag) thda man dé bai bang vdi s6 day khong tang (ay, ..., a9) sao cho a; déu la ude
duong cua 2025.

Do 2025 = 3*.52 nén a; = 3% - 5% v6i x;,y; 1a cac s6 nguyén théa man 0 < x; < 4 va
0 < y; <2.Mbiday (ay,...,a9) théa man diéu kién trén ting v6i duy nhat mot day cac cap
s (x1,y1), (x2,92), -, (x9,Y9) sao cho x; > Xj,¥i > yj v6imoi i < j. Goi s6 s6 k trong day
(x1, ..., x9) 1a t, k = 0;1;2;3;4. Khi dé:

to+t +tr+tz3+ts=09.

Theo bai toan chia keo ctia Euler, s6 day (x1, ..., x9) 1a Ci;. Tuong tu, s6 day (y1, ..., yo) 1a C3,.
Tom lai, tong s6 day tap hop dep (Ay, Ay, ..., Ag) thda man dé bai la Cf; - C3,. u
Nhin xét:
Gibng v6i mot s6 vi du trude, biét dugc phép toan gitra cac phan tir trong tap A; ta c6 thé
xéac dinh dugc cu thé tap A;. Tir ddc diém cta cac tAp con nay ta c6 thé di dém sb tap con
mot cach dé dang.
Vi du 3.10. V&i moi s6 nguyén duong n, ky hiéu 7t(n) 1a s6 cac s6 nguyén t6 khong vuot qua
n. Ching minh rang:
1
nt(n) > Elog2 n, Vn € IN*.

# Loi gidgi: RO rang moi s6 nguyén duong n déu biéu dién dugc mét cach duy nhat duéi dang
k*1 véi k, 1 1a s6 nguyén duong, | khong c6 uée chinh phuong khac 1. Do d6 néu dat

S(n) = {(k;1) : k,1 € N*,1 khong c6 ude chinh phuong khac 1,k* < n}

thi |S(n)| = n. Bay gio ta dém s6 cap (k;1) ma k*l < n.

Do I khéng ¢6 udce chinh phuong khac 1 nénl = p7'... piﬂ((’:;, a; € {0;1} va p; 1a cac s6 nguyén
t6 khong vuot quéa n. C6 27" tich nhu vay. Chii ¥ k < v/nnén sb cip (k;1) € S(n) khong qué
V-2 Do dé:

n=1S(n)| < vn-2"" = 7(n) <log, vV = %log2 n.

[
Nhan xét:
Day 1a mot chiing minh rat dep cta Paul Erdos lién quan dén ham dém sd nguyén t6. Du
hién nay c6 nhiéu két qua chat hon nhung chiing minh nay van la mot vi du hay cho viéc
st dung phép dém dé ching minh bat déng thuc, trong d6 khong thé thiéu viéc thiét lap
cac tap hop phu hop.
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Vi du 3.11. (Chon d6i tuyén PTNK 2012) Cho trudc sb nguyén duong n. Xét tap hop X =
{1;2;...;4n}. Hai tap con A, B ctia X dugc goi la khdng giong nhau néu |[AAB| > 2n + 1 (& day,
AAB = (A\ B)U(B\ A) la hiéu déi xiing ctia A va B).

Xét M = {Ay; Ag; o A} gf)m m tap con d6i moét khong giao nhau cua X.

a) Ching minh rang m < 2n.

b) Chiing minh rang m < 4(11;_1)
# Loi giai:
a) Gia sttm > 2n + 1. Ta dém s6 cac bd ba s6 nguyén duong (x;1;j) voii < jmax € A;AA;.
Theo gia thiét, s6 bo nay it nhat 1a: (2n + 1) - <2”+21)2” =n(2n+1)>

Véi mbi x € X, gid st 6 k tap A; chita x va 2n + 1 — k tap khong chira x. Khi d6 sb cap
Aj, Ajma x € A;AA; sé khong qua

k2n+1—k) <n(n+1).
Nhu vay s6 bo nay nhiéu nhat 1a 4n - n(n + 1). Tir d6 dan dén
n(2n+1)? <4n’(n+1)=1<0.
Diéu nay 1a vé ly. Vay diéu gia si 1a sai, hay m < 2n.
b) Pat X' = X U {0}. Ta xdy dung cic tap A’ theo nguyén tac: néu | A;| chan thi A} = A;, néu
| A;] 18 thi A" = A; U {0}. Khi d6 |A’| ch&n véi moi 7. Tir d6, do
|AAB| = |A| + |B| —2|AN B]

nén [A;AAj| chan. Ma |AJAA]l > |AiAAj| > 2n+ 1. Tir day tir tinh chan suy ra
[ALAAY > 2n+2.
Bay git 4p dung lap luan cau a cho M' = {A}; A};...; A}, } 1a cac tap con cta X/, ta c6 s6

. -1
bo (x;1;j) véi x € AjAA], mot mat sé c6 it nhat (21 +2) - m(mz); mat khéc sé khong
2
qua (4n+1) - mz Tir d6 suy ra
-1 2 4 1
n+2). M) gy Ty < I ED)
2 4 3
[ |
, . A I b
Vi du 3.12 (China TST 2014). Cho A la tap httu han cac so thuc duong, B = {Zi 7 ta,b,c,de A}.
Chung minh réng:
|B| > 2|A|* - 1.
NPy x Y NPT .. a c e g
# Loi gidgi: Ta can bo dé sau: Cho a,b,c,d, ¢, f, g, h 1a cdc sO duong véi Tl > ]7 =9
a>c,e > g. Khido:
E<e—|—c<e+a<g E<a+e<u—|—g<g
f " f+d f+b b f b+f a+h b
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Tré lai bai toan, dit By — {% ca,b e A}.Do% — %nén By C B.Giast By = {ki;ka; .. ks},

L. .. . R A, 2 A a N . X.
ki < kj v6i moii < j. Ta phan hoach tat ca cac so c6 dang b (a,b € A) thanh s nhém, moi

nhém c6 céc s6 bang nhau, tic 1a c6 n; s6 bang k;. Khi dé ta ¢6 ny +npy + ... + 15 = ]A|2 va

ni = ng = 1.
/

! ! a,. ay.
AP a a nj_q a az n .oy / /
Gidsttk 1= 1 =2=.=_"T"|k=—=22=..=-"1lvéid <ab<..<d
j—1 bi blz b;/ij,] 7 By by b, bnj 1 2 nj_q7
4 < ay < ... < ay. Ap dung b6 dé véij =2,...,s ta co:
/ / /
kg < i o < Inyat o coctm ata Oy
Sy e TV Ha T bbb b T W+ b I
1’1]‘,1 1 1’1/',171 1 2 1 1 1 i’l/‘

Xét cac tap hop

/ /
K anj,l + @ anj,lfl +m LZ/Z + aq a& “+ ax a& + Ap;
1= 9kiu o =~ R WA e
anl + aq bn]-,lfl + a1 by +b1" by + by b + bn],

Tj
v6ii=2,..,sva T, = {ks}. RO rang cc phan tif ctia Ti4 déu nhd hon céac phan ti ctia T; nén
cac T; la d6i mot roi nhau. Hon ntra, |T;_1| = n;_1 +njva T; C B. Do dé:
|B| > |Ta| + | T2| + ... + |T5]
= (ny+mn)+ (np+mn3)+ ..+ (ns_1+ns) +1
=2(n+ny+..+ns)—1
=2|A> - 1.

Hoan tat chitng minh. [

Trén day la mot s6 bai toan trong cac dé thi hodc tac gia suu tam dugc lién quan dén tap hop
s6. Cac van dé dut khong can qué nhiéu Iy thuyét cao siéu nhung van mang vé dep nhat dinh.
Bén dudi 1a mot s bai tap danh cho doc gia.
0 Baitap
Bai tap 3.1. Xét tap A 1a tap con ctia IN* thoa man vdi moi x,y € A thi |[x —y| > % Hoéi A
c6 thé c6 nhiéu nhat bao nhiéu phan t?
Bai tap 3.2 (Romania TST 2002). Tim tat ca cac tdp A, B thda cac diéu kién sau:
a) AUB=Z.
b) Néux € Athix—1¢€ B.
c) Néux,y € Bthix+y € A.
Bai tap 3.3. DatK = {a +bVv2:4a,b € Q}. Tim tt ca cdc song nh f : K — K théa man dong
thoi cac diéu kién sau:
@ flx+y)=f(x)+f(y), Vxy € K.
(i) f(xy) = f()f(y), Yy € K.
(i) f(x) =x, Vx € Q.
Bai tap 3.4 (Ba Lan, dé nghi IMO 1993).
Goi Sy, 1a s6 cac day (aj;ag;...;a,) v6i a; € {0;1} trong d6 khong c6 6 phan tit lién tiép nao
bang nhau. Ching minh rang ET Sy = +o0.
n [e°]
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Bai tap 3.5. XétSlataphopconcuatip N*vatap A = {2" —1:n € IN*} latap concua S.

A N A N a N A N N a 2. - X 2 - A N
Biet rang neua,b € A va b la so nguyén thi b € S. Hoi S c6 phan tu 16n nhat khong?

Bai tap 3.6. Xét tap hop A c6 cac phan tir 1a cac s6 nguyén duong thoa man:

(i) min A =1, max A = 100.

(ii) Véimoia € A,a > 1thiton tai b,c € A (b khong nhét thiét khac ¢) sao choa = b + c.
Tap A c6 thé c6 it nhat bao nhiéu phan ti?

Bai tap 3.7. Tim tat ca cac tap hop A khéc rédng gdm hitu han cac s thyc sao cho véi moi
xeAthix+1-x*€ Avax—1+x* € A

Bai tap 3.8 (Indonesia Regional MO 2021).

Cho X 1a tap hop gf)m cac phén ttr 1a cac s6 hitu i duong thoa man:

(i) Néu x 1a sb hiru ti va 2021 < x < 2022 thi x € X.

(ii) Véix,y € Xthi; € X.

Chiing minh rang tat ca cac s6 hiru ti dwong déu 1a phan t cta X.

Bai tap 3.9. Tim tt c cac tdp hgp A C IN* ¢6 nhiéu hon mét phan tir va théa man

a+b
A — € A
Va,b e A,a#b= ocd(a,b) €
Bai tap 3.10. C6 bao nhiéu cip sb nguyén duong khéac nhau (a;b) sao cho cé ding 2026 sb

thuc thudc doan [0; 1] c6 thé viét dudi dang % + % véi x,y 1a cac s6 nguyén?

Bai tap 3.11 (Bulgaria 1998). Tim tat ca cac tap hop A gdm hiru han cac s6 thyc khong am
sao cho:

(i) A chia it nhét 4 phan tu;

(i) Véibat kya,b,c,d € A d6i mot khac nhau, tacéab +cd € A.

Bai tap 3.12 (APMO 2006). Chitng minh rang moi s6 nguyén duong déu c6 thé viét dugc
1+5

dudi dang téng hiru han céc iy thita nguyén khac nhau déi mot ctia s6 ti 16 vang t = 5

Bai tap 3.13. Cho (a,), (bn), (cx) 1a ba cAp s cong v6 han véi cac phan tir 1a cac sb nguyeén.
Gia st (a,) U (by) U (cy) chita cac s6 nguyén tir 1 dén 8. Chirng minh rang 1980 1a s6 hang
ctia it nhat mot trong ba cap sb cong (ay), (by), (cn).

Ne g A A ~ A 3 s A A N 1 N
Bai tap 3.14. Cho tap hop A la tap con ctia Q c6 tinh chat: Neua € A thi 1+ e A va
1 PN N
2+ 1€ A (a # 1). Bietrang 2 € A. Ching minh rang:
a) Tat ca cac s6 nguyén n > 3 déu thudc A.
b) Tat ca cac s6 hitu ti 16n hon 1 déu thudc A.
Bai tap 3.15 (Kiém tra 16p 11DT 2025).
Cho mdt s6 nguyén n > 2. Goi mét s6 nguyén duong T la s6 c6 tinh chat P néu ton tai
cac tap con Ay, Az, ..., Ay (m > 3) khac nhau va khac rong ctia S = {1;2;...;n} thoa man
m
T= E |Ai|, va véimoip,q,r € {1;2;...,m} d6i mot phan biét, ta co A, N (A;AA,) = & hoac
i=1
Ap C (AgAA,). Tim s6 ¢6 tinh chat P 16n nhat.
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Bai tap 3.16 (Nghé An 2009). Cho s6 nguyén n > 2. Ky hiéu A = {1;2;...;n}. Tap con B cua
A duoc goi la tap t6t néu B khac réng va trung binh cong ctia cdc phan tr cia B 1a mot s6
nguyén. Goi T, 1a s6 cac tap tot ctia tap A. Ching minh rang T, — 1 1a mot s6 chan.
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§4. CAC BAI TOAN VE Sy TON
TAI VO HAN TRONG SO HOC

NGUYEN THAI HUNG - Giéo vién STAR EDUCATION

Ly thuyét va vi du

Vé bai toan chitng minh ¢6 vo han s6 nguyén duong 1 dé ménh dé P(n) dung, ta c6 mot sb

hudng di sau:

* Chi ra mot truong hgp tong quat: n = f(k) véi f(1), f(2), ... doi mot khac nhau.

* St dung quy nap: néu da c6 cac gia tri 7, 1o, . . ., 1y théa man P(n) thi chon 1y, phu thudc
vao ny, ..., n; cang thoa man P(n). Tuy thudc vao ting bai todn ma ny1 phu thudc vao
toan b ny, . .., ng hay chi phu thudc vao n.

* Str dung phéan ching: gia st ton tai httu han cac s6 tu nhién ny, . .., n; dé P(n) théa man.
Sau d6 chi ra thém mot gia tri khac nam ngoai cac sb 1y, ..., n; cling thdéa man.

Sau day 1a mot dinh ly kha quan trong vé sy ton tai vo han trong s6 hoc:

Pinh 1i 4.1 (Schur). Cho f 1a mot da thitc khéc hing, hé s6 nguyén. Khi d6 ton tai vo han s6

nguyén t6 1a udc ctia it nhat mot s6 hang khéc 0 trong day f(1), f(2), f(3), .- ..

& Chirng minh: Gidsu f(x) = a,x" + -+ ax +agvéia, #0van > 1.
e Néuag = 0thi f(0) = 0va f(p) # 0 v6i p 1a sé nguyén t6 da lon. Khi d6 f(p) — £(0) i p

nén f(p) : p. Nhu vay, dinh ly duge ching minh trong truong hgp nay.
e Néuay # 0, taco

f(agx) = ag + agayx + - - - +afayx" = ag (1 +m X+ o+ ag_lx”> )

Da thic g(x) = 1+ ax + - +a) 'a,x" khac hing, do d6 ton tai kg € IN* sao cho véi
moi x > ko thi |g(x)| > 2. V&i mbi k > ko, chon s6 nguyén tb py 1a udc cda g (k!). Khi d6
pi | g(k!) vak! | g(k!) — 1, suy ra py nguyén t6 cting nhau véi k! va do d6 py > k. Hon nita,
pr la udc caa f (apk!) voi k > ko va py > k!.
Dinh ly dugc chitng minh.
]
Sau day la mot vi du 4p dung dinh ly Schur.
Vi du 4.1 (Iran 2004). Tim tat ca cac da thic f hé sb nguyén sao cho f(m) va f(n) nguyén t6
cung nhau vdi moi s6 nguyén m va n nguyén to cing nhau.

P Loigidi: Ta thiy rang da thiic +x* véi k > 01a cac da thitc thoa man yéu ciu bai toan. Ta
sé chiing minh day ciing chinh 1a cac da thitc duy nhat théa man.
Xét f 1a mot da thirc can tim va dat f(x) = x*g(x) véi k > 0 va g(0) # 0. Néu g la da thitc
hang thi r6 rang g(x) = +1. Gia st ¢ khac hang, theo dinh Iy Schur 4.1 thi c6 v6 han s
nguyén t6 p sao cho phuong trinh g(1) = 0 (mod p) c6 nghiém. Xét mot cdp (p, n) nhu vay
v6i p nguyén t6 cing nhau véi g(0) # 0. Néu n : p thi g(n) — ¢(0) i n i p, diéu nay khong xay
ra vi g(n) : p nhung ged(p,¢(0)) = 1. Do d6 ged(p,n) = 1 nén ged(n,n + p) = 1, dan dén
f(n) va f(n+ p) nguyén t6 ciing nhau, diéu nay vo ly vi f(n) va f(n + p) déu chia hét cho p
(Vi p la ude ctia ca g(n) va g(n + p)). Tém lai, ¢ 1a hang va ta c6 két thiic bai toan. |
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Vi du 4.2. Cho s6 nguyén duong k > 1. Chiing minh rang ton tai v6 han sb nguyén duong n
saochon | k" + 1.
# Loi gidi: Phan tich va loi giai.

* Hudng 1: Ta sé tim n ¢6 dang gan giéng voi k" + 1. Cu thé, ta thit xét n = k” + 1, khi d6 ta
cAn c6 k” +1 | k" +1. Vivay, tacannlévaa | n | k" 4+ 1. Cach don gidn nhat 1a chon a c6
dang p' dé c6 thé 4p dung Dinh ly LTE. Tuy nhién, ta sé cAn dén p 1é va p | k + 1, khi d6 ta
co

vp(K"+1) =vp(k+1) +vp(n) >1+t,

suy ran = p' | k" + 1. Day 1a mot trudng hop rat tét, tuy nhién ta can luu y dén truong hop
con lai 1a p + 1 khong c6 udc nguyén to 1é hay p+1 = 2" (m > 2). Tavancana | k" + 1
hay lic nay la a | (2" —1)? 4+ 1. Vay lam sao dé lam xuat hién udc nguyén t6 1é nhu
truong hop dau tién? Ta thdy rang (2" — 1) + 1 khéng cho ta udc nguyén t6 1é nhung
(2™ —1)* 41 =2(2¥""1 — 2™ 4 1) thilai c6! Vi vay, ta chi can chon a = 2 - p véi p 1a uéc
nguyén t6 1é ctia (2" — 1)? + 1 1a ¢6 thé gidi quyét duge bai toan. That vay, chona = 2 - p'
v6i p la udc nguyén t6 1é ctia (2™ — 1) + 1; khi &6

v, (2" =1)"+1] =0, ([(2’” — 1)2}”' +1> =0, [(2" =12+ 1] +vp(p") > t+ 1.

Vivay (2" —1)? +1: p', ma (2" — 1)? + 1 1a s6 chdn nén né chia hét cho 2, suy ra (2" —
1)? + 1 chia hét cho a. Hoan tit chirng minh.

e Huéng 2: Ta thdy n = 11a mot s6 théa man. Ta thit nghi dén viéc quy nap, hi vong rang c6
thé tim dugc mot sb khac thdéa man dua vao cac sb da cho. Gia sit n1 théa man ny | k™ +1,
ta can chon n phu thudc vao 1 sao cho n | k" 41 (ta chi mong réng no sé phu thudc vao
mot gid tri 71, vi néu phu thudc vao nhiéu gia tri da biét trudc d6 nhu ny, 1y, . . ., 1y thi rt
kho dé xtr 1i). Pé don gian, ta chon 7 ¢6 dang giéng v6i k" + 1, chang han n = k™ + 1. Nhu
vay, dén =k™ +1|k"+1thitacann; | nvan = k™ + 11¢, diéu nay chi xay ra khi k chan.
Nhu vay, néu k chén thi ta gidi quyét xong, ta cAn xét dén k 1&. D€ y rang

K4+ 1= (Km)m +1.

s A n knl + 1 2 N 2 ~ N < X N N 2 A 2. ,
Do dé neu = 1é thi ta c6 thé suy ra k" + 1 : k™ 4 1. Diéu hoan toan c6 thé xur li
1 1 . . .
dugc vi k 1é nén néu n; chan thi k" + 1 = 2 (mod 4) va ta chi can chon thém 7, chan. Vi
vay, tai budc co sd cua chiing minh quy nap, ta chon n; = 2, cting la mot gia tri thoa man
khi k 1e.
Tom lai, ta st dung quy nap nhu sau:

- =1 =2
kchén:{n1 va k1é: {”1

niH:k”"—i—l, V121 Tli+1:kni—|—1, VZZl

e Hudng 3: Ta ciing sé st dung phuong phap quy nap nhung theo mot cach khac. Ta thay
rang néu n | k" 4 1, néu ta tim mot s6 khéc 14 n; = an + b thi viée ¢6 dugc an + b | k"0 +1
khong kha thi. Vi vay, ta sé chon don gian la n; = na va can an | k™ + 1, van dé la lam
sao dé xac dinh a? Ta can phai tim mét lién hé nao d6 gitra k" + 1 va k" + 1, diéu nay dé
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thay ngay vi k" + 1 = (k")” + 1. Tuy nhién, diéu nay cting khong dé dang vi lam sao dé
chitng minh n6 chia hét cho an? Pé vugt qua, ta sé chuyén k" vé dang “da thirc bién n”, dat
k" +1 = bn, khi do
a . .
K 4+1=(K")'+1=(bn—1)"+1=) Ci(bn) + (-1)"+1. (1.1)
i=1

a
Dé biéu thirc (1.1) duge gon nhét c6 thé, ta sé chon a 1é va khi d6 ta can Z C!(bn)' chia hét
i=1

cho an. Vi vay, ta sé chon a sao cho C,b' chia hét cho a véi moi i. Nhung dé moi thit tré nén
don gian hét sttc c6 thé, ta c6 thé chon ludn a = b dé phép chia hét xay ra. Diéu nay chua
thure su 6n vi ta con thém diéu kién a 18, vi vay dé phép chon a = b xay ra, ta con can dén
b 1é. Viéc nay c6 thé xay ra hay khong? Cau tra 16i 1a c6 vi ta c6 thé kiém soat b. That vay,
ti k" + 1 = bn, ta thay rang néu k chén thi r6 rang b 1é. Con k 1é thi sao? R4t don gian, ta

e s ) k" +1
s& chon 7 chin dé k" + 1 = 2 (mod 4), khi d6 b = ~

budc co s6 cia phép quy nap, ta sé€ chon n = 2.
Diéu thu vi 1a véi cach chon dé quy nap nay, dé 1a

K"+1

1a 56 1¢; va dé viéc nay xdy ra, tai

n=k"+1,

n =an =bn =

cting chinh 1a cach chon dé€ quy nap trong Hudng 2.

Vi du 4.3. C6 ton tai hay khong vo han s6 nguyén duong n > 1sao cho n | 2700 — 12
& Loi gidgi: Phan tich va loi giai.

Ta sé thir chon truc tiép 1, ta sé chon n = 29 —1. D27 —1 | 2°) — 1 thia | ¢(n) hay

a|o(2° —1). Diéu nay lai v6 cing khé khan vo ta khong thé kiém soat dugc cac udc nguyén

t6 ctia 2° — 1 nén viéc xac dinh ¢(2? — 1) vo cting khé khan.

Dé tim y tudng khac, ta thir xét nhirng truong hop don gian nhat. Vi n = p la sb nguyén t6,

ta can p | 2P — 1, dé dang thay p = 3 thda man. Ta thit sé thir tim mot s6 khac cting thoa

man c6 dang ap, dé c6 thé tinh dugc o (ap) dé dang, ta sé chon a = g 1a mot s6 nguyén t6 khac

p. Khi d6 ta can pg | 20/*VE+) 1. Péyring (p+1)(g+1) 14 va2t —1 = 15, vi vay ta c6

thé chon duge p = 3 va g = 5. Ct tuong tu nhu vay, ta du doan sé chon dugc n = p1p, ... px
L. < . N LA o 2k . 2 . . A ok .

vOi p1, p2, ..., Pr la cac udc nguyén to cua 2 — 1. Do d6, ta can chiing minh thém 2° — 1 cd it

nhat k udc nguyen to. Ta di dén 15i gidi sau day.

batF, = 22" _1v6i moi n > 1. Ta ching minh F, co it nhat n uéc nguyeén t6. Taco F; =3 ¢b

1 u6c nguyén t6. Gia st F, ¢6 it nhat n ude nguyén t0, ta sé ching minh F, 1 co it nhatn +1

udc nguyen t6. That vay, ta co

Fop =22 —1= (22” — 1) (22” + 1) —F, (22” + 1) .

Theo gia thiét quy nap thi F, c6 it nhat n udc nguyén to, hon nira (Fn, 2% 4 1) =1nén2% +1
6 cac udc nguyeén t6 khong tring véi cac wde nguyén tb ctia Fy, tir d6 suy ra F, 1 c6 it nhat
n + 1 udc nguyeén to. Goi p1, pa, - - -, px 1a cac udc nguyeén tb cia 22 _1; chonn =pip2-- pr,
khi do6
n=pips-pe| 2% =1 2Dt g = polprop) _q = po(n) _q,
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Vi du 4.4. Mot s6 nguyén duong a duge goi "siéu udc” néu né c6 nhiéu udc hon tat ca cac sb

nguyén duong bé hon né. Chirng minh rang

a) Ton tai vo han s siéu udc.

b) Néu a 1a sb siéu ude va p < q1a cac sO nguyén t6 thi vy, (a) > v,(a).

¢) Néu p,q la cac sb nguyén t6 théa man p* < g v6i k nguyén duong. Chiing minh rang néu
a siéu ude va 1a boi ctia g thi a 1a boi cta p*.

d) Néu p, q1a cac s nguyén t6 thoa man p* > g véi k nguyén duong. Chiing minh ring néu
p?* 12 udc ctia mot sb siéu wdc a thi g ciing 1 ude cha a.

e) Cho 1 1a s nguyén duong. Chiing minh rang ton tai s6 nguyén duong N sao cho moi s6
siéu udc 16n hon N déu la boi cta n.

& Loi giai:
a) Gia st ton tai hiru han s6 siéu wdc. Khi do6 ta goi a 1a s siéu wdc 16n nhat. Khi d6 moi s6
nguyén 16n hon a déu khong la s6 siéu ude. Ta chung minh
t(a+n) < 7(a), (12)

voi moi n € N. V&i n = 0 thi ro6 rang (1.2) ding. Gia st (1.2) ding v6i moi s6 tu nhién
k < n (n € N), ta can chiing minh t(a +n + 1) < t(n). That vay, via + n + 1 khong 1a s6
situudc (doa+n+1>a)néntontail <k <a+nsaochot(a+n+1) < (k).
e Néu k < a third rang (k) < 7(a) (do a siéu udc).
e Néua < k < a+ n thi theo gia thiét quy nap, ta duge (k) < t(n).
Tir d6 ta két luan t(a + n + 1) < 7(a). Theo nguyén i quy nap, ta duge t(n) < t(a) véi
moi n > a. Pidu nay vé li vi chon n = p™@ > 4 vé6i p 1a mot sb nguyén té du 16n thi
t(n) = 7(a) + 1 > 7(a). Vay c6 v6 han sb siéu udc.

b) Néu v,(q) = 0 thi bai toan dugc giai quyét. Xét v,(q) > 1. Pat v,(a) = x vavy(a) = y v6i
x,y€ Nvay > 1.Xétb:a-Z < a.Khi d6

T(b) < 7(a) = T(p*lg T A) < T(p¥gYA)
= (x+2)y1(A) < (x+1)(y+1)T(A)
= (x+2y< (x+1)(y+1)
=2y<x+y+1
=>y<x+1

Do do y < x hay v,(a) < vp(a).
k
c) bata =p"gYAvéi A e N*va(A,p)=(A,q) =1.Chonb=a- F; < a,khido

T(a) > t(b) = 1(p"g’A) > T <p"+kq-‘/_1A)

=T1(A)(x+1)(y+1) > 1(A)(x+k+1)y
= (x+1)(y+1) > (x+k+1)y
=x>ky—1

Viy>1(doaig)nénx >k—1,dodéx >k Vivayv,(a) =khaya' p.
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d) Dita = p"gAvéi A € N*va (A,p) = (Aq) = 1. Via: p* nén v,(a) > 2k Xét
b=a- Ijk < 1nént(b) < t(a). Khi do
T (prA) < T(pgA) = (v —k+ D)y + DT(A) < (¥ + 1)y +1)T(4)
=>x—k+1<x+1
=k >0.

Do d6 k = v,(a) > 1haya:q.

e) Gia st vdi moi s6 nguyén duong N thi ton tai mot s6 siéu ude 16n hon N va khong chia
hét cho n. Khi d6 ta thu dugc mot day sb tang (ax)x>1 sao cho a; siéu udc va ay khong chia
hét cho n véi moi k > 1.

Gid stt cdc s a1, ay, . . ., chi c6 httu han u6c nguyén td g1, qo, . . ., ;. Pat ap = q7q52 - - - ¥
V& agy, aga, - - -, g € IN. Néu cac day s6 (ag1)k>1, (@k2)k>1, - - -, (a1 )k>1 déu bi chan thi day
(ax)k>1 bi chdn, diéu nay mau thudn vi day (ay)x>1 1a day s6 nguyén tang. Do d6 ton tai it
nhat mot day (ay;)i>1 (1 < i < I) khong bi chan. Xét g 1a mot s6 nguyén t6 khac g1, .. ., q;
chon ay; du 16n sao cho a; : pf“” va p;’ > ¢. Theo cau d), ta thu duoc gy : q (V6 i).

Nhu vay céc s6 a1,az, ..., c6 vo han udc nguyén t6. Goi {q1,92,- - -, 4k, - - -, } 1a tap hop
tat cd cac udc nguyén t6 khac nhau clia ay,a,,.... Pat n = pi'--- pf. Khi d6 ton tai
re{guq2 ..., k...t dalon dér > max {py!,..., p;' }. Xét a,, 1a sO hang ctia day (ax)k>1

ma ay, : . Theo cAu d), ta suy ra a,, : pi’ véimoii = 1,2,...,t. Nhu vay a,, : n, diéu nay
mau thuan vi moi sb a; déu khong chia hét cho n.
Hoan tat chiing minh.

Vi du 4.5.

a) Chiing minh rang ton tai v6 han s6 nguyén duong n > 1 sao cho
p(n) > k) +e(n—k), v1<k<n-1

b) C6 ton tai v6 han s6 nguyén duong n sao cho
p(n) < g@k)+en—k),vi<k<n-1

hay khong?
# Loi giai:
a) Chonnla géc sO ngu}fén t6 16n hon 2. ’
b) Goi p; 1a so nguyén to 16n thit i. Chon cac so nguyén n ¢c6 dang n = p1p2 - - - pm. Khi do,

voimoil < k <m—1,go0iq1,q2,...,q 1a cac udc nguyén t6 cuia k. RO rang g; > p; va
m > 1. Khi d¢, ta dugc

wo-sfo-2)ofo-3) 4o 3)

i=1 pi

Ching minh tuong tu, ta ciing 6 ¢(n —k) > (n —k) [ | (1 - 1) .Do do

p(k)+ ¢(n—k) 2kﬁ(1—1‘> +(n—k)lﬁ[<1—1‘> :nﬁ<1—1_> = ¢(n).

i=1 i=1
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Hoan tat bai toan.

Vidu 4.6. Cho p la sb nguyén t6 théa man p = 1 (mod 5) hodc p = 4 (mod 5). Xét day s6
x1=1,x=keZvax, g =2xy41+x, voimoin > 1.

a) Véik = 1, chung minh rang x, 4,1 = x, (mod p) v6i moi s6 nguyén duong n.
b) Chitng minh rang ton tai v han sb nguyén k dé x,, khong chia hét cho p véi moi s6 nguyén

duong n.
& Loi giai:
a) V6ik =1, ta thu duoc

p-3
1<i<
! 2

Chd y rang p = 1,4 (mod 5) nén 55 = (

p). Mt khéc, véi n = p, ta c6 (luu y rang C;: ipveimoil <i<p-—1):

1 & o
X, = C21+1
p Zp\/g l;) [4 (

Xy =

:%ﬁgq(

Vc’ﬁn:p—l luu y C, (\fS

,ta dugc:

(”f)"—(“f)"]
ZFI ZG ')
fs)‘ [1-(-1].

1—(-1) } = 0néuichdn va C2l+1

- Sl

%f

A

N———
[ o—

1 & i1 2i41
Yp-1= = Y Gy (V¥ .2
25
p-3
1 &
=0
_ 1 57 -1
YR

= —217 : <5pT_1 — 1) (mod p).

-1

=

p=1
5)2i+1 .0 = C2i+15l 5 2

p -

M%

;L
20~

i
=}

—1 (mod p) v6i moi

> = 1 (mod p), ttr d6 suy ra x, 1 = 0 (mod

= —— = 1(mod p).

Vay x, 1 = 0 (mod p) va x, = 1 = x1 (mod p). Bﬁng quy nap, ta thu dugc diéu phai ching

minh.

b) Bang quy nap, ta chiing minh dugc x, = F,_1k + F,_» v6i moi n > 2, trong d6 (F,

Fibonacci xac dinh nhu trong cau a). Ta c6

1) la day

Xn4p—1 = Fuyp2k + Fuyp-3 = Fy_1k+ F,_2 = x, (mod p), Vn > 2.
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Nhu vay dé xac dinh k sao cho x, /pvéimoin > 1;tachi can chon k sao cho xp, x3, . . ., Xp
khong chia hét cho k. Dé y rang, néu F;_1 : p (i > 2) thix; /p. Thatvay,néu F;_1 i p va
xj=F_1k+F_,:pthi F_, p, diéu ndy mau thuan vi (F,, F,41) = 1, Vn > 0. Do d6, dé
don gian, ta c6 thé gia s Fi, ..., F,_1 khong chia hét cho p. Khi d6, goi y; 1a s0 nguyén
théa man y;F; = 1 (mod p) (i = 1, p — 1). Khi d6 tap hop {—Foy1, ..., —Fp—2yp—1} nhan
t6i da p—1 s6 du khi chia cho p. Vivay, ta co thé chon duoc k sao cho —F;_1y; # k (mod
p). Nhan hai vé cho F;, ta ¢6
—F_1y;F; # Fik (mod p) hay Fik + F;,_1 # 0 (mod p).
Vil <i<p-—1nénxy,x;,...,x, khong chia hét cho p. Hoan tat ching minh.
|

) Baitap

Bai tap 4.1. Ching minh rang ton tai vo han s6 nguyén duong n théa man n | 3”1 — 271,

Bai tap 4.2. Ching minh rang 2" + 3" chia hét cho n? véi vo han s6 nguyén duong .

Bai tap 4.3. Chiing minh rang ton tai vo han s6 nguyén duong n dé n* +1 | n!.

Bai tap 4.4. Cho mot day vo han ay,ay, ... gdm cac s6 nguyén c6 cac tinh chét sau:

a) a1,ay,...,a, 1a mot hé thing du day dtt modulo 7 véi moi n > 1.

b) C6 vo han cac s6 hang duong va am trong day.

Ching minh rang méi sb nguyén xut hién ding mot 1an trong day sb trén.

Bai tap 4.5. V&in va k la cac sb6 nguyén duong.

a) Chung minh ring (n!)* 1a u6c cta (kn)!.

b) Chirng minh c6 hitu han s6 nguyén duong 1 thda man n! + 1 1a ude caa (kn)!.

Bai tap 4.6.

a) Chiing minh rang ton tai vo han cac s6 nguyén duong n dé n* 4 1 c6 uéc nguyén t6 16n
hon 2n.

b) Chiing minh rang ton tai vo han cac s6 nguyén duong n dé n> + 1 ¢6 udc nguyén té 16n
hon 2n + v2n.

Bai tap 4.7. Mot s6 nguyén duong dugc goi 1a manh néu p* | n v6i moi wdc nguyén té p ctia

n. Ching minh rf?mg ton tai vo han cap s6 manh lién tiép.

Bai tap 4.8. Cho day s6 (a,) xac dinh bdi a; = 1 va

Apt1 = a‘,‘l —afl—i—Zai—i—l, n>1.

batb, = ufi -+ 1 v6imoin > 1. Chiing minh réng

. b
a) b,.1 chia hét cho b, va < ZH, bn> =1véimoin > 1.
n

b) Ton tai vo han s6 nguyén t6 khong 1a udc cia moi s6 hang trong day (a, ).
Bai tap 4.9. Ching minh rang ton tai vo han s6 nguyén duong a dé phuong trinh t(an) = n
khong c6 nghiém nguyén duong n.

S
Bai tap 4.10. Vi s6 nguyén duong 1 ¢6 dang phan tich tiéu chudn n = [ [ p’, ta dat A(n) =
i=1
(—1)4* % Chiing minh rang
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a) Ton tai vo han s6 nguyén duong n dé A(n) = A(n+1) = 1.
b) Ton tai vo han s6 nguyén duong n dé A(n) = A(n+1) = —1.
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§5. NGHIEM CUA PA THUC VA UNG DUNG
NGUYEN PHUGC THINH - Gido vién STAR EDUCATION

Da thttc 1a mot cht dé quan trong trong chuong trinh toan chuyén cap Trung hoc co s& va
Trung hoc phé thong, tham chi  mot ) chuyén nganh toan & bac dai hoc. Trong thoi gian
gan day, viéc xuat hién cac bai toan lién quan dén da thic trong cac dé thi chon doi tuyén cac
tinh cting nhu cac ki thi Olympic trd nén thuong xuyén hon, ching to tinh quan trong cta
chuyén dé da thuc trong cdc cudc thi hoc sinh gioi. V4i su rong rai Ve cac mang khac nhau
trong chuyén dé da thic, trong ndi dung bai viét nay, tac gia dé cap dén van dé nghiém cda
da thirc va mot s6 ting dung.

Kién thirc chudn bj

Trong phan nay, tac gid nhac lai mot s6 khai niém can ban vé da thic va mot s6 thong nhat
chung cho cac phan tiép theo. Luu y rang mot s6 tinh chat 6 thé khong dugce dé cap, cht yéu
nhac dén cac khai niém lién quan dén nghiém cta da thiec.

Pinh nghia 5.1. Xét K la mot trong cac tap hop Z, Q, R, C. Ta ki hiéu tap hop (quy udc x° = 1)

K[x] = {gnx”-|-an,1x”’1+...—|—u1x+ao ‘ ne€N,a €K, Vi:W}

n . —_

= {Zaixl |n€N,a; € K, Vi= O,n} )
i=0

Tap K [x] duogc dinh nghia nhu trén duoc goi 1a vanh da thitc mot bién x trén K. Mbi phan tir

trong K [x] dugc viét 1a P (x) hodc don gian 1a P. Phan ti

P (x) = anx" + Ay xX" V4 ax + ag
dugc goi la mot da thitc theo bién x véi cac hé s6 thudc tap K.
Nhin xét:
Ta hiéu rang néu viét P (x) € R [x] thi da thitc P (x) 1a mot anh xa P : R — R, bién x dai
dién cho cac sb thuc. Trong bai viét nay, néu khong ndi gi thém, ta hiéu la dang xét cac da
thitc voi hé sb thue, tire 1a P(x) € R[x].
Dinh nghia 5.2. Cho da thic P (x) € R [x]. Néu

P(x) = anx" + A X" 1 4+ aix +ag, véia, #0,
thi ta ndi bdc caa da thuc P (x) la n. Ki hiéu deg P (x) = n (hoac deg P = n).
Nhin xét:

e Truong hop P (x) = a v6i a 1a hing s6, ta goi P 1a da thiic hing. Néu a khac 0 thi ta néi P
co biac la 0.

e Néu P(x) = 0, tanéi P la da thitc khong. Thong thuong ta khong dinh nghia bac ctia da
thitc khong, tuy nhién ty vao tinh huéng ta c6 thé quy uéc né c6 bac 1a —1 hodc —oco.

o Khiviét P (x) = a,x" + Ay 1x" V. 4 agx 4 ap va khong dé cap dén diéu kién cua ay,
ta can hiéu P (x) = 0 hodc deg P (x) < n.

e Trong trudng hop a, = 1 hay P (x) = x" +a,_1x" ' ... + a1x + ao, ta goi P 1a da thiic
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" monic hay da thitc don khdi.

Dinh nghia 5.3. Cho da thitc P(x) = a,x" +a, 1x" '+ ...+ a1x + ag (v6i a, # 0). Khi d6
cac s ag, ay, . .. a, duoc goi la hé s6 cta da thuc P(x), trong d6 a, # 0 dugc goi 1a hé s0 bic cao
nhdt cta P(x), ag dugc goi 1a hé s6 tu do ctia P(x).

Dinh nghia 5.4. Cho da thuc
P(x) =anx" + Ap1x" '+ . 4+ mx+a)eR [x], v6ia, # 0.
Khi do, véic € R, ta goi ph?m ta
P(c) = apc" + Ap_1c" V. agc + ag

1a gid tri ciia da thitc P (x) tai phan t c.
Dinh nghia 5.5. Cho hai da thirc P(x), Q(x) € R[x]. Néu c6 da thic S(x) € R[x] dé P(x) =

Q(x)S(x) thi ta néi P(x) chia hét cho Q(x) (ki hiéu P(x) : Q(x)) hodc Q(x) chia hét P(x) (ki
hiéu Q(x) | P(x)), v6i thuong la S(x).

Dinh 1i 5.1 (Dinh 1y Bézout). Cho da thirc P (x) € R [x] va ¢ € R. Khi d6, ton tai da thirc
Q (x) € R[x] sao cho
P(x) (x— ) Q(x) + P (c).

# Chirng minh: Gid stt P(x) = apx" + a,1x" ™" + ... + a1x + ao (v6i a, # 0). Khi d6
P(x) = anc" + ay_1c" ' + ... + arc + ao.

Tir d6 suy ra

P(x)—P(c) =a,(x"—c")+a,4 (x”’l — c”’l) +...+m(x—c)
()

r(x—c ( k’l—l—xk’zc—k...—i—ck’l)

i

n

= (x—c) [Z ar (xk’l + x5 24+ 4 Ck1>] = (x—0)Q(x),

k=1

n

vai Q(x Z x—c (xk_l+xk_2c+...—i—ck_l).Tfrdésuyra

P(x) = (x —c)Q(x) + P(c).
Ta c6 diéu phai chirng minh. [ |

Dinh nghia 5.6. Phan tir ¢ € R dugc goi la nghiém thuc cta da thic P (x) € R[x] néu
P(c)=0.

Hé qua 1.1. Phan tif ¢ € R 1a nghiém cta da thic P (x) € R [x] khi va chi khi P (x) chia hét
cho da thuc x —c.
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Dinh nghia 5.7. Cho da thic P (x) € R [x] va ¢ € R. Phan ti x dudc goi la nghiém boi (bac) m
ctia P (x) néu (x — ¢)™ | P (x) nhung (x — ¢)™*! |/P (x). Hay néi cach khac,

{P(X) = (x=)"Q(x),
Q(x) € R[x], Q(c) #0.
Nhin xét:

¢ Thong thudng khi néi "nghiém boi" ta hi€u d6 la nghiém boi 2 tré1én (m > 2). Khim = 1
ta noi nghiém do la nghiém don.

* Da thitc c6 nghiém boi m duge xem nhu c6 m nghiém bang nhau. Theo nghia nay, tong
s6 nghiém thyc sy ciia mot da thic ¢6 thé nhiéu hon s6 nghiém phan biét ctia né.

* Khi ta n6i "Pa thitc P(x) c6 cac nghiém cy, ..., c, (khong nhét thiét phan biét)" thi ta
hiéu rang, néu c6 hai hay nhiéu phan tt ¢; trong day trén bang nhau thi nghiém d6 1a
nghiém baoi.

Ménh dé 5.1. Néu P(x) 1a da thic bac n, c6 hé sb cao nhat 1a a va c6 n nghiém thuc
€1,€2,...,Ccy d6i mot phan biét thi

P(x)=a(x—c1)(x —c2)...(x —cy).
# Chirng minh: Hién nhién n > 1 vi dang xét n nghiém thyc phan biét. Vi ¢; 1a nghiém cta
P(x) nén theo H¢ qud 1.1, ton tai da thirc Q1 (x) c6 bac n — 1 sao cho
P(x) = (x = c1)Qu(x).
Tir d6 suy ra 0 = P(cp) = (c2 — ¢1)Q1(c2) = Q(c2) = 0. DO d6 ¢, 1a nghiém ctia Qg (x). Tiép
tuc ap dung H¢ qud 1.1 ta dugc
P(x) = (x — c1)(x — c2) Qa(x),
vdi Q(x) 1a da thic 6 bac n — 2. Tiép tuc nhu thé cho dén nghiém a,,, ta dugc
P(x) =(x—c1)(x—c2)...(x —cn)Qo(x),
voi Qo(x) 1a da thic 0, tic 1a Qp(x) = C € R\ {0}. Dé dang suy ra duge C = 4, tir d6
P(x)=a(x—c1)(x—c2)...(x —cp).
]
Trong trudng hop da thitc ¢6 nghiém boi, tong sd nghiém thyc sy cia moét da thic c6 thé
nhiéu hon s6 nghiém phan biét ctia né. Khi d6 ta cling c6 mot két qua téng quat hon ctia Ménh
dés.1

Ménh dé 5.2. Néu P(x) 1a da thirc bac 1, hé s6 cao nhat 1a a va ¢ n nghiém thuc ¢y, ¢y, . . ., ¢x
(khong nhat thiét phan biét) thi

P(x) =a(x—c1)(x —c2)...(x —cn).

Néu can cy thé hon veé s6 1an 14p lai ctia cac nghién boi, ta ¢6 thé biéu dién nhu ménh dé dudi
day:
Ménh dé 5.3. Gia st da thic P (x (x) € R[x] c6 cac nghiém x1,x, ..., x, vdi boi tuong ung
ki,ka, ..., kn. Khi d6, ton tai da thirc Q (x) € R [x] dé

Px)=(x—x)b - (x —xp)f .. (x —xp)" - Q(x).
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Nhan xét:
Néu deg P = n va k; 1a boi cia nghiém i,i = 1, m thi

kl+k2+-.-+km§degp.

Pinh 1i 5.2. Cho P (x) € R[x] c6 bac bé hon hoic bang n. Khi d6, néu P c6 nhiéu hon n
nghiém thi tat ca cac hé s6 bfmg 0,tdclaP =0.

P Chitng minh: Gia st c6 da thic P (c) bac n > 1 ¢6 it nhat n + 1 nghiém khéc nhau la
a1, a,...,Aan,dns1. Viag 1a nghiém cta P (x) nén P (x) chia hét cho (x —a7), tic la

P(x) = (x—a1)qu1(x),

trong d6 g — n — 1 (x) la da thitc c6 bac n — 1. Cho x = aj tir dang thuc trén, ta dugc

0=f(a2) = (a2 — a1)q9n-1(a2) .

Do d6 a3 la mét nghiém caa g, (x), tir d6 ta ¢

Gn-1(x) = (x = a2)qn2 (%),

trong do g, (x) la da thic bac n — 2. Suy ra

P(x) = (x —a1)(x — az2)qu—2 (x).

Tiép tuc lap lai nhu vay, dén budc thit n, ta dugc
Px)=(x—a)(x—a2)...(x —ay)qo (x),
trong do qo (x) la da thac bac khong, tuc la go (x) = C. T d6 ta co
P(x)=C(x—ay)(x —a2)...(x —ay).

Néu C = 0 thi P (x) = 0, trai véi gia thiét. Vay C # 0. Thay x = a,,1 vao dang thic trén, ta
duoc

0="P(ayt1) = (ap41 — 1) (aps1 — a32) ... (A1 — an).
Via,,1 # a;, Vi = 1,n nén vé phéi ctia dang thitc khac khong, tir d6 ta c6 diéu vo ly. Vay P (x)
bac n khong thé c6 nhiéu hon 7 nghiém khac nhau. [ ]
Hé qua 1.2

* Mot da thuc bac n c6 khong qua n nghiém thuc (tinh ca boi).

* Néu hai da thitc ¢6 bac khéng qua n tring nhau tai 7 + 1 diém thyc thi chiing tring nhau.
N6i cach khac, néu P(x), Q(x) la hai da thic c6 bac khong qué 7 va ton tai 7 + 1 s6 thuc
ai,az,...,A4,11 sao cho

P(&li) = Q(lll'), Vi € {1,2,...,n+1},
thi P(x) = Q(x) véimoi x € R.

Lién quan dén nghiém da thirc, khong thé khong nhac dén Dinh Iy Viete néi 1én mébi quan hé
gitra cac nghiém va cac hé s6 ctia da thic.
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Pinh li 5.3 (Dinh ly Viete). Cho da thuc P(x) = a,x" + ...+ a;x + ag v6i a, # 0. Gia su
P(x) c6 n nghiém thyc (khong nhat thiét phan biét) 1a x1, . . ., x,,. Khi d6

( an—1
X1+xX20+...+x, = —
n
Ap—2
Y, xixj=
— ay
1<i<j<n
ag
X1X2X3 ... %, = (—1)"
an

) so lugc vé cdc da thire bac thép
€@ Dathicbichai

Trong Dinh nghia 5.1, khi cho n = 2, ta dugc da thitc c¢6 bac hai, con goi la tam thiic bic hai.
Dinh nghia 5.8. Mot tam thiic bic hai hé s6 thuc 1a mot da thire c6 dang ax? +bx +c, trong
déa,b,c € Rvaa # 0.

Tam thitc bac hai da xudt hién tir bac Trung hoc phé thong va xuyén subt dén bac Trung hoc
ph6 thong. Ta nhac lai mot s6 két qua quan trong.
Dinh 1i 5.4 (Nghiém cua phuong trinh bac hai).

Xét tam thitc bac hai f(x) = ax? + bx + c v6ia # 0. Xét biét thic A = b* — 4ac. Khi d6
e Néu A < 0 thi phuong trinh f(x) = 0 khoéng c6 nghiém thuec.
e Néu A = 0 thi phuong trinh f(x) = 0 c6 nghiém kép xo = —Z.

—b+VA

e Néu A > 0 thi phuong trinh f(x) = 0 c6 hai nghiém phéan biét x;, = 5

Pinh i 5.5 (Tinh dong bién, nghich bién ctia ham s6 bac hai).
Xétham sd y = f(x) = ax® + bx +c (a # 0) (O day ta hiéu ham s6 y = f(x) 1a mot anh xa
f:R — R).Khi d6

s ) ) b s . b
e Néua > 0thihamsoy = f(x) nghich bien trén (—oo; _2a> va dong bien trén <—za;—|—oo>.

s ) R . b . b
e Néeua < O0ththamsoy = f(x) dongbien trén (—oo; —2a> va nghich bién trén (—za; —{—oo) .
Pinh 1i 5.6 (Dau ctia tam thirc bac hai).
Xét tam thiic bac hai f(x) = ax? + bx +c v6ia # 0. Xét A = b* — 4ac, khi d6

e NéuA < 0thi f(x) >0, Vx € Rnéua > 0; f(x) <0, Vx € Rnéua < 0.
e NéuA =0thi f(x) >0, Vx € Rnéua > 0; f(x) <0, Vx € Rnéua < 0. Dau "=" xay ra

khi va chi khi x = _2ba'
e Néu A > 0thi f(x) < 0, Vx € (x1,x) va f(x) > 0 trén cac khoang con lai néu a > 0;

f(x) >0, Vx € (x1,x2) va f(x) < 0 trén cac khoang con lai néu a < 0 (trong d6 x; < xp 1a
cac nghiém phén biét ctia phuong trinh f(x) = 0).
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e Giai cac phuong trinh bac ba, bac bon

Trong phan nay, tac gia trinh bay so lugc vé Phuong phdp Carnado ding dé tim nghiém cta
phuong trinh bac ba va Phuong phdp Ferrari duing dé tim nghiém ctia phuong trinh bac bon.
Phuong phap Carnado. Trong phan nay, ta trinh bay mot phuong phap duge dung dé giai
phuong trinh bac ba, stt dung mot s6 tinh toan lién quan dén sb phirc (da duoc luge bd trong
Chuong trinh phé thong 2018). Chinh vi thé, phan nay chi mang tinh chat tham khéo, ban
doc mudn tim hiéu sau hon c6 thé tham khéo cac tai liéu lién quan dén s6 phc.

Xét phuong trinh bac ba ax> +bx®>+cx+d=0 (a,b,c,d € R). Khong mat tinh t6ng quat, ta
c6 thé cho a = 1. Ta luén c6 thé dua phuong trinh bac ba vé khéng c6 hang ti binh phuong

(hay con goi 1a khuyét bic hai) bang cach dat x = y — 139 Khi d6 bién déi va rit gon, phuong

trinh trd thanh
sy (=T yu (k) —o
Y 3)Y7\27 "3 =

2 3
batp =c— Z;, q= % - b; + d, phuong trinh tré thanh y° + py + g = 0, goi la phurong trinh

béc ba thu gon. Dé giai phuong trinh nay, ta can ménh dé sau

Ménh dé 5.4. Cho phuong trinh bac ba thu gon x° + px +4 = 0 (p,q € R). S6 phtic xg la
nghiém ctia phuong trinh trén khi va chi khi x( c6 thé biéu dién dudi dang xg = ug + vo, trong
do (uo,vp) la nghiém cta hé phuong trinh

P Chirng minh: Chiéu thudn. Gia st xo 1a nghiém ctia phuong trinh x> + px + g = 0 va xét
(10, vo) 1a hai nghiém phiuc cua phuong trinh

22-xz-L£=o.
Khi d6, theo Dinh ly Viete, ta dugc

Wi

Up + Vo = Xo, UoVo = —
Do x la nghiém ctia phuong trinh x° + px 4 g = 0 nén
(uo+v0)* + p(ug +v9) +9 =0 & ud + 05 + 3ugve(uo + vo) + p(ug +v9) +9 =0
< ud + 05+ (3ugvg + p)(ug +v9) +9 =0
S ud+ovy+q=0.

Tir d6 ta c6 ud + v3 = —q. Vay (uo, vo) la nghiém ctia hé

u3+v3
uv = —

Chiéu ddo. Gia st xo c6 thé biéu dién thanh téng hai sb ug, vy, trong d6 g, vo 12 nghiém cta hé
phuong trinh

—q
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Khi d6 u} + v3 = —q va 3ugvg + p = 0. Thay x = ug + vy vao biéu thirc x* + px + g ta dugc
X+ pxo+q = (1o +00)° + p(uo +2v0) + 4
= uy + vy + 3ugoo (1o + v0) + p(uo +v0) + g
= (u3 +v3 4+ q) + (Bugvo + p) (1o + vo) = 0.
Vay xo 1a nghiém ctia phuong trinh % + px + g = 0. Ménh dé dugc chiing minh. u
Tiép theo, ta trinh bay (khong ching minh) ménh dé dudi day, duge dung dé tim ta cac
nghiém ctia hé phuong trinh néi trén néu tim dugc mot nghiém cta hé do.
Ménh dé 5.5. Hé phuong trinh
u + 0
Uy = —

ludn c6 ba nghiém. Hon nita, néu (11, v1) 1a mot nghiém ctia hé trén thi hai nghiém con lai la
) 1 .Vv3
,01€), trong d6 e = —= + 1£.
2 2
V6i ménh dé trén, tir viéc tim ra cac nghiém (ug,vg), ta sé suy ra nghiém y = ug + vy cta
phuong trinh y? + py + g = 0, tir d6 tim dugc nghiém x clia phuong trinh bac ba ban dau.

-1

@l |

u1€,0182 va u182
( ) va(

Phuong phap Ferrari. Néu nhu phuong phap Cardano dung dé giai phuong trinh bac ba can
tinh toan nhiéu vdi s6 phitc (da dugc luge bé & Chuong trinh phd thong 2018) thi phuong
phép Ferrari giai phuong trinh bac bén khong str dung nhiéu kién thitc vé s6 phirc ma chi
don thuan la bién déi dai s6, dua vé giai phuong trinh bac hai.

Khong mat tinh tong quat, xét phuong trinh bac bon don khéi x° + ax® + bx® + cx +d = 0. Ta
c6 bién déi sau

Tit d6 phuong trinh ban dau trd thanh
2

<x + 2) = (4 b>x cx —d.
V6iy € Rbat ki, ta co

a 2 2, ax 2
( ) <4 )x cx d+2y<x+2)+y
22

( +=Z > +y) = (—b+2y> X+ (ay—o)x+ (VP —d). (1)

Ta chon y sao cho vé phai cda (1) la mot binh phuong ding, nghia la
(ay— ) + (a? —4b+8y) ( —d) = 0. (2)
Thay mot nghiém cua (2) vao (1), ta c6 phuong trinh
f2(x) = g*(x),
trong d6 deg f = 2 va deg g = 1. Tir d6 ta c6 cac phuong trinh bac hai
flx) = g(x) va f(x) = —g(x).
Gidi cac phuong trinh bac hai trén, ta dugc cac nghiém ctia phuong trinh ban dau.
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Nhan xét:
J (2), viéc tim gia tri y théa man tuong duong véi viée gidi mot phuong trinh bac ba an y
hé sb thuc, va viéc giai phuong trinh nay dugc giai quyét triét dé bang Phuong phdp Carnado
da duoc trinh bay & trén.
Cdc bdi todn danh gid nghiém clGa phuong trinh béc hai béng biét thire
Lién quan dén tam thirc bac hai, c6 kha nhiéu bai toan lién quan dén danh gia nghiém dya
trén biét thirc ctia né. Ta xét cac bai todn duéi day, v6i luu ¥ rang trong mot sb bai toan, ta néi
bigt thirc ctia biéu thiac ax® + bx + c1a A = b* — 4ac ma khong nhét thiét a # 0.
Vidu 5.1. Goi D 1a biét thitc cia mot tam thirc bac hai c6 hé sb bac hai monic (c6 hé sb
bac cao nhét bang 1). Gid sit D > 0, khi d6 hay xac dinh s6 nghiém ctia da thic Q(x) =
P(x)+P <x+ \6)
P Loigidi: Giast P(x) = x* 4+ bx +c (b,c € R), khi d6 D = b* — 4c. Ta c6

Q(x):P(x)+P<x—|—\/5> :x2+bx+c+(x+\5)2+b<x+\5)+c
:2x2+2<b+x/5)x+2c+D+b\/5.

Ta c6 Q(x) 1a mot tam thirc bac hai c6 biét thirc bang
2
4(b+ VD) —8(2c+D+bVD) =4 (12 —4c—D) =0.

Vay da thuc Q(x) c6 nghiém kép. |
Vi du 5.2. Cho cac s6 thuc khac khong a, b, c. Chitng minh ré“mg it nhat mot trong cac phuong
trinh dudi day khong cé nghiém thuc

ax?> +2bx +2c =0,
bx? 4+ 2cx +2a =0,
cx? + 2ax +2b = 0.

P Loi gidi: Gia stt cd ba phuong trinh trén déu c6 nghiém. Tir d6 cac biét thirc tuong ting
phai duong. Tir d6 ta c6

b? > 2ac > 0, ¢* > 2ab > 0, a®> > 2bc > 0.

Nhaén vé theo vé ta dugc a®b*c? > 8a%b*c* > 0 hay a?b*c®> < 0, v li via,b,c # 0. Vay ta c6
diéu phai chitng minh. [
Vi du 5.3 (Russian Mathematical Olympiad 2013).
Cho céc s6 thuc phan biét a, b, c. Chiing minh rang it nhét hai trong ba phuong trinh dudi day
c6 nghiém

(x—a)(x—b)=x—c¢,

(x—c)(x—a)=x-0b,

(x—¢c)(x—b)=x—a.
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& Loigigi: Pat f(x) = (x—a)(x—b) —(x—c), g(x) = (x—c)(x —a) — (x —b), h(x) =
(x —c)(x — b) — (x — a). Gia stt cac da thuc f(x) va g(x) déu khong c6 nghiém thuc, khi d6
f(x) >0,Vx € Rvag(x) > 0,Vx € R. Tu d6 ta ¢

Bj <O (a+b+1)* < 4(c+ab)
Ag(x) <0 (ﬂ +c+ 1)2 < 4(b +€lC)

Tir d6 bién d6i ta duge (a —b+1)> < 4(c—b) va (c—a—1)> < 4(b—c), volivic—bva
b — ¢ khong thé ciing &m. Vay it nhat hai phuong trinh & dé bai c6 nghiém. |
Vi du 5.4 (Saint Petersburg Mathematical Olympiad 2013).

Cho céc s6 thuc ay, ay, . . ., a1o. Biét rang khong c6 phuong trinh nao trong cdc phuong trinh
dudi day co nhiéu hon mot nghiém thuc:

xz—a1x+a2:O, xz—a2a+a3:0, ...,x2—a10x+a1:0.

Chung minh rf?mg véimoii € {1,2,...,10},tacda; < 4.
P Loigidi: Tir gia thiét suy ra cac biét thirc ctia cac tam thitc bac hai déu bé hon hoéc bang 0.
Tir do ta co
a% < 4a,, a% <dags, ..., a%o < 4q,.

Gia st ton tai mot s6 a; (i € {1,2,...,10}) 16n hon 4. Khong mét tinh tong quat, gia su
a1 > 4. T cac bat dfmg thic & trén ta 1an luot suy raa; > a; > 4, tiép theolaas > a, > 4
... Tiép tuc nhu vay, ta sé c6 a; > a9 > a9 > ... > a; > 4, mau thuan. Tir d6 ta c6
a; <4, Vie{1,2,...,10}. _
Vi du 5.5 (A.Golovanov). Cho 4,b,c la cac s6 thuc khéc 0 va gid st rang phuong trinh ax +
c .  a ., . N p A ~ p N L A p
= b c6 nghiém thuc. Ching minh rang it nhat mot trong cdc phuong trinh dudi day co
nghiém thuec.

c c

ax+—-—=b—-1,ax+—-=b+1.
x x

# Loigiai: Gia st phan ching, phuong trinh ax + 2 = b c6 nghiém nhung ca hai phuong
trinh c c
ax+—-—=b—-1,ax+—-=>b+1
x x

déu vo nghiém. Ta viét lai ba phuong trinh trén lan lugt dudi dang
ax* —bx+c=0,ax* —(b—1)x+c=0, ax*> — (b+1)x +c = 0.
Do a # 0 nén tu gia thiét phan ching, ta c6

b?> — 4ac >0
(b—1)* —4ac <0
(b+1)> —4ac < 0.

Cong hai vé ctia hai bat phuong trinh cudi véi nhau, ta duge 2b + 2 — 8ac < 0 hay b* — dac <
—1 (mau thuan v6i b — dac > 0). Tir d6 ta 6 diéu phai chiing minh. n
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Vi du 5.6. Cho a,b, cla cac s6 nguyén khac 0 va f(x) = ax? + bx + ¢ la mot da thize thoa man
f(f(1)) = 1 va phuong trinh f(x) = x c6 nghiém nguyén. Ching minh rang f(1) = 1.
& Loigiai: Dat f(1) =m,khidé f (f(1)) = f(m) = 1. Tit d6 ta c6 hé phuong trinh
a+b+c=m
am?* +bm +c = 1.
Tir d6 tir vé theo vé va bién déi, ta duoc
(m—1)(am+a+b+1)=0.

Tudésuyram =1hodcb = —(am+a+1).Giasaum # 1,khidé b = —(am +a + 1), khi dé
a =1+ m+ am. Tu d6 biét thic cta da thuc f(x) — x la

(b—1)> —4ac = (am —a)? + 4.
Do phuong trinh f(x) = x c6 nghiém nguyén nén biét thitc trén phai la s6 chinh phuong, tir
dé (am — a)* + 4 = d* véi sb nguyén d nao dé. Tir d6 ta c6
(4] — lam —al) (|d] + |am — a]) = 4.
Nhan théy ca hai nhan tr c6 cung tinh chan 1é, ta suy ra ca hai déu phai la s6 chan, df)ng thoi
la s6 nguyén duong chan. Tir d6 ta cé
|d| — |am —a| > 2.
Ta co |am —m| = |a| |m — 1| > 1 (dom # 1), t d6 |d| > 3. Tuy nhién
4= (|d| — |am —al) (|d| + |am — a|) > 2(|d| + |am — a]) > 4
Tirdétacodieuvolivadodom =1, ticla f(1) = 1. [
Vi du 5.7 (Saint Petersburg Mathematical Olympiad 2009).
Ton tai hay khong cac tam thirc bac hai f, g, i sao cho cac da thirc

f(x), 8(x), h(x), f(x) +8(x), g(x) +h(x), f(x) +h(x)
déu c6 biét thirc bang 1 (gia st cac da thitc néi trén déu c6 bac bang 2).
& Loi giai: Kihiéu biét thuc cta da thuc P(x) la Dp. Ta ¢6 nhéan xét sau:

That vay, gia st f(x) = ayx* + bix +c1, g(x) = ax® +box + ¢, h(x) = azx® + bsx + c3
(a1,4a3,a3 # 0). T d6 ta c6 déng thuc

(b1 + by + b3)* — 4(a; +az +a3)(c1 + 2 + ¢3)

—Zb1+b2 42 a1+a2 C1—|—C2 Zb%+42alcl
cyc cyc cyc cyc
Tir d6 nhéan xét dugc chitng minh.
Tro lai bai toan, ap dung nhan xét trén ta ¢6 Dfigqp = 0, do d6 f(x) + g(x) + h(x) =
k(x — x0)? véi k # 0 va xy € R. Tir d6 suy ra

flx+x0) + g(x + x0) + h(x + x) = kx?, Vx € R.
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Gid st f(x +x0) = ax® +bx + ¢, g(x + x0) +h(x + x9) = Ax> + Bx + C. Ddng nhat hé s6, ta
duoc
a+A=k, B+b=0,c+C=0.

T désuyral = B> —4AC = b* +4(k —a)c = b* —4ac+kc = 1+ ke, suyrac = 0 (do k # 0).
Mot cach tuong tu, ta chitng minh duogc hé sb tu do cta f(x + x), g(x + x0), h(x + xp) déu
bang 0. Tir d6 gid tri tuyét ddi ctia hé s6 trude x ctia f(x + x0), g(x + x0), h(x + xo) déu bang
1, do d6 tdng cta chiing khong thé c6 hé s6 trude x bang 0. Tir d6 ta ¢ diéu vo li va do do
khong ton tai cac tam thirc bac hai f(x), ¢(x), h(x) thoa man diéu kién dé bai. [
Vi du 5.8 (Saint Petersburg Mathematical Olympiad 2013).
Cho hai da thic bac hai f(x) va g(x). Biét rang phuong trinh f(x)g(x) = 0 c6 ding mot
nghiém thuc va phuong trinh f(x) + g(x) = 0 c6 dung hai nghiém thuc phan biét. Chung
minh rang phuong trinh f(x) — ¢(x) = 0 khong c6 nghiém thuc.

& Loi giai: Xét hai truong hop
» Trudng hgp 1: Ca hai da thitc f(x) va g(x) c6 chung nghiém duy nhat xg. Khi d6

f(x) = a(x —x0)?, g(x) = b(x — x0)*.
Tir d6 ta 6 f(x) + g(x) = (a +b)(x — x9)>. Néua +b = 0 thi f(x) + g(x) c6 vo s6 nghiém.
Do dé a + b # 0 va khi dé f(x) + g(x) c6 ding mot nghiém, mau thuan voéi gia thiét ban
dau.

e Truong hop 2: Da thic f(x) c6 nghiém kép va da thuc g(x) vd nghiém. Honntra f(x) 4 g(x)
c6 hai nghiém phan biét ta c6 Ay = 0, Ay < 0va Df., > 0. Ta chiing minh dugc dang thtic
dudi day

Aprg+Brg =2 (85 +8yg).
Tir d6 ta c6 duge Af_¢ < 0, tir d6 phuong trinh f(x) — ¢(x) = 0 v nghiém.
|

) Cdc baitodn danh gié nghiém lién quan dén dinh ly Viete

Lién quan dén danh gia nghiém, dbi védi cac da thitc bac hai, trong mot s6 trudng hgp, ta st

dung cac két qua dudi day, dugc suy ra tir Dinh Iy 5.6

Pinh 1i 5.7. Xét tam thtic bac hai f(x) = ax® + bx + ¢ v6ia # 0. Khi d6

af(x) >0, Vx e R < A =b*—4ac <0.

Pinh 1i 5.8 (Dinh ly dao vé dau ctia tam thirc bac hai).

Néu ton tai « € R sao cho af(a) < 0 thi phuong trinh f(x) = 0 c6 hai nghiém phan biét

x1 < & < xp. Néu ton tai « € R sao cho af(a) < 0 thi phuong trinh f(x) = 0 ludn c6 nghiém.

Hé qua 1.3. Néu ton tai a, B € R sao cho f(a) - f(B) < 0 thi phuong trinh f(x) = 0 luén c6

nghiém. Trong truong hop tim dugc a, B thoa f(«) - f(B) < 0 thi phuong trinh f(x) = 0o

hai nghiém phan biét va A > 0.

Trudc hét, ta xét cac vi du lién quan dén da thic bac hai.

Vi du 5.9 (Singapore Mathematical Olympiad 2012).

Cho a, b, c,d 1a céc sb thuc duong phan biét thoéa man

( 22012 _ C2012) (azou . dzou) — 2011,

(bzou _ C2012) (bzmz . dzmz) — 2011.
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Tinh gid tri ctia biéu thiic (cd)?™? — (a )2012
P Loi gidgi: Data®? = A, 1?1 = B,c*? = C,d*? = D. Tir gi thiét ta suy ra A, B 1a hai
nghiém ctia phuong trinh

(x — C)(x — D) = 2011, hay x*> — (C+ D)x + CD — 2011 = 0.
Tir d6, theo Dinh ly Viete, ta c6
A+B=C+DvaAB=CD — 2011

Tir d6 ta duge (cd)?™? — (ab)*? = CD — AB = 2011. u
Vi du 5.10 (Moscow Mathematical Olympiad 2010).
Biét rang tong ctia bt ki hai trong ba da thirc
X4ax+b x>+ex+d, x2+ex+f
déu la cac da thirc khong c6 nghiém thyc. Tong ctia ca ba da thitc c6 thé la mot da thirc c6
nghiém thuc hay khong?
& Loi giai: Cau tra 1oi 1a khong. Thuc vay, dat

f(x)=x*>+ax+b, g(x) =x>+cx+d, h(x) = x*> +ex + f.
Do t6ng ctia hai da thirc bat ki trong ba da thitc trén khong c¢6 nghiém thuc, ta c6

F(x)+g(x) >0, Vx € R
h(x) >0, Vx € R
f(x)+h(x) >0, Vx e R
0,V

X

T d6 dé dang suy ra f(x) 4+ g(x) + h(x) > x € R. Do d6 tong ctia ba da thic néi trén la
mot da thiac khong cé nghiém thuec. |
Vi du 5.11 (Saint Petersburg Mathematical Olympiad).
Biét rang da thuc f(x) = x* + ax + b ¢6 nghiém trong (0;1). Gia stt rang ton tai p € (0;1)
VOi p # _7” thoa man f (b — f(p)) > f(p). Chitng minh rang ton tai cac s6 thuc phan biét
p.q € (0;1) thoa man f(p) = f(4).

P Loigidi: Gia st h(x) = x> + cx + d 1a mot da thirc monic bat ki. Khi d6

h(h(0)) = h(d) =d(d+c+1) = h(0)h(1).

Ap dung cho g(x) = f(x) — f(p) = x* +ax + (b — f(p)), ta dugc

0<f(b—f(p))—flp) =g~ fp)) =g0)g(1).
Do g(p) =0, g(x) c6 nghiém thudc (0;1). Két hop véi ¢(0)g(1) > 0 ta suy ra hodc g(x) c6 hai
nghiém phan biét thudc (0;1), hodc ¢(x) c6 nghiém kép thudc (0;1). Tuy nhién vi p # _761
nén p khong 1a nghiém kép ctia ¢(x). Do d6, ton tai g # p sap cho g(p) =0, do dé

0=2g(q) = f(q) — f(p).

Tir d6 ta c6 diéu phai ching minh. |
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Vi du 5.12. V&i mbi s6 nguyén n, goi a,, by, 1a hai nghiém ctia phuong trinh x* + (21 + 1) x +
n? = 0. Tinh gia tri ctia biéu thitc

! + ! +o !
(1+a3)(1+b3)  (L+as)(T+bs)  — (14a2)(1+bo)

S =

P Loigigi: Patx* + (2n+1)x +n® = (x —a,)(x — b,). Thay x = —1 vao dang thic, ta dugc
(1+a,)(1+b,) =n>—2n. Tirdé ta cé

20 20
1 1 1\ 1 1 1 1 531
S WZZB Z( n> 2< 2 19 2o> 760

Tiép theo, ta xét cac vi du lién quan dén ap dung Dinh Iy Viete cho cac nghiém ctia phuong
trinh bac ba, bac bon.
Vi du 5.13. Cho da thitc P(x) = x° + ax? + bx + c. Chiing minh rang da thic Q(x) = x* +
ax® + (4b — a*)x + 4ab — a® — 8¢ ciing c6 ba nghiém phan biét.

& Loi giai: Goi x1, x2, x3 la cdc nghiém phan biét ctia da thac da cho. Theo Dinh ly Viete, ta c6

X1+ X0 +x3 = —a, x1X2 + Xox3 + x3x1 = b, x1xXx3 = —c.
Khi do, daty; = xp +x3 — x1, 2 = x1 +x3 — X2, 3 = X1 + x2 — x3. Khi d6

Vi+Yy2+Yys=X1+X2+X3=—

Y1iy2 +y2y3 + ysy1 = E(Xl +x2 — x3) (X3 + x1 — x2)
= 4(x1x0 + x0x3 4+ x3x1) — (X1 + X2 + x3)% = 4b — a®
yiyays = (x2 +x3 — x1) (%1 + x3 — x2) (¥1 + x2 — x3)
= 4(—a)b — (—a)® — 8(—c) = a® + 8c — 4ab.

Tit d6 theo dinh ly Viete ddo, Q(x) ¢ ba nghiém la y1, ¥, y3, cac nghiém nay la phan biét do
X1, X2, X3 phan biét. [ |
Vi du 5.14. Biét rang phuong trinh ax® — x* 4+ bx — 1 = 0 c6 ba nghiém thuc duong. Chiing
minh rang
a) 0<3ab <1,
b) b > 9a;
) b >3
# Loigidi: Hiénnhiéna # 0. Goir, s, t 1a cdc nghiém ctia phuong trinh bac ba da cho.
a) Tur Dinh ly Viete, ta co
1

1 b
r+s+t=—,rs+st+tr=—, rst = —.
a a a

Do r,s,t > 0nén tu cac déng thuc trén, ta duoca < Ova b > 0, do d6 ab > 0. Mat khac, tu
bat dang thic
(r+s+1t)> > 3(rs+ st +tr),

1
tasuyraa—2 ZB-S,tﬁdéO<3ub§1.
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L ae b _ 9
b) Tirbat dang thuc (r 4+ s +t)(rs + st 4 tr) > 9rst cho ta 2 > . tir dé ¢ > 9a.
2

£ e b 3
¢) Tir bat dang thuc (rs + st + tr)? > 3rst(r +s +t) cho ta 2 > x Tir &6 b* > 2 va do
b >0, ta thu duoc b > V/3.
|

Vi du 5.15. Biét rang phuong trinh x°> + v/3(a — 1)x% — 6ax + b = 0 ¢ ba nghiém thuc. Ching
minh rang
b] < la+1.

& Loigiai: Goir,s,tlacac nghiém cua phuong trinh da do. Theo Dinh ly Viete, ta c6
r+s+t=—V3(a—1), rs+st+tr=—6a, rst = —b.

Tir d6 ta c6 danh gia sau

\/E m /r —|—s + t2

\/r+s+t 2(rs + st +tr)
3

3(1—a)?+12a
:\/( ) =la+1].

3

Tir d6 ta c6 |b] < |a + 1|°. |
Vi du 5.16 (Vladimir Cerbu - Mathematical Reflections $455).

4

Goi a va b 1a hai sb thyc thda man phuong trinh f(x) = x* — x4 ax + b ¢6 tat ca cac nghiém

déu 1a s6 thuc. Ching minh rang f <—;> < 13—6
P Loigidi: Goi x1,x2,x3, x4 1a cdc nghiém (khong nhéat thiét phan biét) ctia da thic f(x) néi
trén. Tir Dinh ly Viete, ta c6

X1+ X2+ X3+ X4 =1

X1X2 + x1x3 + x1X%4 + Xpx3 + X0x4 +x3x4 =0
1 1 1 1

—X1X2X3X4 —I— —t =+ = =a
X2 X3 X4

X1X2X3X4 =b.

Hai phuong trinh dau tién cho ta x3 4+ x3 + x3 + x7 = 1 St dung bat dang thitc Cauchy-
Schwarz, ta dugc

1 1
1=x}4 (3 4+ 23 +x3) 2x%+§(x2+x3+x4)2:x%+§(1—x1)2.

1 N .
< x < 1. Tuong tu, ta suy ra 5 < x1,Xx2,%x3,x4 < 1. T doé taco

N —

Tir d6 suy ra —

f(l) = (1—X1)(1—XZ)(1 —X3>(1—X4) >0<a+b>0.
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Bat dang thic can ching minh f <—2> < e tuong duong voia > 2b.
Xétb < 0,khid6 tira+b > 0suyraa > 0 va khi d6 hién nhién a > 2b.
Xét b > 0 hay x1x2x3x4 > 0, khi d6 ta co

1 1 1 1

a>2bes —+ — 4+ —+ — < =2

X1 X2 X3 X4

R0 rang khong thé c6 trudong hgp ca bén nghiém déu duong hodc déu am. Xét trudong hop c6
1
hai nghiém duong va hai nghiém am, gia st x1, x, > 0va x3, x4 < 0. Khi dé —5 < x4 <1nén
taco2xy+1>0val— x4 >0, honnita x1x2x3 < 0. Tir d6 ta co
xi(l —x4) > x10003(2x4+ 1) < xi(aq +x — 2+ x3) — X1X2X3 > 2X1X2X3X4
o xa(x1+x2+x3) 1

——>2
X1X2X3 X4
—X1Xp — X1X3 — XX 1
o 1 1X3 3 L >2
X1X2X3 X4

1 1 1 1
& —+—+—+—<2
X1 X2 X3 X4

Tit d6 ta c6 diéu phai chitng minh n
Vi du 5.17 (Great Britain, IMO Longlisted 1987).
Chitng minh rang néu phuong trinh x* + ax® + bx + ¢ = 0 6 tat ca cac nghiém déu thuc thi
ab <0.
& Loigiai: Goi xq, X2, X3, X4 1a cac nghiém thyc ctia phuong trinh bac bén néi trén. Khi dé tir
Dinh ly Viete, ta c6 dang thuc
X1X2 + X1X3 + X1X4 + XpX3 + XoXx4 + X3x4 = 0.

Khong mét tinh tong quat, gid st x1 + x2 + x3 # 0 (nguoc lai, néu téng ba trong bon nghiém
bat ki bang 0 thi 2 = 0 va hién nhién ab < 0). Khi d6 ta c6

X1X2 + XoX3 + X3Xq

21X + 20003 + x3%1 + X4 (01 + X2 +23) =0 xy = — X1+ X2 4 X3

Clng tir Dinh ly Viete, ta chirng minh duogc

X1X2 + XpX3 + X3X1

a=—x4— (x1+x+1x3) = — (%1 4+ x2 + x3)
X1+ X2+ X3 ’
b x4 (X1X2 4+ X2X3 + X3X7) — XXX (a2 + 0% + 2o11)* X1X2X3
= —X4(X1X2 + X2X3 + X3X1) — X1X2X3 = — X1X2X3.
X1+ X2 + X3

Tir d6 suy ra

) 2
1 . 3
ab = )2 <§ x1xz> —xixx3 ) x| ) xixo - <Z xi)
‘ i=1

( 13:1 X; cyc i=1 cyce

1 3
=—— (Z xX3x3 + Ex%xycg) (— Y o xf— 2x1x2>
(Z?:l xi) cyc cyc i=1 cyc
1

2 2
= — . X1X2 + XpX3)° - x1+x2)° <0.
4(JC1 —|—XZ+X3)2 czyc:( 1 ) CZY‘;( 1 )
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Vay ab < 0 va ta c6 diéu phai ching minh. [
B3 cCdc dinh Iy vé danh gié nghiém
€ Cicdinhly vé danh gid nghiém

Trong phan nay tac gia trinh bay mét s6 dinh 1y vé danh gia nghiém, duge sit dung trong mot
) truong hop can chian gia tri cia nghiém da thuc. Cac dinh ly nay c6 thé ap dung dé gioi
han khoang gia tri ciia nghiém. Ngoai ra, né con c6 thé dugc sit dung dé chitng minh phuong
trinh khong c6 nghiém thuc, bang cach phan chiing c6 nghiém va tir cac dinh ly danh gia
nghiém dé suy ra diéu vo ly.

Pinh 1i 5.9. Cho da thic P (x) € R [x] vdi

P(x) =aux" +a, 1x" ' +... +aix+ag, v6i, #0.
Goi a 1a mot nghiém thuc (néu c6) cta P (x). Khi d6

. ,k:O,n—l};

a) |af §1+max{ .

n

ak _7_ . N A N ..
W ,k=0,n 1},V01p1a so0 duong tuy y;

, kzO,n—l}.
+max{ "’11/ % , k= O,n—Z}.

n Ap—1
# Chirng minh:

a) Taco P (x) = ax™ - <1+a;_x1 o+ 2 )

b) |«] S;H—max{

o) |a| < 2max{ ‘

Ak
n

Ap—1

d) [af <

Ak
an
* V&inghiém a ma |a| < 1, hiém nhién ta 6 |a] < 1+ A;
e V6inghiém o ma |a| > 1, ta ¢

bat A = max{

,k=0,n— 1}. Xét cac truong hop

ap—1 1 a2 1 a1
P =0 —-1= L 20
(x) & 0 —+ e T
1
1 1 1 A 1‘@
<:>1§A<++...+ ):.
laf o] || jof 1
|at]
A
<1< & lal <1+ A.
| =1

b) Véip >0 vat ki, ta cé

n n—1
iP (x) =ay, <1> 4 It (x) o+
Pn p p p p

Theo két quadya,tacod

la]
p

§1+max{

, k:0,n—1}@|(x\ Sp%—max{‘aak
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b [a Y a ) a
c) Dat p = max { —k,khldo 2k < pk, suy ra % < p. Do dé max % <p.
) n n n - P~ an - p*-
Theo ket qua cau b, ta c6
a a
la| < p 4+ max % < 2p = 2max { 2k,
an N p B al’l
< _ k-1 Ak s 32 k—1 <
d) Dat p = max o khi d6 |ax| < a,_1-p" . Do dé
n—1
ﬂkk . < An—1 — max ﬂkk . < an-1
ay - P i ay - pk= ay
Theo két quéa cau b, ta dugc
a a,_ a
la| < p + max kkl < |22 max | =%
ap - p*— an apn—1
|
Pinh 1i 5.10 (Cauchy). Giad st P(x) = x" —a;x" ' — ... —a, € R[x] véi cac sb thuc khong

am a; (k = 1,n) va it nhat mot trong s6 chiing khac khong. Khi d6, da thirc P(x) c6 duy nhat
mot nghiém duong «, con cac nghiém <y khac (néu cé) déu co6 gia tri tuyét déi khong vuot qua
.

P 2
# Chirng minh: Pat Q(x) = (x) _ 6;—1 + % +...+ Z—Z — 1. Néu x # 0 thi phuong trinh

x?‘l

P(x) = 0 tuong duong v6i phuong trinh Q(x) = 0. Mat khac, dé dang chiing minh dugc khi
x bién thién tir 0 dén +oo thi Q(x) don diéu gidm tir +oco dén —1. Vay néu x > 0 thi phuong
trinh Q(x) = 0 ¢6 dung mot nghiém, goi 1a a. Tir d6 ta c6

P'(x)x" — nx""1P(x)

/ _ N —
Q'(x) =— T va P(a) = 0.
Tir d6 suy ra
P'(a) , a;  24a» na,
T QW= e e e <O

Vay a 1a nghiém don caa P(x). Gia st 7y la mot nghiém khéc ctia P(x). Data = |y| va gia st
a > . ViQ(x) don diéu gidam vaa > a nén f(a) > 0. Mat khac, ta c6

' =ay" 4. +a,.
Do déa" < apa" '+ ... +a, tedé P(a) <0,vo ly. Tix d6 ta c6 diéu phai chirng minh. [ |
g Mot s6 bai toan danh gia nghiém, s6 nghiém caa da thitc
Vi du 5.18. Vi s6 nguyén duong 1, ching minh rang néu a € R 1a mot nghiém ctia da thirc
flx)=na"+(n—1)x" 4. F1lx+1

th1 —2 <a <0.
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# Loigidi: Hiénnhiéna < 0vinéua > 0thi f(a) > 0. Theo Dinh Ij 5.9 ta c6

— k)
ra Sl—i—max{'(nn'k)" ]r:1,2,...,n} <2

Tir d6 & > —2 va ta c6 diéu phai chirng minh. [
Vi du 5.19. Cho bén s6 thyc duong a, b, c,d théaman a + b + 1 = 7c. Xét hai da thic P(x) =
x>+ ax? + bx + c va Q(x) = x* 4 2x + d. Gia st P(x) c6 ba nghiém thuc (khong nhéat thiét
phan biét). Chiing minh rang tich ba nghiém ctia P(x) khong vuot qua —1 va da thic P(Q(x))
c6 tbi da bén nghiém thyc phan biét.

& Loi giai: Gia st P(x) c6 ba nghiém phan biét la x1, xp, x3. Via,b,c > 0nén x1, x2, x < 0.
Patu = —xy,v = —x,t = —x3,khidéu,v,t >0vaP(x) = (x+u)(x+0v)(x+1t).
Tuc=P0) =uvtva8c=14+a+b+c=(14+u)(l+0v)(1+1t)taduoc

8c = (14 u)(1+0)(1+1t) > 8Vuvt = 8/c.

Dodéc > 1,suyraxjxoxz = —c < —1.
Ta 6 P(Q(x)) = (Q(x) + u)(Q(x) +)(Q(x) + ). Tir d6 phuong trinh P(Q(x)) = 0 tuong
duong véi
(4 2x+d+u)(®+2x+d+o) (2 +2x +d+1t) =0.

Gia str da thic P(Q(x)) c6 nhiéu hon 4 nghiém thuc phan biét thi khi d6 trong ba phuong
trinh

X 42+d+u=0+2x+d+0=0,x*+2x+d+t=0,
c6 hai phuong trinh ¢6 hai nghiém phan biét, phuong trinh con lai ¢6 it nhat mot nghiém,
dong thoi cac nghiém nay khong duge tring nhau. Khong mét tinh tong quét, gia st cac
phuong trinh x* + 2x +d 4+ u = 0 va x* + 2x +d + v = 0 déu c6 hai nghiém phan biét con
x*> 4+ 2x +d +t = 0 c6 it nhat mot nghiém, khi d6 tir diéu kién c6 nghiém ctia phuong trinh
bachaitadugcl >d+u,1>d+vval>d+t Taudosuyra

1> [d4+u)(d+o)(d+t)>uvt=c>1.

Tir d6 suy ra diéu vo ly, suy ra diéu phai chirng minh. n
Vi du 5.20 (Olympic 30 thang 4 nam 2024 - Lop 10).
Cho hai da thic P(x) = x” — x° + x — 4 va Q(x) = x1® — 4x* 4+ 2x — 4. Goi xg la mot nghiém
thuc cta da thic P(x).
a) Chung minh 0 < xp < V4.
b) Ching minh v2 < Q(x) < V4.
# Loi giai:
a) Do xg la nghiém ctia P(x) nén 4 = xo(x§ — x§ + 1), do d6 x > 0.
Ta c6 x5 +4 = xJ + xo > 2x3, suy ra xp < V4.
b) Tacoxd —xf+1= ;lo,suyra
P41 x4+l 1 1

= x3+—+7+i> !
4 - X0 -0 3xg  3xg 3x9 — V27

IS

>
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13
Tir d6 suy ra x3* > 5 >4 dodoxg > V2.
Mat khac, ta ¢6 Q(x) = (x* +1)P(x) 4+ x, do d6 V2 < Q(xp) < v/4. Hon nita v/4 khong
1a nghiém ctia P(x), do dé6 ta dugc v/2 < Q(xg) < V/4. Tir d6 ta c6 diéu phai chiing minh.
|
Vi du 5.21 (Olympic 30 thang 4 nam 2024 - Lop 11).
Cho hai da thitc P(x) = x* —2x —1va Q(x) = x® +x* —4x® — x> — 1.
a) Chung minh da thitc P(x) c6 dung hai nghiém thuc phan biét.
b) Goi hai nghiém thuc phan biét ctia P(x) la u va v. Chung minh uv 1a mét nghiém cta
Q(x).
P Loi gidi:
1
a) TacoP'(x) =4x> -2, P'(x) =0 & x = \3/;
1
Ma lim P(x) = +oo; lim P(x) = 4o0, hon nita P <\3/7> < 0. Do d6 P(x) c6 dung hai
X——00 X— 400 2
nghiém thuc phan biét.
b) Goi hai nghiém thuc phéan biét ctia P(x) la u va v. Dé théy u,v # 0va ut =2u+1,0* =
2v+ 1. Bat « = uv, khi dé

1 1 1
Wl = (u+2> <v+2> :&+2-u10+4:>a(a3—4):1+2(u+v). (%)

Mat khac, ta c6
20u—v) =ut—v* = (u—0) (1 + 0> + uv(u+0))

1 1 1
=2= <u+2> + (v+2> +uv(u+v)=4+%+v+zx(u+v):4+(u+v) <“+a>

4
Thayvéo(*)taduc)c«x“—él(x:1—27“,suyraoc6+(x4—4(x3—1x2—1:0.Véy1x:uv

as+1
la mét nghiém cta da thuc Q(x).

[
3 Da thirc hé sé nguyén. Nghiém nguyén cia da thirc
Lién quan dén cac bai toan vé nghiém nguyén (hay hiru ti) ctia da thitc hé s6 nguyén (hay
httu ti), do céc biéu thirc khi s6 déu c6 gid tri la ) nguyén nén ta c6 thé van dung linh hoat
cac tinh chét s6 hoc dé chitng minh, ma dién hinh nhéat la cac tinh chat lién quan dén udc va
bdi, chia hét.
Pinh 1i 5.11. Cho da thuc P(x) = a,x" + A1 X" N+ mxta € Zlx], ay # 0 (tuc la
ag, a1, ...,0, € Z). Néu ton tai s6 a = Z la nghiém cua da thuc P(x), trong d6 p,q € Z,q #
0,(p,g) =1thitacdp|aovagq | an.

& Chirng minh: Vi Z la mét nghiém cta P(x) nén P (Z) = 0. Do do

n n—1
ay (P) +a, 1 <P> +...+m <p>—|—a0:0.
q q q
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Nhan ca hai vé vdi ", ta dugc
anp" + an_la”’lq +...+ alpq”’l +apq" = 0.
Tir d6 suy ra
anp" = — (an,lp"_lfﬁ— e +aoq”> 'q

a0q" = — (anp” +...+ alpq”’l) p
Ma p, g nguyén t6 cting nhau nén tir d6 ta phai cé g | a, va p | ap. [ |
Hé qua 1.4.

* Moi nghiém nguyén ctia da thirc P(x) déu 1a ude ctia hé s6 tu do ctia P(x).
* Moi nghiém httu ti ctia da thitc don khdi (monic) hé s6 nguyén déu la nghiém nguyén.

Nhin xét:

Dinh ly trén cho phép ta xac dinh dugc mét tap hiru han cac sO hitu ti ¢6 thé 1a nghiém cua
da thic hé s6 nguyén P(x), tir d6 c6 thé tim tt c cac nghiém hiru ti ctia P(x) bang cach
thir tung gia tri.

Néu da thic P(x) c6 hé s6 hitu ti thi bang cach uy dong mau cac hé sb ctia P(x), ta c6 thé
dua bai toan giai nghiém hiru ti ciia P(x) vé bai toan giai nghiém hiru ti cia mot da thiic
hé s6 nguyén.

Dinh 1i 5.12. Cho da thiic P(x) € Z[x]. Néu P(x) c6 nghiém nguyén x = a thi P(x) =
(x —a)Q(x), trong d6 Q(x) 1a mot da thitc c6 hé s6 nguyén.

Vi du 5.22 (Thi tuyén sinh 10 chuyén Tin Ha Ngi 2023-2024).

Cho da thitc f(x) = x* +2x> + 3x? + 2022x + 2023. Chting minh rang f(x) khong c6 nghiém
hiru ti.

P Loigidi: Gid st f(x) c6 nghiém hiru ti, khi d6 do f(x) monic nén nghiém nay phai la s6
nguyén va la udc ctia 2023. Do dé a € {—1, —2023, -7, —17, —289, —119}. Thay céc gia tri cua
a vao ta thly khong c6 gid tri nao thoa man. Vay f(x) khong cé nghiém hiru ti. |
Vi du 5.23. Cho da thitc P(x) hé s6 nguyén thdéa man P(0) va P(1) déu la cac sb nguyén 1é.
Chting minh rang da thiic nay khong c6 nghiém nguyén.

P Loigidi: Gia st ton tai s6 nguyén a 1a nghiém ctia da thitc da cho. Khi d6 ton tai da thic
Q(x) hé s6 nguyén sao cho P(x) = (x —a)Q(x). Tacé

P(0) = (0—a)Q(0), P(1) = (1 —a)Q(1).

Do P(0), P(1) 1a cac s6 1é nén —a,1 — a cling 1a cac s6 1é, vo Iy vi tinh chdn la ctia —aval —a

1a khac nhau. Tir d6 ta c6 diéu phai ching minh. u

Vi du 5.24 (HSG 16p 9 Tuyén Quang 2022-2023).

Cho P(x) 1a mot da thitc hé s6 nguyén. Chiing minh rang P(x) khong c6 nghiém nguyén

trong cac truong hop sau

a) Tich P(1) - P(2) - ...- P(23) khong chia hét cho 23.

b) Tich P (Q(1))-P(Q(2))-...- P(Q(23)) khong chia hét cho 23, trong d6 Q(x) = x° — 1.
P Loi gidi:
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a) Gia su da thic P(x) ¢6 nghiém nguyén xo, khi d6 P(x) = (x — x9)R(x), trong d6 R(x) la
da thirc hé s6 nguyén.
Nhan xét rang trong cac s6 nguyén duong tir 1 dén 23, c6 dting mét s6 6 cung s6 du v6i
xo khi chia cho 23. Goi s6 d6 1a a, khi d6 ta c6

P(a) = (a— x¢)R(a) : 23 (mau thuan).

Vay P(x) khong c6 nghiém nguyén.

b) Tuong tu cau a, bai todan dugc chitng minh néu ta chi ra cac s6 Q(1), Q(2),...,Q(23) c6
cac s du khi chia cho 23 1a d6i mot phan biét, tic la chung tao thanh moét hé thang du
day du theo modulo 23.

That vay, gid st ton tai 1 < i < j < 23 d€ Q(i) = Q(j) (mod 23). Khi d6 * —1 =
72 —1 (mod 23) hay #* = j° (mod 23).
Néuj =23thitrdéi = 23 (vo li). Néui < j < 23 thi tir ¥ = j° (mod23) suy ra
i?! = ! (mod 21). Hon nita theo Djnh Iij Fermat nhé ta 6 i** = > = 1 (mod 23). Tir &6
chiing minh dugc i = j (mod 23), tuy nhién do 1 < i,j < 23 nén dan dén i = j (vo Li).
Tir d6 lap luén tuong tu ciu a ta suy ra P(x) khong c6 nghiém nguyén.

|

Vi du 5.25 (Thi tuyén sinh 10 THPT chuyén Nghé An 2023-2024).

Cho da thitc P(x) = x? + bx + c. Biét rang P(x) c6 hai nghiém nguyén, dong thoi |c| < 16 va

|P(9)] 1a s6 nguyén t6. Xac dinh da thirc P(x).

P Loigidi: Goi hai nghiém nguyén ctia P(x) = x* + bx + ¢ 1a u,v. Theo Dinh ly Viete, ta
duocu+v=—b,uv =c.

Vi|P(9)|1as6 nguyén tonén |(9 — u)(9 — v)| 1asé nguyén t6, do d6 |9 — u| = 1 hoac |9 — v| =

1. Khong mét tinh téng quat, gid st |9 — u| = 1, khi d6 tim dugc u = 8 hodc u = 10.

e Truong hop 1: u = 10, khi d6 vi |uv| = |c| < 16 nén \v[ € {0, 1} T déov e {—1;0;1}. Mat

khac,9 —1=18,9—-0=9,9 + 1 = 10 déu khong la s6 nguyén t6 nén truong hop nay loai.

e Truong hop 2: u = 9, khi d6 vi |uv| = |c| < 16 nén |v| < 2. Thir cac truong hgp ta nhan

v = 2hoac v = —2, khi d6 ta c6 tuong ung (b,c) = (—10,16) hoac (b,c) = (—6,—16).

Vay P(x) = x* — 10x + 16 hodc P(x) = x* — 6x — 16. u

Vi du 5.26 (Trich THTT s6 543). Cho hai da thiic f(x) = ax? + bx +cva g(x) = (c — b)x* +
(c—a)x+a+b, trong d6 a,b,c la cac sb nguyén duong va b # c. Biét rang f(x) va g(x) c6
nghiém chung. Chiing minh rang a + b + 2009¢ chia hét cho 3.

& Loi giai: Taco

f(x)—g(x)=(a+b—c)®+(a+b—c)x—(a+b—c)=(a+b—c)(x*+x—1).

Xét hai truong hop:
Truong hgp 1: a + b — ¢ = 0, khi d6 a + b 4 2009¢ = 2010c chia hét cho 3.

Truong hop 2: a+ b — ¢ # 0, khi d6 nghiém chung x( cta f(x) va g(x) la nghiém cta phuong
trinh x> + x — 1 = 0, Phuong trinh nay c6 hai nghiém vo ty, do d6 x la s6 vo ty. Chia f(x)
cho da thic x2 4+ x — 1, ta dugc

f(x)=(x*+x—1)g+mx+n, véim,n,q€ Z.
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Thay x = xp vao ta dugc 0 = mxy + n, do xg la s6 vO tynénsuyram = n = 0, tr d6
f(x) =q(x*+x—1) =ax* + bx+c, terdésuyraa = b = —c, do d6 a + b + 2009c = 2007c
chia hét cho 3.
Tt cc trudng hop trén ta c6 diéu phai chiing minh. [
Vi du 5.27. Cho da thiic f(x) € Z[x]. Chiing minh rang néu da thic Q(x) = f(x) + 12 c6 it
nhat 6 nghiém nguyén phan biét thi f(x) khéng c6 nghiém nguyén.

& Loigiai: Goixq,xy,...,x1a 6 nghiém nguyén phéan biét cia Q(x), khi do

Q(x)=f(x)+12=(x—x1)(x —x2) ... (x —x6) - g(x),

trong d6 g(x) € Z[x]. Gia st ton tai xo € Z d€ f(x) = 0, khi d6

12 = Q(x0) = (x0 — x1)(x0 — x2) ... (x0 — x6) - g(x0)-

T do suy ra 12 = ‘X() — X1| ]xo — xz\ R ‘X() — x6| |g(x0)\ ;
Ta c6 nhén xét sau: do x1, x, . . ., x¢ d6i mot phan biét nén cac so |xg — x1], ..., |xo — x¢| nhan
it nhat ba gia tri khac nhau, hon nita |g(xo)| > 1. Do d6

12 = |f(x0)| > 17-22-3%.1 =24 (voli).

Vay f(x) khong thé c6 nghiém nguyén. |
D Nghiém da thirc véi yéu 16 gidi tich
Ta xét da thirc trén phuong dién gii tich, tic la lién quan dén gidi han, dao ham, ... Pa thic
1a mot 16p ham lién tuc, ¢6 nghia la v6i da thic P(x) € R[x] bat ki thi

xh_)rg(lof(x) = f(x0), Vxo € R.
Hon ntra, da thuac cing 1a moét 16p ham kha vi trén R, tic la ¢6 dao ham trén R. That vay, xét
da thuc

P(x) —ax" + Ay X" 4+ amx+ag, a, #0.
Khi d6, ta c6 P'(x) = na,x" '+ (n — 1)a,_1x" 2 +... +ay.
Tir d6 ta c6 thé ap dung mot s6 dinh ly cho cac ham lién tuc hay kha vi. Duéi day tac gia trinh
bay (khong chitng minh) mét sO két qua quan trong dugc ap dung cho da thic hé s6 thue.
Dinh 1i 5.13 (Dinh ly Lagrange). V&i moi s thuc a < b va mot da thic P(x) € R[x]. Khi do,
ton tai ¢ € (a,b) sao cho
P(b) — P(a)
b—a

Dinh 1i 5.14 (Dinh ly Rolle). Néu da thitc P(x) € R[x] c6 hai nghiém phan biét 1a a < b thi
ton tai ¢ € (a,b) théoa man P’'(c) = 0.

P'(c) =

Hé qua 1.5. Néu dao ham cép k ctia da thic P(x) € R[x] v6 nghiém thi da thic P(x) c6
khong qua k nghiém.
Pinh 1i 5.15 (Quy tic diu Decartes). Cho da thitc P(x) = ax" + A1 x" U4+ mx+ag
(an # 0). Goi D la s6 nghiém duong cta da thitc va L 1a s6 1an d6i dau cta cac hé s cta da
thic tir a,, dén ap, bd qua cac hé sé bang 0. Khi d6: D < Lva L — D 1a s6 chdn. C6 thé dién dat
bang 16i nhu sau:
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e S6 nghiém duong ctia phuong trinh P(x) = 0 bang s6 lan d6i dau ctia cac hé s6 hodc nhd
hon mot don vi chan.

* S6 nghiém 4m cta da thic P(x) bang s lan d6i dau cta cac hé sb trong P(—x) hodc nhd
hon mét don vi chan.

Pinh i 5.16 (Pinh 1y vé s6 nghiém cta da thirc).

Cho da thuc P(x) € R[x]. Khi do6

* Néu v6i hai s6 thuc a < b ma P(a)P(b) < 0 thi da thic P(x) c6 mot sb 1é nghiém trén
khoang (a,b), ké ca nghiém bdi.

 Néu vdi hai s6 thuc a < bma P(a)P(b) > 0 thi da thitc c6 mét s6 chan nghiém trén khoang
(a,b), ké ca boi.

Ta xét mot s6 vi du sau day.
Vi du 5.28. Cho da thitc P(x) = a,x" +a, 1x" 1 +... 4+ a;x + ap. Ching minh rang néu ton
tai m € IN* sao cho
ay an_1 m ao
... — =0
n—l—m+n—|—m—1 + +m—i—l + m
thi da thac P(x) ludn c6 nghiém thudc (0;1).

P Loigidi: Xétham séy = F(x) dugc cho bdi cong thitc
F(x)

Ham s6 y = F(x) xac dinh, lién tuc trén [0; 1]. Hon nita tir gia thiét dé bai, ta c6

an n+m An-1 n+m—1 M m+1 a0 _m
= — _ i+ — —x", 0,14.
n+mx +n+m—1x + +m+1x +mx x € [0,1]
F'(x) = x™'P(x), Vx € (0;1); F(0) = 0,F(1) = 0.

Tix d6 theo Dinh lj Lagrange, ton tai xo € (0;1) sao cho

F(1) — F(0 _
F(xo) = (2—0() =0= x""'f(x0) =0 = f(x0) = 0. (do xp # 0).
Tir d6 ta cé diéu phai ching minh. [ |

Vi du 5.29. Cho day céc da thiic (Py(x)),cn- Xac dinh nhu sau
Py(x) = x* =2, Pe(x) = Py (Pe_1(x)), Vk > 2.

Giai phuong trinh P, (x) = x theo n.
P Loigidi: Xétx € [—2;2], khi d6 dat x = 2cost (t € [0; 7t]. Bang quy nap ta chiing minh
duoc
P,(x) =2cos2"t, ¥n € N,

hon ntra P, (x) la da thic c6 bac 2". T d6 phuong trinh P, (x) = x cho ta

; 2k
2"t =t 4 2kmT = on _
2cos2"t =2cost & keZ & 2" 1k€Z
2" = —t + 2kt _ 2km
b=
2n 4+ 1

Tir d6 phuong trinh ban dau c6 tap nghiém 1a S = S; U Sy, trong d6

2kt _ /3 2
51:{xk:2cos<2n_1),k:0,...,2” 1—1},52:{x]-:2cos(2n+1>,]:1,...,2” 1}.

71



Do ham sb y = cos x nghich bién trén [0; 71] nén cac nghiém cta moi tap S1, Sz 1a d6i mot khac
nhau. Do 2" — 1 va 2" 4 1 1a cac s6 nguyén t6 cing nhau nén cac nghiém thudc hai tap khac
nhau cting d6i mot khac nhau. Tém lai, phuong trinh P, (x) = x ¢6 2" 42" = 2" nghiém
huyc phén biét, ma P, (x) 1a da thitc c6 bac khong vugt qua 2" nén day chinh 1a tit cd nghiém
thyc ctia phuong trinh ban dau. [
Nhin xét:
Vi du trén day la mot trudng hop dac biét cta da thuac P(x). Bai toan t6ng quat hon vé viéc
chi ra sy ton tai cia mot da thic P(x) d€ phuong trinh P, (x) = x ¢6 2" nghiém thuc da
duge nhac lai & Bai 5, Ngay 2 dé thi HSG quéc gia 2024.
Vi du 5.30 (VMO 2024). V&i moi da thire P(x), ta dat

Pi(x) = P(x), Vx € R;
Dy(x) = P(Pi(x)), Vx € R;

P2024(x) = P(onzg,(x)), Vx € R.

Cho a 1a s6 thuc 16n hon 2. Ton tai hay khong mot da thic P(x) v6i hé s6 thuc thda man diéu
kién: véi méi t € (—a; a), phuong trinh Pygy(x) = t ¢6 diing 22°2* nghiém thuc phan biét?
P Loigidi: Cau trd 15ila ton tai.
. 2x? » .
bat P(x) = 4 Vx € R. Véiu € [0, 7], ta co

2-a%cos’u )
Pi(acosu) = ———— —a = 2acos
a

U—a=acos2u.

Bang quy nap, ta chiing minh dugc P, (acosu) = acos2"u véi moi n € IN*. Ta chiing minh
phuong trinh P, (x) = t ¢6 ding 2" nghiém thuc phan biét vi moi t € (—a, a). That vay,

t
Py(cosu) =t < acos2"u =t < cos2"u = o

t t
Mat € (—a,a) nén S € (—=1,1). bat « = arccos S € (0, r), phuong trinh trén tuong duong

2"y =wa+ k21 u:uc—i—icZn
(k1 € Z) < 2 " (k1 € Z).

—a+ 27T

2"u = —a 4127 U=—"p

Vik,Ilacicsdbnguyénvau € [0, t] nénsuyrak =0,1,2,..,2" —1val =1,2,3,...,2". Vay tap
hop cac nghiém cta phuong trinh P, (cosu) = t1a

5— {“*kz” :k:O,l,Z,...,Z”—l} U {“"“2” k= 1,2,...,2"}.
2 2

s oA . o +ko2r  —a 4121
Gia st ton tai ko € {0,1,...,2" —1} valy € {1,2,..,2"}, sao cho +2n0 = ;n 0

raa = (lp — ko), vo ly v6i a € (0, 7). Vay nén S c6 2" phan tir. Lai c6 S C (0, 7r) va ham

u +— cosu la song anh tir (0, 77) vao (—1,1) néntap T = {cosu : u € S} cling c6 2" phan tu.
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Chu y rang deg P,(x) = 2" nén T ciing 1a tdp hop tat ca cac nghiém thuc cia phuong trinh
P,(x) =t.

Tom lai, v6i moéi t € (—a,a), phuong trinh P,(x) = t c6 ding 2" nghiém thuc phan biét voi
moi s6 nguyén duong 1. Cho n = 2024 thi cé ngay P(x) la da thitc théa man dé bai.

Cach khac: Khang dinh la ton tai da thitc. Xét da thiic P(x) = x* — a. Ta chting minh da thtic
nay thda man diéu kién. Trudc hét ta c6 nhan xét réng

* Diéu kién can va du dé phuong trinh P(x) = m c6 hai nghiém phan biét1a m > —a.

e Véim € (—a,a) khi d6 phuong trinh P(x) = m c6 hai nghiém x1, x, € (—a,a).

Nhén xét dau tién dé dang ching minh dugc, ta chirng minh nhan xét thir 2 . That vay, ta co

xX=va+m
X=—va+m

Px)=mex*—a=ms
Ta c6 a*> > 2a > a + m, diéu nay dan dén va +m < ava —v/a+m > —a. Nhu vay ca hai
nghiém déu thuoc (—a,a).
Ly t € (—a,a) tuy y. Xét phuong trinh P(x) = t, khi d6 theo nhan xét trén, phuong trinh nay
6 hai nghiém phan biét x1, x, € (—a,a).

Xét tiép phuong trinh

P(P(x)) = t & P =

P(x) =x

Chu y rang x1,x2 € (—a,a) nén mdi phuong trinh P(x) = x; va P(x) = x3 ¢6 hai nghiém
thuc phan biét thuoc khoang (—a,a), chd y rang nghiém ctia 2 phuong trinh nay khong trung
nhau, dan dén phuong trinh P(x) = t ¢6 2% nghiém, hon thé nita, cac nghiém nay déu thudc
khoang (—a, a).

Ta chitng minh rang v6i moi n € Z ", phuong trinh P, (x) = t c6 2" nghiém phan biét thudc
khoang (—a,a) bang phuong phéap quy nap toan hoc.

Véin = 1,n = 2 ménh dé dung theo chung minh trén. Gia st ménh dung véin > 2, ta
chiing minh ménh dé ding v6i n + 1. Gia st phuong trinh P, (x) = t c6 2" nghiém phan biét
X1, Xy,..., Xon € (—LZ,(Z) khi do6

Piii(x)=t< P(P(x))=t<Px)=X; (i=1,2,...,2").
Vi X; € (—a,a) nén phuong trinh P(x) = X; c6 2 nghiém phan biét thudc (—a,4). Dan dén
phuong trinh P, 1 (x) = t ¢6 2" nghiém thudc (—a, ). Chiing minh hoan tat.
N6i riéng véi n = 2024 ta c6 phuong trinh Py (x) = t ¢ 22%* nghiém thuc phan biét. Chi y
rang deg Pypy(x) = 22°%* nén day ciing la tat ca cac nghiém ctia phuong trinh Py (x) = t. W
Vi du 5.31. Cho da thiic P(x) = x*> — 6x> — 9x. Tinh theo k s6 nghiém ctia phuong trinh
Py(x) =0, trong d6



vdi k lan 1ay ham hgp P.
P Loigidi: Nhan xét rang phuong trinh f(x) = 0 c6 nghiém x = 0 va x = 3. Gia sit phuong
trinh P (x) = 0 ¢6 a; nghiém va Py (x) = 3 ¢6 by nghiém. Ta ¢

Pk(x) =0& Pk_l(x) = 0 hoac Pk_l(x) =3, Vk>2.

Tir d6 ta c6 hé thirc truy hoi ay = a1 + by, Vk > 2.

Lap bang bién thién ctia ham s6 y = f(x), c6 P/(x) = 3x* —12x +9, P/(x) = 0 & x =
1 hodc x = 3. Tir bang bién thién ta c6 dugc khi x € [0;4] thi P(x) € [0;4], va vdia € [0;4] thi
phuong trinh P(x) = a c6 diing ba nghiém phén biét. Tir d6 by = 3by_1, hon nita tir bang bién
thién cting ¢6 by = 3, do d6 xac dinh dugc by, = 3% Vk > 1. Tir d6, véi luu y réng a1 = 2,taco

ay =+ brp+br1 = a1 +bx_q1+br+br

=a+b+by+...+b 1 =243+3+... 431

3-3 3F+1
+ 3—-1 2
A . B U
Véy phuong trinh Py (x) = P(P(...P(P(x))...)) c6 5 nghiém, cac nghiém nay d6i mot
phéan biét. n

Nhin xét:

Qua hai bai toan trén, ta c6 thé nhan thay su tuong dong nhu sau: dé tim da thic théa man
yéu cau bai toan, ta can tim mét da thitc bac hai P(x) bao toan tap gia tri ciia né trén mot
doan, c6 nghia la ton tai mot doan D C R théa man

P(x) € D, Vx € D.

Hon nita phuong trinh P(x) = D c6 ding hai nghiém thuc phan biét. Tir tinh chét trén,
mdi nghiém tiép theo déu sinh ra 2 nghiém nita, do d6 theo quy nap phuong trinh ban
dau sé da 2" nghiém.

Tir nhan xét trén, ban doc hay thir gidi quyét bai toan sau (voi cac hé thite biéu dién tuong
tu nhu trén): Ton tai hay khong mot da thire P(x) bac ba dé phuong trinh P, (x) = x ¢6
dung 3" nghiém phan biét (véin € IN*)?

) Mot s bai todn khédc khai thdc tinh chét nghiém clia da thire
Vi du 5.32. Tim tt ca cac da thitc c6 dang

A+,

trong d6 1 la s6 nguyén duong, sao cho da thirc d6 c6 tat ca cic nghiém déu la s6 thuec.
# Loi gidi: Truong hgp n = 1 ta dé dang c6 cac da thic x +1va x — 1. Xét n > 1, goi
X1,..., Xy la n nghiém (khong nhét thiét phan biét) cuia da thuc trén. Tit Dinh ly Viete, ta co

2
n n

x%:< xz-) -2 ) xxj=1+2
=1 =1

1<i<j<n

1
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n
Trdésuyra) xf =3va Y xx; = —1. Honnita, tacé xi...x; = (+1)> = 1. Do d6,
i=1 1<i<j<n
theo bat dang thirc AM-GM ta dugc

3 Y x2
n n

Tir d6 suy ra n < 3. V6i n = 3, diu bang ctia bat dang thitc AM-GM xay ra nén khi d6
x? = x5 = x3 = 1. Tir d6 ta c6 céac da thiic (x* — 1)(x £ 1). V6i n = 2, bang cach thir tryc tiép
ta c6 cac da thirc théa man la x2 + x — 1.

Tém lai, tat cd cac da thirc c6 dang nhu dé bai thoa man diéu kién la
B —x—-1, 3 —x*—x+1, > +x—-1,x*—x—-1, x+1, x—1.

[
Vi du 5.33 (Russian Mathematical Olympiad 2014).

Mot phuong trinh x° + #x* + #x + * = 0 dugc viét trén bang. Pete va Bazil 1an lugt thay cac
dau “*” trong phuong trinh trén béi cac s6 hitu ti. Dau tién, Pete chon diu “*” bt ki dé thay,
sau do6 Bazil chon mét trong hai dau “*” con lai dé thay roi Pete thay s6 vao dau cudi cung.
Liéu c6 ding hay khong viéc Pete c6 chién thuat sao cho phuong trinh bac ba thu dugc sau ba
lan thay c6 hai nghiém hon kém nhau 2014 don vi?

ey

# Loigidi: Cach 1. Ta sé diéu khién chién thuat ctia Pete dé phuong trinh thu dugc ¢6 hai
nghiém la 0 va 2014. Pau tién, Pete chon hé s6 tu do béng 0, khi d6 néu goiala s6 ma Bazil
dién vao tiép theo thi phuong trinh thu dugc sé c6 hai dang dudi day

x3—|—ax2—|—*x:O, P4 4+ax=0=0.

Ta chi can chon theo 2 mot s6 v6 ty dé phuong trinh c6 thém nghiém 2014. V6i truong hop thi
nhat, chon * b&i —2014(a + 2014), khi d6 néu khong tinh nghiém x = 0 thi ta dugc phuong
trinh bac hai

x* + ax — 2014(a +2014) = 0.

Tur d6 dé dang suy ra phuong trinh c6 hai nghiém x = 2014 va x = —a — 2014 dya vao Dinh
ly Viete dao.

20142
Véi truong hop thu hai, thay * bdi — QZT. Khi dé ngoai trir nghiém x = 0, ta c6 phuong
trinh bac hai
20142
- %x +a=0

Bang cach thay truc tiép ta dé suy ra phuong trinh bac hai trén nhan x = 2014 lam nghiém.
Vay Pete luén co chién thuat dé thu duogc hai nghiém 0 va 2014.

Cach 2. Vi cach thit hai nay, ta sé chi ra mot két qua tong quat hon nhu sau: Pete c6 chién
thuat dé thu dugc mot da thic chia hét cho da thitc x2 — s2, véi s 1a mot sd hiru ti bat ki
That vay, véi sb hiru ti s cho trudc, dau tién cho Pete chon hé sb trude x 1a —s2. Sau khi Bazil
chon hé sb, da thic bac ba tuong ung sé c6 dang

x% + ax? — s?x 4 x hodc x> + =x% — s%x +c.
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V6i trudng hop thit nhat, cho Pete thay * bdi —as?, khi d6 ta ¢6
X+ ax? —s*x —as* = (x+a)(x* —s*) = 0.
Véi truong hop thu hai, cho Pete thay * boi — s%' khi d6 ta co

x3—s%x2—szx+c: (x—s%> (x> —¢) =0.

Vay ta ludn thu dugc mot da thirc chia hét cho x? — s2. Chon s = 1007, khi d6 phuong trinh

ban dau c6 hai nghiém 1a x = —1007 va x = 1007, c6 hiéu bang 2014. |

Nhan xét:

Tir 16 gidi thit hai cta bai toan, ta c6 thé tong quat két qua rang hai nghiém thu duge

¢6 hiéu 1a moét s6 hitu ti « bat ki, bfing cach chon s = g. Hon ntra, tir cach chon sao cho

phuong trinh c6 hai nghiém s va —s, ta c6 thé bién tau dé diéu kién "hiéu bang 2014" hodc

“hiéu la mot s6 hiru ti cho trudc” thanh cac diéu kién khac phic tap hon, chang han nhu
. v 1 . )

“tong binh phuong bang §” hay mot biéu thire khac lién quan den nghiém. Khi d6 nhin lai

bai todn vira tao ra va thir xem véi bai toan mdi dugc tao thanh éy, liéu ¢6 cach giai nao thu

vi khdc hay khong? Bai toan md nay xin nhuong cho ban doc.

Vi du 5.34 (Belarusan Mathematical Olympiad 2016).

Cho P(x) va Q(x) 1a hai da thic ¢6 bac bang nhau. Ta xac dinh da thitc Pg(x) sao cho cac

hang tt bac chdn dugc 1y tir P(x) va cac hang tir bac 1é duoc lay tir Q(x). Tuong tu, ta xac

dinh da thic Qp(x) sao cho cac hang tir bac chin dugc lay tir Q(x) va cac hang tir bac 1é dugc

lay tir P(x). Chang han, néu

P(x) = x> +2x* +4x +1vaQ(x) = 3x> +x* 42
thi
Po(x) =3x> +2x* + 1va Qp(x) = x° + x* +4x + 2.
a) Chiing minh rang ton tai hai da thic P(x), Q(x) khong c6 nghiém thuc nhung Py (x) va
Qp(x) déu c6 it nhat mot nghiém thuyec.
b) Tim bac nhé nhat cta P(x) va Q(x) théa man diéu kién & cau a.
& Loi giai:
a) Gia st P(x) = 4x* +4x® +1va Q(x) = x* + 4x + 4. Dé dang chi ra duge P(x) > 0 va
Q(x) > 0véimoi x € R, do d6 chung khong c6 nghiém thuc. Tuy nhién, ta c6

Po(x) = 4x* +4x+1, Qp(x) = x* +4x° +4

1
la cac da thirc c6 nghiém thuc. That vay, ta c6 Pg <—2> < 0,Pg(0) > 0vaQp(—2) <

0,Qp(0) > 0nén c4 hai da thitc Py(x) va Qp(x) déu cd it nhat mot nghiém thuc theo Binh
ly gia tri trung gian.

b) Do P(x) va Q(x) khong c6 nghiém thuc nén chiing phai c6 bac 1a chén, dong thdi ¢ cau a
ta da chi ra hai da thitc bac 4 théa man. Do d6 dé chi ra bac nhé nhat ctia P va Q1a 4, ta
can chi ra chiing khong thé c6 bac 1a 2. That vay, gia st ton tai hai da thirc

P(x) = a1x® + byx + c1 va Q(x) = axx? + byx + o,
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trong do6 a1, 4, # 0 va ching v nghiém nén c6 biét thic am. Ta co
Po(x) = a1x* + byx + c1 va Qp(x) = axx® + byx + ca.
Khong mat tinh téng quat, gid st |ba| > |by]. Ta c6
ApQ = b%_ —4aicy, Ag, = b% — 4aycy.

T do ta co
0> AQ = b% —4aycy > b% —4arcr = AQP'

Tir d6 Ag, < 0, mau thuan véi gia thiét Qp(x) c6 nghiém thuc. Vay khong ton tai cac da
thitc P, Q bac hai théa man, do d6 bac nhé nhat cia P, Q théa man yéu cau bai toan 1a 4.
|

Vi du 5.35 (VMO 2024). Tim tat ca da thirc P(x) va Q(x) hé sb thuc sao cho véi moi s thuc
a thi P(a) la nghiém ctia phuong trinh x2°2 + Q(a)x? + (a®** + a)x + a° + 20254 = 0.
P Loigidi: Gia st P va Q la cac da thirc can tim. Yéu cau bai toan tuong duong véi

[P(x)]*% + Q(x) - [P(x)]® 4+ (x®** + x)P(x) + x® +2025x = 0, Vx € R. (1.3)
Tir (1.3), ta suy ra x> + 2025x | P(x), hay x(x? +2025) : P(x).

Néu P(x) : x, khi d6 [P(x)]*°% : x2, Q(x)[P(x)]? : x* va (x*®** 4 x)P(x) : x*. Do d6 tir (1.3), ta

suy ra 2025x | x> (Vo li). Nhu vay P(x) /x, kéthop véi x(x? +2025) i P(x) nén x> 42025 : P(x).
Suy ra P(x) = c hoac P(x) = a(x* + 2025) (a # 0).
e Néu P(x) = c (c 1a hang s6), thay vao (1.3), ta dugc

A2+ Q(x)c? + (x** + x)c + 2% +2025x = 0. (1.4)
Néu ¢ = 0 thi % 4+ 2025x = 0 v6i moi x € R (V6 li). Nhu vay ¢ # 0 va tu (1.5), ta dugc

1
Qx) = == (¥ +2025% + cx? + ex + %)

1 oppa 1 3 20254 2021
:—Ex —cfo —Tx—c .

e Néu P(x) = a(x*+2025) (a # 0). Tir (1.3), ta duoc

P(x)2B 4+ Q(x)[P(x)2 + (™ + x)P(x) + %xP(x) _0, Vx € R.

Do d6 [P(x)]*% + Q(x)P(x) + (¥ 4 x) + %x =0, Vx € R. Suy ra

1. 1 .
x2024+7”j: xiP(x) hay x2024+%x:x2+2025. (1.5)

Lai c6 202 — 20251012 — (x#)506 _ (20252)°* : x* — 20252 ! x? + 2025 nén tir (1.5), ta suy ra

a+1

x 420251121 x2 12025 (Vo i).
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N 1 1 2025
Vay cac da thic can tim 1a P(x) = cva Q(x) = —Ex2024 — C—2x3 — T—Hx

c 1a hang s6 khac 0. n

Vi du 5.36 (Olympic sinh vién 2025 - Bang THPT).

a) Xét da thirc Q(x) = x> — 1. Chiing minh rang c6 v6 sb da thitc P(x) bac 2 hé s6 bac cao
nhat bang 1 sao cho da thitc P(Q(x)) c6 4 nghiém phan biét va ching lap thanh mot cap
s0 cong.

b) Xét da thitc T(x) = x° — 3x. Chitng minh rang khong ton tai da thitc S(x) bac 3 sao cho
da thic S(T(x)) c6 9 nghiém thuc phan biét va ching lap thanh mét cap sb cong.

— o202 trong do

P Loigidi:
a) Dat P(x) = x> + bx + ¢ (b, c € R), khi d6

P(Q(x)) = ((x*=1)*4+b(x*—1)+c
=x* 2% +1+bx>—b+c
=x* 4+ (b—-2)x> —b+c+1.

Xét phuong trinh x* + (b — 2)x* — b + ¢ + 1 = 0 1a mot phuong trinh triing phuong, do
dé néu phuong trinh nay c6 4 nghiém thi sé c6 2 cdp nghiém la s6 d6i ctia nhau. Dat
bén nghiém nay 1a +x;, +x, (x2 > x1 > 0). Khi d6 —xa, —x1, x1, x2 1ap thanh mot cap s6
cdng, hay x, — xp = 2x1, tir d6 x» = 3x1. Vay bén nghiém ctia phuong trinh néi trén la
—3X1, —X1, X1, 3X1.

Theo Dinh ly Viete, ta c6

1 —-b
(=3x —1)(—x1)-x1-3x; =14+c—b=xf = %,
(—3X1)(—X1) + (—33(1)3(1 + (—32(1)39(1 + (—X1)X1 + (—X1)3X1 +x1-3x1=b-2
™ 10

2-b\* 1+4c—b

10 ) -9
bac hai theo b va ta ludn c6 thé chon v6 s6 ¢ mot cach hgp ly dé tim dugce b, tir d6 dan dén
c6 vo 56 da thirc P(x) thda man dé bai.

b) Khong mét tinh téng quat, gid s S(x) monic hay S(x) = x° + bx? + cx + d. Khi d6

Tir d6 ta duoc phuong trinh < . Phuong trinh trén la phuong trinh

S(T(x)) = (x® —3x)> + b(x® — 3x)? + c(c® — 3x) +d.

Gid st da thiic trén c6 9 nghiém lap thanh cip sb cong, ta goi cac nghiém dé 1a a — 4m,a —
3m,...,a+3m,a+4m. Khi d6 dé y rang hé s6 trudc x® ctia S(T(x)) bang 0 nén tir Dinh Iy
Viete ta suy ra tong cac nghiém bang 0 hay a = 0. Do d6 trong 9 nghiém, c6 nghiém la
a=0nénd = 0.

Xét hé sb trude x7, ta c6 hé s6 d6 bang —9 tir khai trién ban dau, két hop véi Dinh 1y Viete
ta co (ki hiéu ay, ..., a9 la cac nghiém)

14.24.20—601112 )
-9=Y aiaj = 5 (Z(zm)) — Y (im) = — = —3m".

1<i<j<9 i=—4 j=—
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Tir d6 m? = 3, do d6 ta c6 9 nghiém cua da thuac S(T(x)) la

10
N VA Yy -ty s
Dén day, bang cach thay cac nghiém 1 / 24 / 34 / Vao va lap hé phuong trinh hai

an b, c ta sé c6 ngay diéu vo ly. Tir do khong ton ta1 da thuc S(x) théa man yéu cau dé bai.
[
Vi du 5.37 (G.Zhukov - Kvant M2427).
V6i s6 nguyén duong N, ta viét N sb thuc phan biét 1én bang. O méi budc, ta xay dung da
thitc véi cac hé s6 dugce chon tity ¥ bdi cac s6 trén bang (c6 thé khong chon tat ca cac sd) va
viét 1én bang tAt ca nghiém thuc ctia da thitc thu dugc (néu c6) 1én bang. Biét rang sau mot s6
1an hiru han budc, tat ca cac s nguyén tir —2016 dén 2016 xuat hién trén bang. Haéi gia tri nho
nhét c6 thé dat duge ctia N 1a bao nhiéu?

P Loi gidgi: Dé thay rang ban dau trén bang phai c6 s 0, vi néu khong trén bang sé khong
bao git ¢6 s6 0. Hon nira hién nhién ta phai c6 it nhat hai s6 phan biét trén bang & budc dau
tién, nhu vay N > 2. Ta sé chitng minh gia tri nho nhat cta N 1a 2.

That vay, xét hai s6 ban dau dugc chon 13 0 va a = 2016!. Trude hét ta viét duge 1én bang sO

N , . . % N . . o1
—1bang cach tao ra da thirc ax + a. Tlep theo, tir da thitc ax? — 1 ta xay dung dugc cac sO —=

Vva
va — \}E tor d6 voi def thac — \[ \[ ta thu dugc s6 1. ’ /
Ta c6 nhan xét sau: néu da viét dugc s6 b # 0 1én bang thi cling sé viét dugc sb —b trén bang
bang cach xay dung da thitc x + b. Nhu vay ta chi can chiing minh rang c6 thé viét dugc cac
s6 nguyén duong tir 1 dén 2016.
Do da viét dugc hai s6 0 va 1 nén ta sé quy nap rang néu viét dugc cacs60,1,..., M — 1 véi
M < 2016 thi c6 thé viét duge s6 M, tiic 1a c6 thé xdy dung duge da thirc nhan x = M 1a
nghiém. That vay, ta viét s6 a = 2016! dudi co s6 M

2016! = ayM* + ap_ MF + ...+ a1 M + ay,

trong dé a; € {0,1,...,M —1}, Vi = 0,k. Do M | 2016! va M | (a;M* + ...+ a;M + a) nén
M | ap, ttdéag =0doag € {0,1,..., M — 1} Tir d6 suy ra da thuc

axk . 4 ayx —2016! = 0

nhan x = M lam nghiém va c6 cac hé s6 da duoc viét trén bang (sb6 —2016! = —a duoc viét tir
da thtic x + a). Tir d6 theo nguyén ly quy nap, ta c6 diéu phai chiing minh. Do d6 gid tri nho
nhat cta N 1a 2. [
0 Kétluan

Céc van deé vé da thuc, dic biét la nghiém ctia da thic kha rong va thi vi. Cac tinh chat vé
nghiém ctia da thic c6 thé duge khai thac qua con mat dai s6 (bién d6i dai sb) hay s6 hoc
(s dung tinh chat s6 hoc nhu chia hét, dong du ...) hay gidi tich (dinh ly gia tri trung gian,
Lagrange, khao sat ham s6 ...). Tir d6 cac tinh chat vé nghiém ctia da thirc duge nghién ciu
nhiéu va cac bai toan lién quan dén da thitc néi riéng hay nghiém cta da thitc néi chung chua
bao gity 1a qua ct. Hi vong qua bai viét nay, ban doc c6 thém mdt géc nhin vé chu dé da thitc
trong céac ki thi hoc sinh gidi cac cap.
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Bai tap tu luyén

Bai tap 5.1. Cho hai phuong trinh bac hai x* + ax +b = 0 va x> + cx +d = 0.

a) Chung minh rang néu ac > 2(b + d) thi it nhat mot trong hai phuong trinh trén c6 nghiém.

b) Chitng minh rang néu (a + c)? > 8(b + d) thi it nhat mot trong hai phuong trinh trén c6
hai nghiém phan biét.

Bai tap 5.2. Cho da thic f(x) = x* + 2x + 2025 := x* + ax + b. Dugc phép thém vao hodc

b6t di & cac hé s6 a, b mot don vi (nhung khong déng thoi). Ci nhu vay cho dén khi thu duogc

da thite g(x) = x? 4+ 2025x + 2. Chiing minh rang trong sb cac da thitc thu dugc ¢6 it nhat

mot da thirc c6 cac nghiém nguyén.

Bai tap 5.3. Biét rang phuong trinh x> +ax’> +b+c=0coba nghiém thuc. Ching minh

rang néu a® = 2(b+1) thia —c| < 2.

Bai tap 5.4 (Trich THTT s6 414). Chiing minh rang véi moi s6 nguyén k thi phuong trinh

x* —2010x° + (2009 + k)x* — 2007x + k = 0 khong thé 6 hai nghiém nguyén phan biét.

Bai tap 5.5. Goi 7 la nghiém 16n nhat ctia phuong trinh x° — 3x* = 1 = 0. Hay xac dinh 336

chit s6 lién tiép dau tién sau dau phdy ctia s6 y*"'® trong biéu dién thap phan ctia né.

Bai tap 5.6. Cho da thitc bac hai f(x) = x* 4+ ax + b v6i a,b € Z. Ching minh rang néu

2025

> T
f(x) > 2096 Vx e R

thi ta c6 f(x) > —i, Vx € R.

Bai tap 5.7 (Ukrainian Mathematical Olympiad).

Cho hai da thic P(x), Q(x) € R[x]. Biét rang da thirc S(x) = P(x)Q(x) c6 tat c cac hé sb
déu duong. Chiing minh rang néu P(0) > 0 thi véi moi x > 0, ta c6

1

2

$ (%) = (8(x))” < 7 ((P(x"))* + Q(x)) .

Bai tap 5.8 (Russian Mathematical Olympiad 2012).

Cho mét da thitc P(x) hé sb thuc va cac sb thuc ay, ap, a3, by, by, by thda man ajazas # 0. Gia
st rang v6i moi sb thuc x, ta 6

P(a1x+ bl) + P(azx + bz) = P(a3x + b3).

Chiing minh rang da thic P(x) c6 it nhat mot nghiém thuc.
Bai tap 5.9 (Polish Mathematical Olympiad 2013).

Cho b, c 1a cac s6 nguyén va xét da thite f(x) = x* + bx + c. Xét cac s6 nguyén ki, ky, k3 théa
mann | f(ky),n | f(k2),n | f(k3). Chiing minh rang n | (k; — k) (ka — k3) (ks — ky).

Bai tap 5.10. Cho ay, by 1a hai sb thuc théa man a; < by. V6i mbi s6 nguyén duong n, goi
11, by i1 12 hai s6 thuc thda man a, 1 < by, 1 va ching 1a hai nghiém phan biét ctia phuong
trinh x> + a,x + b, = 0.

a) Gia st aq, by 1a cac s6 nguyén va quy trinh & dé bai dimng lai néu ton tai 19 nguyén duong
dé phuong trinh x? + a,,,x + by, = 0 khong c6 nghiém nguyén. Tim a1, by dé quy trinh néi
trén khong durng lai.

80



b) Giastra;, by € Rvaa; < 0 < by. Ching minh réng hai day (a,) va (b,) héi tu. Khi do,
tinh lima,, va lim b,,.

Bai tap 5.11. Cho da thitc P(x) c6 bac bang 2025 sao cho phuong trinh P(P(P(x)) = P(x) ¢6
2025° nghiém thuc phan biét. Ton tai hay khong mot cach chia 2025° nghiém nay thanh hai
nhém véi trung binh cong mbi nhém bang nhau?

Bai tap 5.12. Cho 2n s6 thuc ay, az,...,a,,b1,by, ..., by phan biét. Trén ban con x n, ta dién
s6 ¢6 gia tri bang a; + bj vao 6 vudng don vi nam & hang i va cot j. Ching minh rdng néu tich
cac s6 trén moi hang ctia bAng déu bang nhau thi tich cac s6 trén méi cot cling nhu thé.

Bai tap 5.13. Goi « la nghiém duong ctia phuong trinh x* — 2025x — 1 = 0.
1 .
a) batg = = vaa, = a" + p" (n € N). Xac dinh cong thic tong quat caa (a,).
b) Chung minh rf?mg ton tai vo s6 sb tu nhién # thoa man drimg thuc
[an + 2025« [an]] = 20251 + (2025% + 1) [an].

Bai tap 5.14. Gia stt a, B 1a hai nghiém ctia phuong trinh x> — x — 1 = 0. Dat

alt — B"
a, = ‘B,n:1,2,....

a—p

Tim tat ca cac sb nguyén duong a,b véi a < b sao cho b 1a udc cua a, — 2n - a" v&i moi n
nguyén duong.

Bai tap 5.15. Cho a; > 0 v6i moi j = 0, n. Chiing minh rang véi moi k = 1, n, phuong trinh

k

ag+mx + ...+ @k = g X g

luén c6 nghiém duong duy nhat.

Bai tap 5.16. Cho f(x) 1a mot da thirc c6 hé s6 hiru i, « 1a s6 thuc thda man
W —a = f3(a) — f(a) = 30%
Kihiéu f,(x) := f(f(... f(f(x))...)) (n1an ldy ham hgp f). Chitng minh rang

(fu(@))® = fulw) = 30*.
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$6. PHUONG PHAP PEM BANG ANH XA
NGUYEN THUY TIEN - Gido vién STAR EDUCATION

Cac bai toan dém t6 hgp xuat hién rat thuong xuyén trong cac ky thi HSG Toan. C6 nhiéu
phuong phap dém khac nhau, tir nhitng ky thuat co ban nhu liét ké, quy tac cong, quy tac
nhan, phuong phap loai trt, dén nhitng cong cu manh hon nhu dnh xa, truy hoi,.... Viéc lua
chon phuong phép phti hgp khong chi gitip bai toan duge giai quyét ngan gon va hiéu qua,
ma con gép phan lam sang t6 ciu tric t6 hgp an chita bén trong bai toan.

Trong chuong nay, ching ta sé tiép can va tim hiéu phuong phap dém bang anh xa cting véi

mdt s6 vi du minh hoa tiéu biéu.

Céc khai niém co bdn

I. Anh xa

 Dinh nghia anh xa: Cho hai tap hop X va Y . Mot quy tac f dit tuong ting mdi phan tu
x € X v6i mot va chi mot phan tiry € Y duge goi la “dnh xa” f tit X vao Y. Ta ki hiéu
f:X—=Yvoiy=f(x).

Tap X dugc goi la tap xac dinh caa f. Tap hop Y dugc goi la tap gia tri cta f.

e Pon anh: Anh xa f: X — Y dugc goi la "don dnh” néuvéia € X,b € X maa # b thi
f(a) # f(b), tic 1a hai phan tr phan biét sé c6 hai anh phan biét.

Tir dinh nghia ta suy ra anh xa f 1a don anh khi va chikhivéia € X,b € Xma f(a) = f(b),
ta phaicoa = b.

e Toan anh: Anh xa f: X — Y duge goi la “toan dnh” néu véi méi phan tir y € Y déu ton tai
mot phan tir x € X sao cho y = f(x). Nhu vay f 1a toan anh khi va chi khi Y = f(X).

e Song anh: Anhxa f : X — Y dugc goi la “song dnh” néu né vira la don anh vira la toan anh.
Nhu vy anh xa f : X — Y 1a song dnh khi va chi khi véimdiy € Y, ton tai duy nhit mot
phantirx € X déy = f(x).

Luu y: Khi f 1a mot song anh tir X dén Y thi tuong tng ta 6 “dnh xa nguoc” f~' cta f. f~!

la 4nh xa tir Y dén X gan cho méi phan tir y € Y véi mot phan tir duy nhat x € X sao cho

y = f(x). Nhu vay

fly) =xe fx) =y

Néu f khong phai la song anh thi f khong cé anh xa ngugc.

Il. Lyc lvong trong tGp hop

e Tap hiru han: Tap hgp X duoc goi la tap hiru han néu ton tai n € IN sao cho

X| = [{1,2,...,n}|

Chuy: |2 = 0.
e Tap v6 han dém dugc: Tap vo han dém dugc la tap hop ma ta c6 thé sap xép tat ca cac phan
tlr cta tdp do thanh mét day.
Vidu:IN,Z,Q...
e Tap khong dém dugc:
Ki hiéu: |[0,1]| = c.
Tap X goi la tap khong dém duoc néu

|X|=c
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) Phuong phdp dém bang énh xa

Phuong phap dém bang anh xa dua trén viéc so sanh s6 phan tit ctia cac tap hop thong qua
cac anh xa.
Pinh li 6.1. Cho f : A — B la mot anh xa ti tdp httu han A sang tap htru han B. Ky hiéu |A|
va |B| lan lugt 1a s6 phan tit cia M va N. Khi d6

1. Néu f 1a don anh thi |A| < |BJ;

2. Néu f 1a toan anh thi |A| > |BJ;

3. Néu f la song anh thi |A| = |B|;

Khi viéc dém s6 phan tir ctia mot tap hiru han A gip khé khan, ta c6 thé cd gang xay dung
mot song anh tir A dén mot tap hiru han khac 1a B ma viéc dém s6 phan tir ctia B thi dé dang
hon. Khi d6, tir hé thirc |A| = |BJ, ta suy ra dugc s6 phan tir ctia tap A. Day chinh 1a phuong
phép anh xa dugc 4p dung trong cac bai toan dém.

Trong mot s6 bai toan lién quan dén bat dang thirc t6 hop, ta c6 thé xem xét dén viéc xay
dung don anh hodc toan anh gitra cac tap hgp mot cach phtt hgp dé chitng minh két qua cda
cac bat dang thtic trong bai lam.

Mic du y tudng ctia phuong phap kha don gian, nhung trong thuc té viéc tim dugc anh xa
pht hop khong hé dé dang. Do d6, ky nang cbt 16i ciia phuong phéap nay la xac dinh ding
tap dich va xay dung anh xa hop ly.

Mét s6 céc vi du

Vi du 6.1. Xac dinh s6 duong di tur (0,0) dén (m, n) véi cac bude di don vi 1a di 1én hoac di
sang phai.

P Loigidi: Y tudng dung song anh 1a ta bién d3i bai todn dang xét thanh mot bai todn khac
ma ta biét cich dém dé hon.
Trong truong hgp nay, ta ma hoa moi duong di bé"mg mot day cac chit cai L va P, tuong tng
voi:
e [ :budc don vidilén
e P :budc don vi sang phai
Vi du, duong di minh hoa & hinh trén dugc ma hoéa thanh:

PPLPPLLPPLPPLLLPPL

Cac day chir cai thu dugc ludn c6 dung m chix P va n chix L, vi dé di tir (0,0) dén (m,n) ta can
chinh xac m budc sang phai va n budce di 1én.

Va nguac lai, v6i bat ky day nao gom m chit P va n chit L, ta déu c6 thé dung lai mot dudng
di tuong ung tir (0,0) dén (m, n).

Do do, ta da xay dung dugc mot song anh gitra hai tap hgp sau:

* Tap hgp cac duong di tir (0,0) dén (m, n) véi cac budc di 1én hodc di sang phai;
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* Tap hop cac day gom m chit P va n chit L.

Ta biét cach dém tap thit hai. N6 ¢6 dung Ci, ,, phan t{, vi ta chi can chon m vi tri trong tong
m + n vi tri dé dat chix L.

Vi ton tai mot song anh gitta hai tdp hgp trén nén s6 duong di tir (0,0) dén (m, n) cing chinh
bang CI.,.. |

Nhan xét:

Vi du trén minh hoa ky thuat ching minh béng song anh. Thong thuong, viéc chiing minh
ton tai song anh gitta hai tap </ va % can giai thich ro:

1. Cach bién méi phan t ctia &/ thanh mot phan t ctia 4.

2. Cach khoi phuc lai cac phan tif cia <7 tir cac phan ti ctia Z.

3. Vi sao hai phép bién déi trén 1a nghich déo ctia nhau ?

Trong vi du nay, sau khi xdy dung anh xa &/ — %, viéc tim anh xa ngugc rat dé. Nhung
cling c6 nhitng trudng hop, viéc xay dung anh xa ngugc phtc tap hon rt nhiéu.

Vi du 6.2. V6i n 1a s nguyén duofng, Chung minh rang s6 cach biéu dién n thanh t6ng cac sb
1é bang s6 cach biéu dién n thanh téng cac s6 nguyén duong d6i mot phan biét.

& Loi giai: Ta sé xdy dung moét song anh gitta hai tap hop:
» Tap A gdém cac cach biéu dién n thanh téng cac s6 nguyén duong déi mot phan biét;
 Tap B gdbm céc cach biéu dién 7 thanh tdng cac s6 1é.
Bat dau véi mot cach biéu dién n thanh téng cac s6 nguyén duong doi mot phan biét. Méi s6
hang ctia téng c6 thé dugc viét dudi dang a - 2%, trong d6 a 1a s6 1é. Sau d6, ta tach s6 hang
nay thanh 2” s6 hang nho hon, méi s6 hang déu bing a. Cach lam nay cho ta mot biéu dién n
thanh téng céc s6 1é. Chang han, véi mot cach biéu dién sb 45 dudi dang téng ctia cac s6 phan
biét (20,9,6,5,4,1)

45=20+94+6+5+4+1
=5.2249.2043.21 4 5.2041.2241.20
=5+4+5+5+5)+9+B+3)+5+(1+1+1+1)+1
=9+4+54+54+5+54+54+3+3+14+1+1+1+1

Nhu vy ta thu dugc cach biéu dién s6 45 dudi dang téng cac s6 1é
(9,5,5,5,5,5,3,3,1,1,1,1,1).

Déi v6i chiéu ngugc lai, véi mot cach biéu dién 1 thanh téng cac s6 18. Gia st trong d6 c6 k s6
hang bang a. Viét k dudi dang téng céc liy thita khac nhau ctia 2,

k=2 ok ... 0ok,

trong d6 ki, ky . . . k, d6i mot phan biét, day ciing chinh la biéu dién nhi phan cta k. Vi méi s6
hang 2% ta tao ra mot sb hang md&i co gid tria - 2k Cac sb hang thu dugc d6i mot phan biét,
vi mbi s6 nguyén duong c6 duy nhat mot cach biéu dién dudi dang a - 2° vé6i a 18. Vi du, véi
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mot cach biéu dién s6 45 dudi dang téng cua cac s6 1é (9,5,5,5,5,5,3,3,1,1,1,1,1)

45=94+54+5+54+54+54+3+3+14+14+1+1+1
=9-1+5-5+3-24+1-5
=9-2045. (22+2%) 4321 +1- (2> +2°)
=9.2045.2245.2043.21 +1.2241.2°
=94+204+5+6+4+1
=204+94+6+5+4+1

Nhu vay ta thu lai duge cach biéu dién (12,7, 6,4, 1) ban dau ctia s6 45.
Hai quy trinh ta vira mo ta 1a nghich do nhau, do do ta thiét lap dugc mot song anh gitra hai
tap hop A va B. Vay sb cach biéu dién n thanh téng cac s6 1é bang s6 cach biéu dién 1 thanh
tong cac s6 nguyén duong doi mot phan biét. n
Vi du 6.3. (Russian MO 1995) Trén mot ban c& vua 8 x 8, hai ngudi choi A va B lan luot dat
1én cac quan cd theo quy luat. O moi lugt, mot ngudi choi c6 thé dat mot hodc nhiéu quan co
vao cac 0 tr6ng trén cing mot hang hodc cing mot ¢t (moi 6 chi duge dat t6i da mot quan).
Gia st ngudi choi A di trudc, sau d6 hai nguoi choi luan phién. Ngudi choi thang 1a nguoi
khién déi phuong khong thé dat thém quan cd nao nita. Héi ai 1a ngudi ¢6 chién luge thang?
P Loi gidi: Ta chiing minh rang B c6 chién lugc thang.
Gia st & budc thit 2k + 1, ngudi choi A ddt m quan cd vao m 6 trong

a1,az,...,m

trén cing mot hang hoac cung mot cot.

Khi d6, § bude thit 2k + 2 ngudi chaoi B chi can dat m quan cd vao m 6 trong

bl/b2/«~/bm

sao cho méi cap b; va a; dbi xiing nhau qua tdm ctiaban co (i = 1,2,...,m).
Ct thyc hién nhu vy cho dén khi ban c& dugc lap day va B la ngudi gianh chién th{ing. [ |

Nhin xét:

Véi ban co n x n, trong d6 n chan thi B ludn 1a ngudi c6 chién luge thang. Trong trudng
hop n 1é thi A 1a ngudi c6 chién lugc thang, khi d6 & bude dau tién A chi can chon 6 nam &
tam doi xing ctia ban cd va sau d6 thuc hién cac thao tdc nhu ngudi choi thit hai trong
truong hop n chan.

Vi du 6.4. Xét mot man hinh gom 2000 x 2002 6 vudng don vi. Ban dau, ¢6 hon 1999 x 2001
6 don vi dang bat sang. Trong bat ky hinh vuéng con 2 x 2 nao, ngay khi c6 3 6 tat, thi 6 con
lai tu dong tat theo. Chiing minh rang cd man hinh khong bao gid c6 thé tat hét.

P Loigidgi: Goi A la tap hgp tat ca cac 6 vudng don vi trén man hinh ban dau dang bat nhung
cubi cting bi tat. Véi méi 6 vudng thudc A, ton tai mot hinh vudng con 2 x 2 da "gay ra" viéc
n6 bi tat (khi ba 6 vudéng trong mot hinh vudng con 2 x 2 déu tat thi 6 vudng con lai sé tat
theo).
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Goi B 1a tap hgp tat ca cac hinh vudng con 2 x 2, s6 phan t ctia B 1a 1999 x 2001. Ta xét mot
quy tac f : A — B, v6i mbi 6 vuong trong A thi f gan né v6i mot hinh vuong con 2 x 2 da
khién n6 bi tat (néu c6 nhiéu hon 1 hinh vuéng con 2 x 2 khién né bi tat thi ta cho f gan vdi
mot hinh tuy y trong sO chiung). Ro rang f 1a moét anh xa. Hon nira f con 1a don anh vi moét
hinh vudng con 2 x 2 khong thé "gay ra" viéc 1am cho 2 6 vuong bi tat.

Gid st ngugc lai, ton tai mot hinh vuong con 2 x 2 1a H "gay ra" viéc tit cho2 6 A va B. Do H
"ody ra" viéc tat cho 6 A nén 6 B phai dugc tat trudc 6 A, va nguoc lai 6 A phdi dugc tat trude
0 B. DBiéu nay mau thudn. Do d6 f 1a don anh.

Suy ra |A| < |B| = 1999 x 2000.

Véy cd man hinh khong bao git c6 thé tat hét. |

Vi du 6.5. Mot ludi tam gidc dugc tao ra bang cach phu kin mot tam giac déu canh n bang n?
tam giac déu canh 1 (nhu hinh vé). Hdi ¢6 bao nhiéu hinh binh hanh ma cac canh ctia né nam
trén cac doan théng cua lu6i?

AN

/N

~

~

P Loigidi: Mot cach tiép can ty nhién 1a dém tryc tiép tt ca cac hinh binh hanh. Tuy nhién,
cach nay doi hdi phai hét stic can than dé tranh sai sét va thuong dan t6i cac tong can x
ly kha phtic tap. O day, chiing ta trinh bay mot 1oi giai khéc tinh té hon bang cach st dung
phuong phap song anh.

Nhan thay rang cac hinh binh hanh xuét hién theo ba huéng khac nhau.

[/ A\

Do tinh d6i xung, s6 hinh binh hanh & méi hudng la nhu nhau, vi vay ta chi can dém céc hinh
binh hanh c¢6 huéng "5 gitta" (tic 1a khong ¢ canh ndm ngang).
M& rong ludi tam gidc ban dau bang cach thém mot hang nita & phia dudi. Quan sat khéo 1éo,
ta nhan thay xuat phat tir bat ky hinh binh hanh nao nhu vay trong luéi ban dau, ta c6 thé
kéo dai cac canh ctia n6 cho dén khi chiing cat canh ddy ctia hang méi trong ludi tam gidc 1on
hon, va ta sé thu duoc bon diém giao khac nhau, nhu hinh dudi.
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Ngugc lai, néu bat dau tir bdn diém ludi phan biét trén canh ddy méi nay, ta c6 thé ké cac
duong tao véi phuong ngang cac géc 60° tir hai diém dau tién va cac duong tao goc 120° tix
hai diém con lai dé thu dugc mot hinh binh hanh trong ludi ban dau. Diéu nay thiét 1ap mot
song anh gitra tap cac hinh binh hanh trong ludi ban dau khong c6 canh ngang va tap cac bd
bdn diém phan biét trén canh day méi. Do d6, s6 hinh binh hanh loai nay 1a C;., ,.

Xét c ba huéng khac nhau, ta suy ra t6ng s6 hinh binh hanh trong luéi ban dau 1a 3C;;,,. B

Nhdn xét:

Trong vi du nay, néu ta khong md rong luéi tam giac thém mot hang nita & phia dudi, thi
v6i mot hinh binh hanh bat ky khong c6 canh ndm ngang, khi kéo dai cc canh ctia n6 cho
dén khi chiing cat day tam giac sé c6 2 trudng hop: hodc ta sé thu dugc ba diém giao khac
nhau (trudng hgp hinh binh hanh c6 1 dinh trén day tam giac), hodc ta sé thu dugc bén
diém giao khéc nhau.

Ta tim anh xa nguoc, vdi trudng hop 4 diém giao ta thuc hién tuong tu 16i giai trén. Voi
truong hop 3 diém giao thi tir diém dau va diém gitra, ta ké cac duong tao vdi phuong
ngang cac goc 60°, tir diém gitra va diém cubi ta ké cac duong tao géc 120°, cac giao diém
ctia 4 dudng thang nay tao mot hinh binh hanh trong 1uéi (c6 1 dinh nam trén ddy tam
gidc) . Nhu vay ta thiét 1ap dugc mot song anh gitra tap cac hinh binh hanh khong ¢6
canh ngang trong lu6i va tap bao gom cac bd 3 diém phan biét va cac bo 4 diém phan
biét trén canh day tam gidc. Suy ra, s6 hinh binh hanh khong c6 canh ngang trong ludi la
Co1+ Cat-

Vard rang Co.1 +Cihyq = Cro.

Vi du 6.6. (Moscow MO 1986) Cho tap M gdm 48 s6 nguyén duong d6i mot phan biét, trong

d6 moi udc nguyén t6 ctia chiing déu khong vugt quéa 30. Chitng minh rang ton tai bon sb

nguyén duong d6i mot phan biét trong M sao cho tich ctia chiing 1a mot s6 chinh phuong.
P Loigidi: C6 dung 10 s6 nguyén t6 khong vuot qua 30:

pr=2,p2=3,p3=05ps=7,p5 =11,p6s = 13,p7 = 17, pg = 19, pg = 23, p1o = 29.

Xét tap
Y = {pi'p3* Py | @i =0hoac1,i=1,2,...,10}.

Ro rang |Y| = 210 = 1024.
Goi X 1a ho tat ca cac tap con gom 2 phan tir ctia M (cac cap khong xét thu ty).
V&i mbi {a,b} € X, tich ab c6 thé viét duy nhat duéi dang

ab - Kgb . mab
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trong d6 K, € Nvam,, €Y.
Géan méi cap {a,b} védi s6 my, ta thu duge mot anh xa
f:X=Y
Vi
|X| = Cjg = 1128 > 1024 = Y|,
nén f khong thé 1a don anh. Do d6 ton tai hai cdp phan biét
{a,b},{c,d} € X
sao cho
Map = Meg

Suy ra
2
abed = Kgbmab . demcd = (Kachdmab) ’

1a mot s6 chinh phuong.
Néu a,b,c,d d6i mot phén biét thi bai toan da hoan tat. Néu khong, thi gitra hai cap chi ¢6
mot phan i tring nhau. Khong mét tinh tong quat, gid st b = d, a # c. Khi d6
abed = ach®
1a s6 chinh phuong, suy ra ac ciing 1a s6 chinh phuong.
Xét tap M\ {a, b} gdm 46 phan tir. Khi d6
Cis = 1035 > 1024 = |Y]|.

Lap luan tuong tu, ton tai hai cap phan biét {a’,t’}, {¢’,d’} sao cho

a'b'dd
1a s6 chinh phuong.

Néu bdn s nay doi mot phan biét thi xong. Néu khong, ta lai suy ra ton tai hai s6 phan biét
', ¢’ sao cho a'c’ 1a chinh phuong. Khi d6 két hop lai, ta thu duge bon s6 d6i mot phan biét

aca,c eM
sao cho
aca'c’
1a mot s6 chinh phuong. Hoan tat chirng minh. n

Vi du 6.7. (USAMO 1996) Mot day 7 phan tir (x, X2, . . ., X, ), trong d6 mbi phan i 1a 0 hodc
1, dugc goi la day nhi phéan c6 d6 dai n. Ki hiéu a, 1a sb céc day nhi phan d6 dai n ma khong
chta ba phén t lién tiép bé“mg 0,1,0 theo dung thu tu d6. Ki hiéu b, 1a sb cac day nhi phan
do dai n ma khong chira bén phén t lién tiép bfing 0,0,1,1hoac1,1,0,0 theo dung thu tu
d6. Ching minh rang: b, 11 = 2a, v6i moi s6 nguyén duong .
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& Loi giai: Xétanh xa f tu tap cac day nhi phan c6 d¢ dai n + 1 vao tap cac day nhi phan c6
do dai n.
W1, Yns) = 1+ Y22 F Y3, Yn + Ynr) -
cac phan tir déu duge xét theo mod2. Pay 1a mot anh xa 2 — 1
Dudi phép bién doi nay thi

...,,10,0,...—~...,0,1,0,... wva ...,0,0,1,,1,...—...,0,1,0,...,
va day cling 1a hai truong hgp duy nhét cho két qua nhu vay.
Do do6, moi day khong cé bén phﬁn t lién tiép naola1,1,0,0 hodc0,0,1,1 thi khi 4nh xa qua
f day thu dugc ludn khong c6 ba phan tir lién tiép nao1a 0,1,0.
Goi A 1a tap cac day nhi phan do dai n + 1 c6 phan ti dau tién y; = 0 va khong c6 bon phan
tr lién tiép nao 1a 1,1,0,0 hoac 0,0, 1, 1. Goi B 1a tap cac day nhi phan do6 dai n khong c6 ba
phan ti lién tiép nao 12 0,1, 0.
Ta c6 |B| = a,,. Xét anh xa f thu hep trén Alaénh xa f': A — B. Ta chiing minh f’ 1a mot
song anh.
Theo 14p luan trén, mbi day trong A khi anh xa qua f’ thi thu dugec mét day trong B. V6i chiéu
nguoc lai, mdi day (x1, xy, . .. x,) trong B ing v&i ding mot day (0, x; —0,x2 — x1,..., %, —
Xy—1) trong A, tat cd cac phan ti trong day déu xét theo mod?2.

F=e (e, x0,x3. 00, 20) = (0,00 — 0,00 — X1, X3 — X2, Xy — Xp_1) .

Do d6 f' 1a song anh. Suy ra |A| = |B| = a,.

Goi C 1a tap cac day nhi phan do dai n + 1 ¢6 phan tr dau tién y; = 1 va khong c6 bon phan
ttr lién tiép nao 12 1,1,0,0 hodc 0,0, 1, 1. Lap luan tuong tu ta c6 |C| = |B| = a,.

Ta c6: b1 = |A| + |C| = 2ay,.

Hoan tat chirng minh. n

Nhin xét:
1. Ta c6 thé xay dung mot song anh gitra hai tap A va C

(]/1;]/2---:]/n+1) = (1—y1,1—yz,---,1—yn+1)-

2. Mot y tuong kha tu nhién cta bai toan nay la ta thir xdy dung moét anh xa f tir cac
day nhi phan c6 do dai n + 1 khong chita bon phan ti lién tiép nao bang 0,0, 1, 1 hodc
1,1,0,0 theo thit ty d6 vao cac day nhi phan c6 do dai n khong chita ba phan tir lién
tiép nao bang 0, 1,0 theo thit tw. Nhu vay ta c6 thé nghi dén viéc xay dung f sao cho
cacbo (0,0,1,1) va (1,1,0,0) khi ban qua f thu dugc bo (0,1,0).
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) Baitdp rén luyén

Bai tap 6.1. Cho S = {1,2,...,1000} va A la mot tap con ctia S gom 201 phan tit. Néu téng
cac phan tir cia A chia hét cho 5 thi tap con A duoc goi la mot tap con "tot". Hay tim s6 cac
tap con "tot" cta S.

Bai tap 6.2. Gid st 1 1a s6 chan. C6 bao nhiéu cach dé chon 4 s6 phan biét a, b, ¢, d (khong xét
thu tu) tu tap {1,2,...,n} sao cho
a+c=b+d?

Bai tap 6.3. (Putman 2002) Cho 1 > 11a m6t s6 nguyén duong va S, 1a s6 cac tap con khac
roéng ctia tap {1,2,...,n} sao cho trung binh cong tat ca cac phan tir cia né 1a mot s6 nguyén.
Ching minh rang S, — 1 1a mot s6 chan.

Bai tap 6.4. Cho n va k 1a cac sd nguyén duong thod man k < n —k+ 1. Gid st X =
{1,2,...,n}. C6 bao nhiéu tap con ctia X c6 k phan tir ma khéng c6 hai s tu nhién lién
tiép nao.

Bai tap 6.5. C6 mot nhdm ngudi ma trong do, mdi cdp khong quen nhau c6 dung hai ngudi
quen chung, méi cdp quen nhau thi khéng c6 ngudi quen chung nao. Chirng minh rang s6
ngudi quen ctia moi ngudi 1a nhu nhau.

Bai tap 6.6. Chotap A = {1,2,...,n}. Mdi tap con khong réng ctia A ta xac dinh duy nhat
mot téng dan diu theo quy tac: sdp xép cac phan tir ctia A theo thi tu ting dan sau d6 gan
luan phién cac dau + va — sao cho phan tr 16n nhat mang dau cong. Hay tinh tong cta tat ca
cac tong dan dau trén.

Bai tap 6.7. C6 40 ngudi tham du mot hoi nghi. Cit moi nhém g6m 19 nguoi thi ho c6 chung
ding mot than tuong trong hoi nghi. (Luu y: néu A 1a than tugng ctia B thi B khong nhat
thiét 1a than tugng ctia A; ngoai ra, A khong thé 1a than tuong ctia chinh minh). Hay chiing
minh réng tai hoi nghi nay, ton tai mot tap To gém 20 nguoi sao cho v&i moi P € Ty, thi P
khong phai 1a than tugng chung ctia 19 ngudi con lai trong Tp.

Bai tap 6.8. (APMO 1998) Gia su F 1a tap hop tat ca cac bo g6m ntap (A1, Az, ..., Ay), trong
do A;latap con cua tap {1,2,...,1998}. Tinh Z |[ATUA U ... UA,|.

Bai tap 6.9. Gid st A la ho cac tdp con gdm mot s6 cac tap con c6 ding 3 phan t cia
I=1{1,2,...,n},sao chobatky hai phan ti cia A (ttc 1a hai tdp con 3 phan tit ctia I) c6 t6i da
mot phan t& chung. Ching minh rang ton tai mot tdp con X C I thdéa man cac diéu kién sau:
1. Khong c6 phan tir nao ctia A la tap con ctia X;

2. |X| > [V2n].
Bai tap 6.10. (Romania MO 1994) Cho 11 tap hop My, My, ..., Mj; thoa man cac dieu kién
sau:

L M| =5 i=12,...,11

2. |MinMj| £0, 1<i<j<Il
Ky hieu T = M; UM U - --U My, va véi moi x € T, dat
n(x) =|{M;|xe M;1<i<l11}|,
tire n(x) 1a s6 tdp M; chira phan tir x. Dat n = max{n(x) | x € T}. Tim gia tri nh6 nhét ctia n.
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Bai tap 6.11. Gid st rang khong c6 ba dudng chéo nao ctia mot da gidc 16i 7 canh cting di qua
mot diém nam trong phan bén trong ctia da giac. Hdi c6 tat ca bao nhiéu diém giao nhau ctia
cac duong chéo bén trong da giac d6?

Bai tap 6.12. Gia st c6 1 diém (n > 6) nam trén mot dudng tron. Mdi cap diém duge ndi véi
nhau bang mot doan thang, va khong c6 ba doan thang nao cting di qua mot diém bén trong
dudng tron. Do d6, bat ky ba doan thang nao cat nhau tai ba diém sé xac dinh mot tam giac.
Hay tim s6 tam gidc dugc xac dinh béi cac doan thang do.

Bai tap 6.13. (China TST 1990) Trong mot trai toan, bat ky m hoc sinh nao ciing c6 diing mot
ngudi ban chung, véi m > 3. (Quan hé ban be la d6i xing: néu A la ban cda B thi B cling la
ban ctia A. Ngoai ra, khong ai la ban ctia chinh minh.) Gia st c6 P 1a ngudi ¢6 nhiéu ban nhat.
Hay xac dinh s6 ban ctia P.

Bai tap 6.14. (VMO 2012) Cho mét nhém gom 5 cd gdi, ki hiéu 1a Gy, Gy, G3, G4, G5 va 12
chang trai. C6 17 chiéc ghé duoc xép thanh mét hang ngang. Nguoi ta xép nhém nguoi da
cho ngdi vao cac chiéc ghé dé sao cho cac diéu kién sau dugc dong thoi théa man:

1. Méi ghé c6 dung mot ngudi ngoi;

2. Thi tu ngéi cda cac co gai, xét tur trai qua phai, 1a Gy, Gz, G3, G4, Gs;

3. Gitta G; va G; ¢c6 it nhat 3 chang trai;

4. Gilta G4 va Gs ¢6 it nhat 1 chang trai va nhiéu nhat 4 chang trai.
Hoi ¢6 tat ca bao nhiéu cach xép nhu vay? (Hai cach xép dugc coi la khac nhau néu ton tai
mot chiée ghé ma ngudi ngdi & chiée ghé do trong hai cach xép la khac nhau).

Bai tap 6.15. (IMO 2002) Cho 7 1a mét s6 nguyén duong. Méi diém (x, y) trén mat phang,
trong d6 x va y 1a cac s6 nguyén khong &m va x +y < 1, dugc t6 mau do6 hodc xanh, thoa
man diéu kién sau: néu mot diém ( x, y ) duge to d6 thi moi diém (x/,y') véix' <xvay <y
cung déu duoce t6 do. Goi A 1a s6 cach chon n diém mau xanh sao cho cac hoanh do (toa do x
) ctia ching déu khac nhau, va B la sb cach chon 1 diém mau xanh sao cho cac tung do (toa
do y ) ctia chiing déu khac nhau. Hay chiig minh rang A = B.
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OGPHANO
@ DE KIEM TRA CAC LGP CHUYEN DE

Trong phan nay trinh bay mot s6 deé thi ctia cac 16p chuyén dé & STAR EDUCATION.

$1. DE KIEM TRA LOP 8 CHUYEN DE

Chuyén dé t hop

KIEM TRA TO HOP 8 CHUYEN DE - 2025-2026
Thoi gian lam bai: 120 phiit

€ Phin1-Viét ddp s6 (2 diém)

Cau 1. Traloi dap s cac bai toan sau:
1) Thanh rat thich s6 1 nén em mudn biéu dién bat ctt s6 gap dugc nao thanh t6ng hodc hiéu
ctia cac s6 gdm toan chit s6 1. Chang han dé c6 s6 19 hoac 100, Thanh sé viét
¢ 19=114+11—-1—-1—1can 7 chasbd 1;
e 100 = 111 — 11 va can 5 chir s6 1.
Hoi s6 2024 can dung it nhat bao nhiéu chit s6 1 dé biéu dién?
2) Nguoi ta tinh gia tri ctia cac phép nhan

1x2x%x3,2x3x%x4,---,97 x98 x 99

Hoi c6 may két qua c6 tan cung 1a 0?

3) Ban Lugng ghi lan lugt vao bon thé cac chir s6 1,2,3,4. Hoi Lugng c6 thé ghép duoc tir
bbn thé d6 bao nhiéu sb tu nhién 16n hon 2222.

4) Cac s61,2,3,4,5,6,7,8,9 duoc dung dé viét thanh mot s6 ¢6 5 chir s6 va mot s6 ¢6 4 chir
s, mbi chir s6 dugc dung 1 1an. Hoi téng 16n nhat cta hai s6 d6 c6 thé thu dugc la may?

@ Phin2- Trinh bay loi giai (8 diém)

Cau2(3 diém). Cho tap A = {1,2,3,4,5,6}. C6 bao nhiéu s6 ma cac chit s6 thudc A thoa:

a) Sb chan c6 5 chit s6 khac nhau.

b) Sb 6 3 chir s6 khac nhau va chia hét cho 9. (s6 chia hét cho 9 khi va chi khi tng cac s6
chia hét cho 9).

) S6 c6 4 chit s6 khac nhau va chia hét cho 25.

d) Sb ¢6 5 chit sb ¢6 chit s6 1 hoac c6 chir sb 2.

Cau 3 (1,5 diém). An viét 1én bang 3 s6 c6 mot chit s6 khac nhau. Binh nhan céc s6 d6 theo

tiing cap rdi viét két qua 1én bang. An nhan xét: “O, that thu vi 1a cac sb ctia ban viét déu 1a sb
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c6 hai chir s6!”. Binh tiép 15i: “Dang ngac nhién hon la tit ca cac chi s6 tir 1 dén 9 déu c6 mat
trén bang, mdi s6 ding mot 1an!”. Tim tich ctia 3 s6 An da viét.

Cau4 (2 diém). Trong mot thi trdn ¢6 21 nguoi that tha ludn néi sy that va 2000 ngusi dbi

tra luon néi ddi. Mot thay phu thay da chia 2020 ngudi trong sb 2021 ngudi nay thanh 1010

cap. Moi ngudi trong mot cap mo ta nguoi kia 1a that tha hoac nbi doi. Két qua 1a 2000 nguoi

dugc mo ta 1a that tha va 20 ngudi bi goi 1a dbi trd. Hoi ¢6 bao nhiéu cdp ma c6 hai nguoi la

ngudi dbi tra?

Cau 5 (1,5 diém). Ta goi mot sb nguyén duong 1a dep néu n6 théa man ddng thoi ba diéu

kién sau:

e Tat ca cac chit s6 ctia n6 déu khac khong.

e S6 do6 chia hét cho 11.

e 56 d6 chia hét cho 12 va néu thay déi vi tri gitta cac chi sb ctia n6 cho nhau mot cach tuy y,
thi s6 nhan dugc cling chia hét cho 12.

Héi c6 bao nhiéu sb dep c6 10 chit sb.
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KIEM TRA TO HOP 8 CHUYEN DE - 2025-2026
Thoi gian lam bai: 120 phuit

Cau 1 (2,0 diém). Chiing minh rang vdi moi s6 nguyén duong # thi

RPN I S n(n+1)(2n+1).

6
b) 2" >n+1.

Céau2 (1,0 diém). Mot ngudi c6 mot cai chai, mot cdi can, mot cai hop va mot cai binh, va moi
loai dung trong d6 hoic sita, hodc nudc chanh, hodc nudc cam, hodc rugu. Biét rﬁng ruou va
stra thi khong dung trong chai, con trong can thi khong phai la nudc chanh va rugu. Nudc
chanh thi dé gitra chiéc hop va nudc cam, con chiéc can thi lai d€ canh céi binh va stta. Hay
cho biét vat dung nao dung nudc gi ?

Céu 3 (2,0 diém). Tim tat ca cic cdp (X, Y) 1a cac tap con cta tap cac s nguyén thoa man
doéng thdi cac diéu kién sau:

(1) Mdi tap X, Y c6 3 phan ta.

(2) 3e Xvabey.

(3) Tap X NY c6 ding mot phan t.

(4) Néu a,b 1a hai phan ti phan biét ctia X thia +b € Y.

Cau 4 (2,0 diém). Ban An c6 12 tAm thé, trén mbi thé dugce ghi mot sé nguyeén tir 1 dén 12,

cac s6 trén cac thé déu phan biét.

a) Ching minh rang ban An c6 thé chia 12 tdm thé d6 thanh mot s6 nhém thda man tinh
chét (P) nhu sau: trong méi nhém c6 nhiéu hon mot tAm thé dong thoi s6 16n nhat ghi
trén mot tAm thé nao d6 bang téng cac sb ghi trén cac tam thé con lai.

b) Néu ban An cho ban Binh 7 tdm thé mang cac s tir 1 dén n (1 < n < 12) thi véi nhiing
tAm thé con lai ban An ¢6 thé chia thanh mét sé nhém théa man tinh chat (P) dugc nita
hay khong?

Céu 5 (2,0 diém). Tap hop M chua 4 sb nguyén phan biét dugc goi la tap lién két néu véi moi

x € M thi it nhat mot trong hai s6 x — 1, x + 1 thudc M. Goi U, 1a sb tap con lién két cia tap

{1,2,...,n}.

a) Tim tAt ca cac tap lién két chira s6 1 va 2025.

b) Tinh Uj.

) Xac dinh gia tri nhd nhét ctia 1 sao cho U,, > 2025.

2 < -1 1
Cau 6 (1,0 diém). Cho cac so aq,ap, a3, a4 thoa - <ag < 5 voii = 1,2,3,4. Chiung minh

rang néu tong cda 3 s6 bat ki trong boén s 1a mot sé nguyén thia; = ay = a3 = ay.
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§2. PE KIEM TRA LOP 9 CHUYEN DE

Chuyén dé s hoc

KIEM TRA SO HOC 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 150 phuit

Cau 1 (2,0 diém).

a) Tim céc s6 nguyén t6 p va g sao cho p? — 2% = 1.

b) Tim céc s6 nguyén t6 p va g thoa man p* + 3pq + g* 1a s6 chinh phuong.

Cau 2 (2,0 diém). Tim cip sb tu nhién a, b sao cho (a,b) = 15 va [a, b] = 2835.

Céu 3 (1,5 diém). Cho a,b 1a cac s tu nhién théa man hé thirc 3a> + a = 4b> + b. Ching

minh rang 3a + 3b + 1 1a s6 chinh phuong.

Cau 4 (1,5 diém). Cho s6 nguyén tb p va sb nguyén a khong chia hét cho p.

a) Chung minh trong cac sba,2a,..., (p — 1)a khong c6 hai s6 nao co cung s6 du khi chia
cho p.

b) Chiing minh rang a”’~! = 1 (mod p).

Cau 5 (1,5 diém). Ki hiéu p(a) 1a udc nguyén t6 nhod nhéat ctia s6 nguyén duong a > 1. Xét

m, n 1a cac s6 nguyén 16n hon 1.

a) Véi moi sé nguyén a > 1, chiing minh rang p(a) < v/a khi va chi khi a 1a hgp sb.

b) Gia st m?+n = p(m) + [p(n)]”, ching minh ring m = n.

¢) Chiing minh rang ton tai vo han cdp s6 (m;n) théa man

m+n = [p(m)]* = [p(n)]*.

Cau 6 (1,5 diém). Ki hiéu 7(n) 1a sb uéc nguyén duong ctia sé nguyén duong n.

a) Chung minh rang néu n>1van=py'py - p(py... pclacic sb nguyén t6 phan biét
va oy, ay, ..., & la cac so nguyén duong) la dang phan tich thanh thira so nguyén to cua n
thi

T(n) = (a1 +1)(ax+1) - (ap+1).

b) Ching minh rang 7(a) + t(b) < 7 (ged(a, b)) + T (Iem(a, b)) v6i moi s6 nguyén duong

a,b.
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KIEM TRA SO HOC 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 150 phuit

Cau 1 (2,0 diém). Cho céc s6 nguyén x, y. Ching minh ring néu 5x% + 15xy — y* chia hét cho
7 thi 5x% + 15xy — y* chia hét cho 49.

Céau 2 (1,0 diém). Cho x,y,z la cac sb nguyén théa man (x — y)(y —z)(z —x) = x +y +z.
Chiing minh rang (x + y + z) chia hét cho 27.

Cau 3 (2,0 diém). Hay tim tit ci bo ba s6 nguyén duong phan biét (p, g, ) khic 1 sao cho
(pgr — 1) chia hét cho (p —1)(g — 1)(r — 1).

Cau 4 (1,0 diém). Ching minh ring phuong trinh sau khong c6 nghiém nguyén
4x° +y* + 922 =71,
Céau5 (2,0 diém). Tim nghiém nguyén cuia phuong trinh
x? —2xy +3y —5x +7 = 0.
Céu 6 (2,0 diém). Cho phuong trinh
Br2P 4 =9, (1)

trong d6 x,y,z 1a an va 9! 1a tich cac s6 nguyén duong lién tiép tir 1 dén 9.
a) Ching minh rang néu c6 cac s6 nguyén x, y, z thda man (1) thi x, y, z déu chia hét cho 4.
b) Ching minh rang khong ton tai cac sb nguyén duong x,y, z théa man (1).
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) Chuyén dé hinh hoc

KIEM TRA HINH HQC 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 150 phiit

Caul (6,0 diém). Cho dudng tron duong kinh AB béan kinh bang 2 va C 1a mét diém thay
d6i trén duong tron nay. Goi H 1a hinh chiéu vuéng géc ctia C trén AB, cdc dudng phan giac
trong ctia tam gidc AHC cat nhau tai E, cic dudng phan giac trong ctia tam gidc BHC cat
nhau tai F. Hai duong thang CE, CF 1an luot cat AB tai M, N. Hai duong thiang AE, BF cat
nhau tai I.

a) Chung minh réng Al vubng goc voi CN.

b) Ching minh rang khi d6 dai doan MN dat gia tri nho nhét thi tam gidc ABC can.

— 1
¢) Chung minh sin CAI < . T d6 suy ra sina - sin(45° — ) < W v6i goc nhon
n < 45°.

d) Chung minh réng ]\m = 90° vanam diém M, N, E,F, I cung thuéc mot duong tron.
e) Tim gia tri 16n nhat cta chu vi tam giac HEF khi C thay déi trén dudng tron duong kinh
AB.

AC + AB

Cadu 2 (4,0 diém). Cho tam gidc ABC (AC > BC) ¢6 phan giac trong CN (N € AB) va M la

trung diém AC.

a) Goi D la giao diém ctia BM va CN, E la giao diém ctia AD va BC. Chiing minh rang NE
song song voi AC.

b) Ching minh rang: % o T 1.

) Duodng thang qua E song song véi BM cat AC tai K. Ldy G thuoc AC sao cho tu gidc
ANEG Ia hinh binh hanh. Chiing minh rang K 1a trung diém ctia GC.

d) Goi T 1a giao diém ctia EK va NG. Ching minh rang CT la phan gidc ngoai cta ACB.
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Chuyén dé t hop

KIEM TRA TO HOP 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 120 phiit

) Phén 1 - Viét dap sé (2 diém)

Céau 1. Ban Luogng ghi 1an luot vao bon thé cac chir sé 1,2, 3, 4. Hoi Luong co thé ghép duoc
tir bdn thé d6 bao nhiéu sb tu nhién 16n hon 2222.

Cau 2. Hoi c6 bao nhiéu hoan vi x1, xo, x3, x4, x5 caa 1,2,3,4,5 sao cho t6ng X1XoX3 + X2X3X4 +
X3X4X5 4+ X4X5%7 + X5%1X2 chia hét cho 3?

Cdu 3. Cho bang 6 vudng 4 x 4, mbi 6 vudng ctia bang déu duge dién s6 1 hodc —1. Héi ¢6
bao nhiéu cach dién thda man sao cho tich cac s trén méi hang va trén méi cot déu duong?

Céau 4. Cho s6 tu nhién n = 1!2!3! - - - 6!7!. Hoi 1 ¢6 bao nhiéu udc la sé chinh phuong?

B Phan 2 - Trinh bay 15i gidi (8 diém)

Caub (3 diém). Cho tap A = {1,2,3,4,5,6}. C6 bao nhiéu s6 ma cac chit sb thudc A thoa:

a) Sb chan c6 5 chit s6 khac nhau.

b) Sb 6 3 chir s6 khac nhau va chia hét cho 9. (s6 chia hét cho 9 khi va chi khi tng cac s6
chia hét cho 9).

c) S6 c6 4 chit s6 khac nhau va chia hét cho 25.

d) S6 c6 5 chit s6 c6 chit s6 1 hodc c6 chir sb 2.

Céu 6 (2 diém). V6i mbi s6 nguyén duong n, xét phat biéu sau: Trong 21 — 1 s6 nguyén bt

ky, ludn chon dugc tir d6 1 s6 ma t6ng la boi ctia . Ching minh rang phét biéu nay ding véi:

a) n=3van=>5.

b) n =15.
Céu 7 (2 diém). Ta goi mot sb nguyén duong la dep néu né thdéa man dong thoi ba didu kién
sau:

e Tat ca cac chi s6 ctia n6 déu khac khong.

* 56 d6 chia hét cho 11.

e 56 d6 chia hét cho 12 va néu thay déi vi tri gitta cac chit s6 ctia n6 cho nhau mét cach tuy v,
thi s6 nhan dugc cting chia hét cho 12.

Hobi c6 bao nhiéu sb dep c6 10 chit sb.

Céu 8 (1 diém). Ching minh ring trong 20 s6 nguyén duong phan biét khong vugt qua 37

luén ton taibaséa < b <cmaa+b =c.

Hoi két luan bai todn trén con diing khong néu thay 20 bang mot s6 nhd hon?
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3 Chuyén dé daisé

KIEM TRA PAI SO 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 120 phiit

Cau 1 (2 diém).

N . 3
a) Cho biéu thirc s = % <\3/ 2025 — ) . Chiing minh rang biéu thtc <S +V1+ 52> o

1
) V2025
gid tri la sO chinh phuong.

b) Tim mot da thitc ¢6 hé s6 nguyén nhan x = s lam nghiém.
Cau2(1.5 diém). Cho céc sb thuc a, b, c khac nhau déi mot thébamana®? —b = b> —c = > —a.
Tinh gid tri ctia biéu thuc

a) A =ab®+bc*+ca® —a® b — 2.

b) B=(a+b+1)(b+c+1)(c+a+1).
Cau 3 (2 diém). Xét da thiic P(x) thoa man diéu kién: Néu chia P(x) cho da thic x? — 1 thi
dugc du 1a 2x, con néu chia P(x) cho x — 2 thi duge dula 1.

a) Tinh P(—1) + P(1) + P(2).

b) Tim da thitc du c6 duge khi thuc hién phép chia da thite P(x) cho da thite (x* — 1) (x —2).
c) Tim mot da thitc P(x) thod man cac diéu kién dé cho, dong thoi da thic P(x) — 2 chia hét

cho da thitc x* — 2x + 1.

Céu 4 (2 diém). Cho cacbiéuthic A = (x+y)(y+z)(z+x)vaB = (x +y+z)(xy +yz +
zx), trong d0 x, y, z 1a cac s6 khong &m. Ching minh rang

a) B— A =uxyz

b) A > gB;

c) B > 9xyz.

Caub (1 diém). Choa, b, c,d 1a cac s6 thuc duong thoamana < b <c <dva

a? b? c? »
(d_”)<b—a+c—b+d—c) =(a+b+0c)".

Ching minh rang ad = bc.
Céu 6 (1,5 didm). Dita =\/vV2—1,b = V2.

3
a) Ching minh rang a = b\f T

b) Chitng minh rang a c6 thé dugc viét dudi dang téng ba can bac ba ctia cac s6 hiru t, tic la
ton tai cac sd m, n, p hitu ti sao cho

a=~/m+/n+Yp.
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KIEM TRA DAI SO 9 CHUYEN DE - 2025-2026
Thoi gian lam bai: 120 phuit

Cau 1 (3 diém).
a) Chung minh

<2+3+3>'5_1_
V6—1 V6—-2 +6-3) 9v6+4a 2

b) Chung minh rf?mg néu a,b > 0 thi ta ludn c6

a+2+v/ab+9b (e a2
\/E+3\/E_2W—2\/E_(\/&+x/5) .

Céu 2 (2 diém). Giai phuong trinh

V2x+3—Vx+1=x+2.

Céu 3 (2 diém). Giai phuong trinh:

V24 1=v3x2—x—2—/2x2 —x—3.
Cau 4 (2 diém). Giai phuong trinh sau:
V2t x4 2+ x =244 —x -2
Céau 5 (1 diém). Giai phuong trinh sau:

244
2(x +5)v/1—3x +3x — 10 = S +4x+9)

2v/10 —6x +v4+3x+1
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§3. PE KIEM TRA LOP 10 CHUYEN DE

Chuyén dé hinh hoc

KIEM TRA HINH HOC 10 CHUYEN DE - 2025-2026
Thoi gian lam bai: 150 phuit

Cau 1 (3,0 diém). Cho tam gidc ABC noi tiép duong tron (O) ¢6 D la trung diém cta BC.
Goi T 1a giao diém khac A cia AD va (O). Mot dudng tron qua B, T tiép xtc v6i canh AC tai
E, mot duong tron qua C, T tiép xtc voi canh AB tai F.

a) Goi K 1a giao diém ctia CT va AB, L la giao diém ctia BT va AC. Ching minh rang KL||BC.
b) Ching minh rang EF|BC.

Céu 2 (3,0 diém). Cho duong tron (O) va day cung BC cb dinh, diém A thay ddi trén duong
tron (O) sao cho tam gidc ABC nhon. Ké duong kinh AD ctia (O), duong thang CD cat AB
tai E, BD cat AC tai F. Duong thang d6i xing v6i BC qua phan giac ZACD cat EO tai M,
duong thang déi xing véi BC qua phan gidc ZABD cat FO tai N. Ching minh MN ludn di
qua mot diém cb dinh khi diém A thay ddi trén duong tron (O).

Céu 3 (4,0 diém). Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (O), ngoai tiép

duong tron (I). Duong thang qua I vuong goc v6i Al cat AB, AC lan lugt tai S, R. Duong tron

ngoai tiép cac tam giac BSI va CRI cat nhau tai diém M khac I.

a) Ching minh rang RS tiép xtic véi dudng tron ngoai tiép tam gidc BIC va M € (O).

b) Chiing minh rang dudng tron ngoai tiép tam gidc MSR tiép xtic véi (O).

) Goi K 1a diém thudc (O) khac A sao cho ZAKI = 90°, L 1a tim dudng tron ngoai tiép tam
giac (IBC). Chung minh rf?mg cac duong thzfmg AK, SR, BC, ML dong quy.

d) Chung minh rfmg KL, AM, OI déng quy tai mot diém T.

e) Goi X la tiép diém cta dudng tron bang tiép goc A ctia tam gidc ABC va BC. Chitng minh
rang hai duong thang AX dang gidc véi dudng thang AT trong ZBAC.
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$4. DE KIEM TRA LOP 11 POI TUYEN

Chuyén dé hinh hoc

KIEM TRA HINH HOC 11 DOI TUYEN - 2025-2026
Thoi gian lam bai: 120 phuit

Cau 1. Cho day (u,) dinh nghia bdi 1,1 = sin(gun> véimoin > 1.
a) Ching minh rang (u,) hoi tu.
b) Chung minh rfing chubi Z u% héi tu.
n=1
Cau 2. Cho tam giac nhon ABC khong can, I 1a tAm noi tiép va w la dudng tron noi tiép tiép
xtic BC,CA, AB lan lugt tai D, E, F. AD cat w tai | # D, va dudng tron ngoai tiép tam gidc
BC]J cat w tai K # J. Dudng tron ngoai tiép tam giac BFK va CEK cat nhau tai L # K. Goi M
1a trung diém ctia BC. Chitng minh M, I, L thang hang.
Cau 3. Cho moét s6 nguyén n > 2. Goi mot sd nguyén duong T 1a s6 P, néu ton tai cac
tap con A1, Az, ..., Am (m > 3) khac nhau va khéac rong ctia S = {1,2,...,n}, thda man
m
T =) |Aj, vavéimoip,qre{l,2....n},p#qq#rr#ptacdA,N(AAA) =D
i=1
hodc A, C (A4AA,). Tim s6 P 16n nhat.
Luu y: | Al 1a s6 phan it trong tap A.

XAY := (XUY)\ (XNY) = (X\ Y)U(Y\ X).
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KIEM TRA HINH HOC 11 DOI TUYEN - 2025-2026
Thoi gian lam bai: 180 phuit

Cau 1. Cho day s6 (u,) cé ug > 0va
Upp1 = Uy + 12 413 5+ +ul véimoin > 1.

a) Ching minh rang néu (u,) bi chan trén, thi ta c6 thé chon 1 1a chdn trén.
b) Ching minh rang li_r}n Uy = +00.
n—o00

Cau 2. Cho ay,4a2,4a3,... la day tat ca cac hgp sb theo thi ty ting dan. Dinh nghia day
bl, bz, b3, ...chobdi
by =na?+ (n—1)a3+---+2a%_ | +a>.

C6 nhiéu nhét bao nhiéu s6 lién tiép trong day (b, ) ma ciing chia hét cho 3?

Cdu 3. Trong tam gidc nhon ABC (AB > AC), goi Z la diém bét ki nam trén doan BC. Lay
cac diém E, F tuong ung nam trén AC, AB théa BF = BZ, CE = CZ. Goi I, I¢ tuong ung la
tam bang tiép goc B, C ctia tam gidc ABC. El¢ cat Flp tai T, va goi K 1a trung diém cung BAC.
Cho KT, KZ cat dudng tron ngoai tiép A ABC tai diém thu 2 twong tng P, Q.

. ..~ KQ BQ
a) Chung minh r‘img Kl; ~ BE' \
b) Chung minhrang T, F, P, Q, E dong vién.

Cau 4. Cho x,y,z > 0. Ching minh réng

\/x2+xy+y2+\/y2+yz+zz—|— 224 zx+x2 > \/2x2+xy+ \/2y2—|—yz+\/2zz+zx.
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GPHANOG

@ DE KIEM TRADOI TUYEN

Trong phén nay trinh bay mot s6 de thi trong cac ki thi chon doi tuyén, du tuyén Thanh ph6
Ho6 Chi Minh va Phé thong nang khiéu, dé thi Hoc sinh gidi qudc gia ndm hoc 2025-2026.

$1. PE CHON POI TUYEN PHO
THONG NANG KHIEU 2025-2026

Ngdy 1
Cau 1. Cho da thic P(x) = aox®® + ;5% + ... 4 ay005 nhan a = 7 lam nghiém.
cos —

Chimng minh A = ag — a; +ay — a3 + - - - + aogp4 — A2025 chia hét cho 7.
& Loi giai: Déttx:cosg.Ta co

cos3—n——cos 7r—3— ——cos4—7T

7 7) 7
37 3cos = 227 _

= 4 cos - 3cos7— <2cos - 1>

:>4zx3—3oc:1—2(20c2—1)2

= 8a* +4a® — 84 —3a+1=0

= (a+1)(8a° —4a®> —4a+1) =0

= 8a° —4a® — 40 +1=0(doa+1 #0).

4 4 1
:>8—&—?+E:0(d006750)
:><> —4<1> —4-1+8:0.
« o o
A ¢ 3 2 N ~ . ~ A ~ n 1 1 N
Vay da thuc P(x) = x° — 4x° — 4x + 8 1a moét da thic hé so nguyén nhan i 7 lam
cos —
7

nghiém.
Gia st P(x) c6 nghiém htru ti. Do P(x) don khoi nén nghiém htru ti nay la sé nguyén va la
udc ctia hé sb ty do, do d6 nghiém nay chi c6 thé la 41,42, +-4, +-8. Cac gia tri nay thu lai

la sO vo ti.

khong thoa man, do d6 P(x) khong c6 nghiém hiru ti. N6i riéng, =
cos —
7

Ta c6 nhan xét: khong ton tai da thitc bac nhat hé s6 hitu ti nhan = lam nghiém (*). That
cos —
7
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1
vay, gia st ¢6 da thuc ax + b nhan — lam nghiém (a,b € Q,a # 0), khi do
cos —

7
1 1 b
a- =+tb=0& ==,
cos = cos = a
vo li do — lasb vo ti.
cos —
7
Gia st ton tai da thitc bac hai Q(x) hé s6 nguyén nhan — lam nghiém. Lay P(x) chia cho
cos —
7

Q(x)
P(x) = Q(x) - H(x) + R(x),

v6i R(x) 1a da thirc v6i hé s6 hiru ti, c6 bac nhé hon 2 nhan lam nghiém. Xét cac truong

7T

cos —
7

hop:
Trudng hop 1. R(x) 1a hang s6, khi d6 R(x) = 0 va P(x) = Q(x) - H(x). Hon nitta do
degP =3,degQ =2néndegH = 1.Dat H(x) = a'x+b' (a',b' € Q,a’ # 0), khi do

P(x)= (a'x+b) -Q(x)=P <—Z:) =0.

Vo 1y do P(x) khong c6 nghiém hiru t.
Truong hop 2. R(x) la da thitc bac nhét, khi d6

1 1 1 1 1
g cos & - cosE i cos & o cos e cosz -0
7 7 7 7 7

Tuy nhién theo nhén xét § (*) ta c6 ngay diéu mau thuan.

Tém lai, P(x) la da thitc hé s6 nguyén c6 bac nho nhat nhan lam nghiém. Khi d6 néu

T
cos —
7
da thirc Py(x) = apx®®® + ax®2* 4 | + ago0ax + az005 cting nhan 7 lam nghiém thi
cos =

trong d6 S(x) la da thirc hé s6 nguyén (do P(x) don khdi). Do d6

apg— a1 +ax — ...+ a4 — 2025 = PO(—l)
=P(—1)-5(-1)

=75(-1):7(S(—1) € Z do S(x) € Z|[x)).

Vay ag —ay +ax — ...+ axo4 — a2025 1 7. [ |

106



Cau 2. Cho duong tron (O) va day cung BC c6 dinh, diém A di chuyén trén cung lén BC.
Diém M la trung diém BC va I la tam duong tron ndi tiép tam giac ABC. Duong thang qua A
song song vdi IM cat BC tai S, OM cat SA tai T. Pudng tron (w) ngoai tiép tam giac BIC. IM
cat (w) tai R. RS cat (w) tai L.

(a) Chung minh: TLS = 90°.

(b) Goi P,Q lan lugt la trung diém AS, TS. Ching minh khi A thay déi thi tiép tuyén tai Q

clia dudng tron ngoai tiép tam giac PQL di qua mot diém c6 dinh.
# Loi gidi: Xét cac diém nhu hinh vé bén dudi, truong hgp khac chiing minh tuong tu.

a) Cach 1. Goi D la trung diém cung BC nhd ctia duong tron (O) thi D 1a tam cta (BIC).
Goi K la diém dbi xing ctia I qua D, ké KS" | BC (S’ thudc BC) thi M 1a trung diém cua
GS', v6i G 1a tiép diém ctia duong tron ndi tiép tam gidc ABC va BC. Do S'(ABIK) = —1
va KS' || IG nén néu G’ 1a diém déi xing cta G qua I thi A, G/, S’ thang hang; dan dén
IM || G'S'. Vay nén S trung S'.

Goi H la giao diém ctia IM va KS thi H la tryc tdm cta tam giac KBC. Goi F la diém
dbi xtiing ctia H qua BC thi F € (BIC). KR cat BC tai E thi (BCSE) = —1, chiéu hang
diém nay qua tam R thi (KL,BC) = —1,suyra L, F,E théng hang. T day thu dugc
EF-EL = EB-EC = ES-EM, nén la t gidc LFSM noi tiép.

Ta gidc TMHS la hinh binh hanh nén ti gidc TMSF 1a hinh chtt nhat. Vaynén L, T, M, S, F
cung thudc duong tron duong kinh TS. N6i riéng, TLS = 90°.

Cach 2. Ta c6 KS | BC. Dinh nghia lai diém F trong hinh vé trén: F 1a giao diém thi hai
ctia IT va (BIC). Khi d6 do IFSG la hinh chi nhat nén F, S, K thang hang.

Goi U 1a diém déi xting ctia D qua O. Ta chiing minh R, F, U thang hang. Do I(BCMF) =
—1nén (BC,RF) = —1, hay t giac BRCF diéu hoa. Lai c6 UB, UC la tiép tuyén ctia (BIC)
nén suy ra R, F, U thang hang. Do S la trung diém ctia FH nén theo bé dé hinh thang, goi
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V 1a giao diém ctia RS va DU thi V 1a trung diém cua MU. Ta c6:
DC?>=DM-DU = (VD -VM)(VD+VM) = VD> - VM? = VM? = VD?> - DC?* = VL-VR.

Dan dén VML = VRM = VST, do d6 t gidc TLSM néi tiép, thanh ra TLS = 90°.

U

b) Do IH || AS va M la trung diém IH nén theo bs dé hinh thang, ta c6 K, M, P théng hang.
Suy ra
MPQ = KMH = KSR = LSF = LMF = MLQ.
Dan dén M, Q, L, P dong vién. Ta chiing minh tiép tuyén tai Q ctia (LPQ) di qua D.
Goi X la trung diém KH, Y la trung diém DX thi DX || MH || PS va tu glac MFXD la
hinh thang can, dan dén MQYD cting la hinh thang can. Ta c6: MQD MYD = MPQ
tic 1a DQ tiép xtic v6i (MPQ), hay DQ tiép xuc véi (LPQ). R6 rang D ¢ dinh nén ta c6
diéu phai ching minh.
|
Cau 3. Xétsdn = 31" — 5Y vdi x, y 1a cac sb nguyén duong.
(a) Tim cap s6 (x;y) sao cho n = 2p véi p la sb nguyén t6 khong qua 13.
(b) Tim tat ca cac cdp s6 (x;y) sao cho |n| c6 gia tri nhd nhat.
P Loi gidi:
a) Xét modulo 5 hai vé, ta dugc 2p = 1 (mod 5) nén p = 3 (mod 5), ma p < 13nén p € {3;13}.
* V6ip = 3, ta dugc 31 — 5Y = 6. Ta duge (x;y) = (1;2) 1a mot cap sb théa man.
* Véi p = 13, ta dugc 31* — 5Y = 26. Ta duge (x;y) = (1;1) 1a mot cdp s6 thoa man.
b) Gia st |n| = |31F — 5Y| < 6, vi 31" — 5Y chan va 31" —5Y = 1 (mod 5) nén 31* —5Y = —4.
e Néuy = 3k (k € N*), ta dugc

31 =5/ —4 =125 —4= -3 =28 (mod 31) (Voly).
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e Néuy =3k+1 (k € N), ta dugc
31" =5 —4=125".5—4=1(mod 31) (Voly).
e Néuy =3k+2 (k € N), ta dugc
31" = 5Y —4 =125 . 52 — 4 = 21 (mod 31) (Vb Iy).
Vi vay, |31* —5Y| > 6, chti y rang 31 — 5/ = 1 (mod 5) nén ta chi xét phuong trinh

31% — 5 = 6. Xét modulo 3 hai v¢, ta dugc 1 — (—1)Y = 0 (mod 3), suy ra y chan.
Gid sty > 4, khi d6 31" — 6 : 5° hay 31% = 6 (mod 5°), giai phuong trinh ddng du nay ta
dugc x = 25k + 21 (k € IN). LAy modulo 11 hai vé, véi chu y 31221 = 31 = 9 (mod 11),
ta duoc

9—-5Y=6(mod11) = 5 =3 (mod 11).
Tir day ta suy ra y = 2 (mod 5). Tiép tuc iy modulo 101 hai vé, vé6i chi y 312721 = 79
(mod 101), ta duoc

79 —5Y = 6 (mod 101) = 5 = 73 (mod 101). (3.1)

Chd y rang 5° = 1 (mod 101) va y = 2 (mod 5) nén ta xét y = 25 +r véil € N va
r € {2;7;12;17;22}, ta thay rang khong c6 gia tri nao ctia r thda man (3.1).
Vay y = 2 va tir d6 x = 1. Tém lai, |n| dat gia tri nh6 nhat khi va chi khi (x;y) = (1;2).
|
) Ngay2
Cau 4. Cho céc s thuc duong x,y, z théa man x +y + z = xy + yz + zx. Chiing minh rang

X—yz Yy—zx  z—XYy
x+2yz  y+2zx z+2xy

AP Loi gigi: Bat dang thiic cAn chiing minh tuong duong:

X + L + z >1
Xx+2yz y+2zx  z4+2xy —

Ta co:
X y z (x+y+2z)?
X+2yz y+2zx z+2xy = x=+y-+z°+ 6xyz

Do d6 can ching minh:
(x+y+2)? > 2+ y* +22+6xyz & xy+yz+zx > 3xyz & (xy+yz+2zx)* > 3xyz(x +y+2).

Bat dang thitc cubi ciing diing nén ta c6 diéu phai chiing minh. Pang thitc xay ra khi va chi
khix=y=z=1 n
Cau 5. Cho duong tron (O) véi cung BC ¢ dinh va diém A di dong sao cho BAC > 90°. Goi
I, Iy, I 1an lugt 1a tam dudng tron noi tiép, tim duong tron bang tiép ting véi géc B, C ctia tam
gidgc ABC. Puong tron ngoai tiép tam giac IT,I, cat duong tron (O) tai E va F. Duong thang
EF cat BC tai D.

109



a)
b)

Chﬁmg minh rang duong thang AD ludn di qua mot diém c6 dinh.

Lay H trén EF sao cho IH || BC. Ly K trén doan AB sao Cho CK,CH dang giac trong
ACB L trén duong thang AC sao cho BL, BH dang g1ac trong ABC. Dufdng thang DK cat
CI tai M, dudng thang DL cat BI tai N. Chiing minh rang dudng thang MN tiép xtc véi
(0).

& Loigiai:

a)

b)

Goi D' 1a giao diém I, 1. va BC. Ta c6 ti giac I.BCI, ndi tiép nén D'B - D'C = DI, - D',
suy ra D’ thudc truc dang phuong ctia (O) va (I1,1.). Kéo theo D', E, F thang hang, hay
D' trung D. Liic nay D, I, I., A thang hang, hay AD la phan gidc ngoai cta BAC nén di
qua diém ] la trung diém cung BAC c6 dinh.

Goi BU, CV la cac duong phan giac trong caa tam giac ABC. Ti giac AIBI, ndi tiép nén
VI-VI, = VA-VB,do d6 V, E, F thang hang. Tuong tu, ta c6 U, V, E, F thang hang,.

Bai toan phu. Cho tam gidc ABC c6 AP, AQ dang giac trong BAC. Goi X, Y lan lugt la
giao diém ctia BP va CQ, BQ va CP. Khi d6 AX, AY dang giac trong BAC.

Trd lai bai toan, xét tam gidc ADC c6 CH, CK dang gidc trong ACD c6 DH cit AK tai V
nén néu g01 M’ 1a giao diém cta DK Va AH thi theo bai toan phu, CV va CM’ dang giac
trong ACD.MaCV la phéan gidc cua ACD nén phai c6 M trung M’, hay A, H, M thang
hang. Tuong ty, ta c6 A, H, N thang hang. Vay nén yéu cau dé bai tuong duong véi can
chitng minh AH tiép xtc véi (O).

Goi T 1a tdm cta (I1,1.) thi IT vudng goc v6i BC, thanhra IT L IH, hay HI la tiép tuyén
ctia (II,1.). Goi H' 1a giao diém ctia tiép tuyén tai A ctia (O) va [H. Ta c6:

— — — — 1/-\ — — — — — —
H'Al = H'AB + BAI = ACB + EBAC = BCI+ ACI+IAC = H'IV+VIA = H'IA.

Do d6 tam gidc H'TA can tai H', suy ra H'I* = H'A? nén H' thudc truc dang phuong ctia
(0) va (II,1.), tic la H', E, F thang hang. Diéu nay dong nghia véi H trung H'. Hoan tat
ching minh.

|

Cau 6. Cho mot bang gdom 1 x n (n € N*, 1 > 2). Toa d6 ctia mot 6 sé duge biéu thi la (a; b)
Vi a 1a s6 thi ty ctia cot tir trai qua phai, b 1a s6 thi tu ctia hang tir dudi 1én trén. Xét mot day
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0 C = (ay;b1), (a;b2), - .., (am; b)) v6i m € N* duoc goi la day 6 ting dan néu thda man
m<a<..<ay va b <b<...<by.

a) Goi A; = {(i;j) : 1 <i<j<n}U{(j;i): 1 <i<j<n}. Chiing minh rang v&i moi day
tang dan bat ky ludn giao vdi nhiéu nhat mot phan tir cda A;.

b) Cho k la s6 nguyén duong khong 16n hon 2n — 1 va Cy, Gy, . . ., Gy 1a cac day 6 ting dan.
Ching minh rang:

k2
|C1UC2U...UCk|§le— \‘4J

¢) Tim mdt cau hinh thda man diu bang ctia bat dang thtic trén.
P Lii gidi:

a) Xét day C = (ay;b1), (a2;b2), .., (am; b)) 1a mot day 6 tang tuy y. Gia st ton tai A; sao
cho CN A; ¢6 chita hai phan tr phan biét (a,;by), (ay;by) v6i ay < ay, by < b,. Dat
D; ={(i;j):1<i<j<mn},E ={(ji):1<i<j<n} Rorang (ay;by), (ay; by) khong
thé cting thudc D; hodc E;. Xét trudng hgp (ay; by) € D;, (ay;by) € E;. Khidoa, =i = b, va
ay < by,ay > by. Diéu nay 1a mau thuan véi by < by,. Truong hop (ax; bx) € Ej, (ay;by) € D;
dugc chiing minh tuong ty cting ddn dén mau thudn. Vay C N A; c6 khong qua mot phan
tu.

b) Véi day tang dan C = (ay;b1), (az;b2), - - ., (am; by) bat ky, Ta néi 6 (ay; by) bé hon (ay; by)
néu a, < a, vab, <b,.

-+1-- Duongchéo 1

- 1-3 Duong chéo 2

* Xét trong C;, chon phan tir bé nhét trong C;, goi 1a (c1;d;). Ké duong chéo tir trdi sang
phai, tir duéi lén trén di qua 6 (c1;dy), goi day 1a duong chéo 1. Ta c6 s6 phan ti ctia C;
sé khong qud s6 6 trong dudng chéo 1.

* Xét trong C,, chon phan ¥ (cy; d2) bé nhat ma khong thudc duong chéo 1. Ké duong
chéo 2 di qua (cz; dz). Khi d6 |C; U G| khong qua téng sb 6 trong hai duong chéo 1 va 2.

[ ]

Lap luan tuong ty, ta c6 |C; UCy U... U Ci| khdng qua tong sb 6 trong cac duong chéo

1,2,...,k Goi t6ng s6 6 trong cac duong chéo 1,2, ...,k 1a S, xét hai truong hop:

1. VGik1é, datk =21 +1.

S<n+2n—1)+...42n—1)=n@+1)—2(1+2+...+1)

K2 -1 k>
=nk—I1(1+1) =nk — <nk—|=—].
nk—1(1+1) =nk nk { J
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2. Véi k chan, dat k = 2m, ta c6:

S<n+2n—1)+...4+2(n—m+1)+n—m
=n(2m—2+2)-2(14+2+...+(m—1)) —m
k> k?
=nk—(m—1)m—m=nk—m?>=nk—— =nk— | —|.
4 4
Vay trong cé hai trudng hop ta déu c6 diéu phai chiing minh.
c) Chonk=1,C; = (1;1),(2,2),...,(m;n). Khido |C1| = nva
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$2. PE CHON POI TUYEN THANH
PHO HO CHI MINH 2025-2026

Ngay 1
Cau 1. Cho cac day sb thuc (a,), (by), (c4) thod man a; = 2,b; = 3,¢; = 4 va v6i moi sb tu
nhiénn > 2, ta co

Cn—1 Ap—-1 bn—l
’ bn = bnfl + .
n n

, Cp=Cy_1+

ay = ap—1 +

Xét day sb (d,) xac dinh béi: d, = (ay — by)* + (by — cu)* + (cn — ay)?, n € N*. Tinh
. dn
nl—I)TOO d}’l*l )
& Loigiai: Datx, =a, —by,y, =by —Cp,z2n = ¢y —a, véin € N*. Véimoin € N*,n > 2,
ta co

Cn—1 bnfl ap—1 Cn—1—0an-1 Zp—1
xn:an_bn:<an—l+ )_<+ :an—l_bn—l*‘#:xn—l"‘ n .

n n n
B Tuong tu véi (v, ), (zx), ta thu duge

Zn—1 Xn—1 Yn—1
Xy = Xp—1+ T Yn =Yn—1+ 7 Zn = Zp—1+ e Vn > 2.

Tir d6 suy ra

Zn

-1 Xn—1
n

n

Yn—1 )2

dn = (xua+ )2+(yn71+ )2+(zn71+ .
2 2

2 2 2 2 1 2
=Xy 1tVY,_1+2zZy_1+ " (xnflynfl +Yn-1Zp—1 + anlxnfl) + 2 (xn_l T VY1 t+ 2

Matkhéc, ta co x,—1 + Yn-1+2n-1 = (-1 —by—1) + (by—1 —cn-1) + (cy—1 —ay—1) =0, Vn >
2 nén

(xn—l + Yn—1 + Zn—l)2 =0,Vn>2
&2 (xnflynfl +Yn-1Zn—1 + anlxnfl) = - (x%_l + yi_l + Z%_l) =—dy,_1, Vn > 2.

Tir d6 suy ra

1 1 1 1 d 1 1
dy=dy_1——dy1+—=dp_1=|(1——+—=5|dy_1, Vn>2& i =1—--+4+—=,Vn>2.
n n?2 n  n? d,_1 n n2

. . 1 1 d
Dén day chon — 400, kéthgp véi lim (1— -+ — ) =1taduge lim — =1.
n—+o00 n n? n—+00 dn,1
Cau 2. Cho da thiic P(x) hé s6 thuc 6 bac khong vuot qua 2025. Biét rang P(k?) = k véi moi
P(x?) — .
M, néux #£0

k € 0,2025. Dat f(x) =
-1, nfux=0

a) Chiing minh rang phuong trinh f(x + 1) — f(x) = 0 c6 ding 4048 nghiém thuc phan biét.
b) Chiing minh ring P(2026%) = C292> + 2026.
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p Loi gidi:

a)

b)

Véix #0,—1,tacod

far1)— f) = PEHD) — (41 PR —x

x+1 x
xP((x+1)) = (x+DP(?) _  S(x)
= x(x+1) Cox(x+1)

trong do
S(x) = xP((x +1)?) — (x + 1)P(x?).
V6imbim € {0,1,2,...,2024}, ta c6 P(m?) = mva P((m +1)?) = m + 1. Do d6

S(m) = mP((m+1)*) — (m+1)P(m*) = m(m+1) — (m+1)m = 0.

Do d6 da thie S(x) nhan 0,1, 2, . ..,2024 lam nghiém.
Ta cting co

S(—m—1) = (—m —1)P((—m —1)?) + (m)P(m?) = (—m — 1)m +m(m +1) = 0.

Do d6 da thuce S(x) nhéan —1, —2,..., —2025 lam nghiém.
Cudi cuing, chii y rang S(x) c6 bac khong vugt qua 4050 (do hé s6 bac 4051 bi triét tiéu)
nén S(x) c6 tdi da 4050 nghiém thuc phan biét. Do dé S(x) c6 dung 4050 nghiém phan
biét 1a —2025, —2024, .. .,2023,2024. Dé dang kiém tra dugc —1va 0 khong la nghiém cua
phuong trinh

flx+1)—f(x)=0.
Vay phuong trinh f(x 4+ 1) — f(x) = 0 c6 ding 4050 — 2 = 4048 nghiém thuc phan biét.
Theo gia thiét thi da thiic P(x) c6 bac khong vuot qua 2025 va P(k*) = k, Vk =
0,1,...,2025. St dung cong thirc ndi suy Lagrange cho da thic P(x) véi cdc mdc noi
suy 0%,12,...,2025%, ta dugc

2025 2025

x—j
P(i
- LI
j#i
Do do 2025 2025 2
2026 —j
P(2026%) = Y P(i (1)
INEIIE—
j#i
Ta co
2025 2025
[](2026* — j*) = T (2026 — j)(2026 + f)
j=0 j=0
j#i j#i
2025 2025
= H (2026 — ) H(2026+j)
J#l J#z
2026! 4051! 2026 - 4051!

T (2026 — i) (2026 +1)2025! 20267 — 2 -
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Mat khag, ta lai c6

2025 ” ” 2025
[TE-A=TIG-nGE+))
=0 j=0
J#i J#i
2025 ' 2025
=T1G-)T]G+))
j=0 j=0
j#i j#i

2005 (i +2025)!
(i—1)12i

, 1 !

= i1(2025 — i)!(_1)1+1(1+22;')25>-

(2025 — i)1(i + 2025)1(—1)i+1

= i1(2025 — i)!(—1)

2
Do d6, ta thu duogc
2025
2026 - 4051! 2
VP(1) =} P(i# : :
(1) ;] () o=~ 2025 — 1)1 1 2005) 1~}
2025 1 2025
i(—1)i+14052! i
- L (2026 — )!(2026 +1)! ) (1) Cls™
i=0 ' b is0
) 2025 o
Cudi ciing, ta ching minh Y i(—1)""1Cyi 2 = 2026 + C3o%.
i=0
Do C, +Cil = C;fl, V0 <i < nnén
& 142026 _ A +1 ~2026—i
Y (=) Cn = ) (=) Chsp
i=0 i=0
= Cios — 2Cio35 +3Cighs + - - - — 2024Cips; + 2025C)gs,
= (Cio57 + Ciogr) — 2(Cigs + Ciga) +3(Ciog? + Ciogt) + -+

— 2024(Cj51 + Cios1) +2025(Clos; + Cios)
- I~ CIEt+ B + -+ oy + 2005

4051 — Caost
= (Capa + Cios) — (Ciogo + Cioso) + (Closo + Ciogo) + -
+ (Cioso + Cigso) + 2025
= 2026 + C305.

Tir d6 ta c6 diéu phai chirng minh.
|

Cau 3. Cho tam gidc ABC nhon ndi tiép @g\g tron (O), duong kinh AD. Trén tia DB, DC
lan lugt lay cac diém E, F di dong sao cho EAF = 90°. Goi H 1a hinh chiéu ctia A 1én EF, K la
giao diém cua BH va AF, L la giao diém ctia CH va AE.

a) Chitng minh rang duong thang LK c¢6 dinh khi E, F di dong.

b) Chung minh réng giao diém ctia BL va CK thudc mot duong tron c6 dinh khi E, F di dong.

& Loi giai:
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a)

b)

Qua A ké duong thang vuéng goc véi AB, AC lan lugt cat DC, DB tai M, N. Ta chiing
minh M, N, L, K théng hang.

That vay, goi T la giao diém ctia CL va AN. Ta c6 AHE = ABE = 90° nén A, H, B, E déng
vien (1).

Tuong tu, ta dugc A, H,C, F déng vién. Mat khac, do NAC = EAF = 90° nén

NAE = CAF = CHF = THE.
Dodoé A,E, T,H déng vien (2). Tu (1) va(2)suyra A, E,H,T,B déng vién.

E A H
Ap dung Dinh lyj Pascal cho b diém suy ra N, L, K thang hang.
T B A
Tuong tu, ta dugc M, L, K thzfmg hang. Vay M, N, L, K thzfmg hang, do M, N c6 dinh nén
duong thang LK ¢6 dinh.
Goi P, R, Q 1an luot 1a giao diém ctia DB va AC, DC va AB, BL va CK. Ta ¢6

BHC =180° — EHB — FHC
— 180 — EAB — FAC = 180° — (90° — BAC) = 90° + BAC.

Do d6 BHC khong d6i, ma B, C cd dinh nén dudng tron (BHC) ¢6 dinh. Hon nira, ta c6
BHC + BPC = 90° + BAC +90° — BAC = 180°.

Do d6, H,C, P dong vién hay P € (BHC). Tuong tu, ta c6 R € (BHC). Tir d6 chitng minh
dugc OB, OC la céc tiép tuyén cta (BHC).
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Chting minh dugc AMDN 1a hinh binh hanh, suy ra M, O, N thang hang (O 1a trung diém
AD) hay L, O, K thang hang. Do L la giao diém ctia BQ va CH, O la giao diém ctia cac
tiép tuyén tai B, C ctia (BHC), N la giao diém ctia BH va CQ nén ap dung Dinh Iy Pascal
, B C H ,
dio cho bd diem ta dugc Q € (BHC). Vay giao diém caa LB va KC thudc
C B Q
duong tron (BHC) b dinh.

|
Cdau 4. Tap hop A gdm cac s6 nguyén dugc goi 1a dep néu A c6 it nhat mot phan tir khéc
0 va véix,y € A (c6 thé trung nhau) thi x — y € A. Hoi ¢6 bao nhiéu day céac tap hop dep

(Al,Az, R ,Ag) thod man 2025 € A va Ay C Api1 vOi moi k = 1,787
P Loigidi: Xét Alataphopdepvaa e A\{0}.Khido0=a—-ac A, —a=0—ac A,
2a = a— (—a) € A. Bang quy nap, ta ¢6 ka € A v6i moi k € Z. Khi d6 néu chon s6 nguyén
duong b € A nhé nhét thi A 1a tap hop tat ca cac boi sb ctia b. That vay, véi moi ¢ € A, ta viét
c=bg+rvéige Z,0<r<b.Dobéc Anénbg€ A, dandénr=c—bg € A, vaynénr =0
(vinéur > 0thitirr < bsévo ly vé6i cach chon b). Tir chiing minh trén, v6i moi tap A dep ta
c6 mot tuong ting 1 — 1 véi mot sé nguyén duong b, dat b = f(A). Hon nira, néu A, B 1a cac

tap hop depva A C Bthi f(A) : f(B).
Dit f(A;) = a;. Theo chitng minh trén, ta c6: 2025 :a; ‘ay : ... :ag. SO day cac tap hop dep

(A1, Ay, ..., Ag) thda man dé bai béng v6i s6 day khong tang (ay, . .., a9) sao cho a; déu la udc
duong cua 2025.

Do 2025 = 3*.52 nén a; = 3% - 5% v6i x;,y; 1a cac s6 nguyén théa man 0 < x; < 4 va
0 < y; <2.Mbiday (ay,...,a9) théa man diéu kién trén ting v6i duy nhat mot day cac cap
s (x1,v1), (x2,92), .-, (x9,Y9) sao cho x; > Xj,¥i > yj v6imoi i < j. Goi s6 s6 k trong day
(x1, ..., x9) 1a t, k = 0;1;2;3;4. Khi dé:

to+t+tr+t3+1t1=09.

Theo bai toan chia keo ctia Euler, s6 day (x1, ..., x9) 1a C;. Tuong tu, s6 day (y1, ..., yo) 1a CZ.
Tém lai, téng s6 day tap hop dep (A1, A, ..., Ag) thoa man dé bai la Ci; - C3,. [

) Ngay2
Cau 5. Tim tat cd ham s6 f : R — R thod man

f@2x—yf(x)) = f(2f(x)) = xf(y), Vx,y € R.
P Loigidi: Néu f 1a ham hang thi ta dé dang chi ra dugc f = 0.
Xét truong hop f khong 1a ham hang. Thay x = 0 vao phuong trinh ban dau ta duoc
f(=yf(0)) = f(2f(0)), VyeR.

Néu £(0) + 0 thi tir ding thtic trén, ta thay y béi — f(yO) thi duoc

fy) = f(2f(0)), VyEeR,
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hay f 1a ham hang, mau thuan. Do d6 f(0) = 0. Dat A = {x € R: f(x) =0}, khid6 0 € A,
ta chiing minh A = {0}. Gia s ton tai u # 0 sao cho f(u) = 0. Thay x = u vao phuong trinh
ban dau ta dugc

f2u) = f(0) —uf(y), vyeR.

f(0) — f(2u)

Suyra f(y) = — Vy € R hay f 1a ham hang, mau thuan. Vay A = {0}.
) s s 2x —2f(x) . . 5
Xét x # 0 tuy y, khi do6 f(x) # 0. Thay y = o) vao phuong trinh ban dau ta dugc
xf<2x—2f(x)> PN f<2x—2f(x)> _o,
x X
hay
2x —2f(x) —if(x) € A.

Vi A = {0} nén ta suy ra

2x — 2f(x)

. =0 = f(x)=ux

Do x # 0 xét tuy y nén ta suy ra f(x) = x, Vx # 0. Két hop voi f(0) = 0 ta két luan
f(x)=x,VxeR.

Thtt lai ta thy ham s6 nay théa man yéu cau bai toan. n

Cdu 6. Trén hé truc toa do Oxy, ta danh dau k diém phén biét tuy y c6 hoanh d6 va tung do

déu la cac sb thudc tap hop {1,2,3,...,20}.

a) Chiing minh rang néu k = 100 thi lu6n ton tai 4 diém tao thanh cac dinh cta hinh chix
nhat c6 cac canh song song vdi cac truc toa do.

b) Tim s6 nguyén duong k nhd nhat sao cho véi moi cach danh dau k diém phan biét nhu
trén, luon ton tai 3 diém la cac dinh cia mot tam gidc vudng c6 hai canh géc vudng song
song vdi cac truc toa do.

& Loi giai:

a) Goi S 1a tap hgp cac diém trén hé truc toa do Oxy c6 hoanh do va tung do déu la cac s6
thudc tap hop {1,2,3,...,20}..

Xét trén mot duong thang bat ki trong 20 duong thang y = i, i = 1,20, do mbi duong
thang chita diing 20 diém thudc S nén c6 tat cd C3, = 190 cdp diém phan biét thudc S ma
moi cap nam trén cung mot hang.

Goi n;, i = 1,20 1a s6 diém trén duong thang y = i, i = 1,20 dugc danh dau, khi d6
20

Y _n; =k =100.

i=1

Ta c6 trén méi dudng thdng y = i, i = 1,20 ¢6 n; diém dugc danh déu, do d6 c6 C; cip
diém phan biét dugc danh dau trén duong thang nay. Do d6 s6 cap diém duge danh dau
trong S, trong d6 méi cap diém nam chung hang, 1a

20 20 20 20
izzlcni—izzlil 12 —Eizzlni—iizzlni.
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2
20 1 [
Mit khac, ta 6 2 > | . Do dé
at khac acoig%nZ Z 50 <5n1> o do

120

2
ch,_4o (an> an_— 1002—7 100 = 200.

Tir d6 do ¢6 190 cdp diém phan biét thudc S ma moi cdp nam trén cung mot hang nén theo
Nguyén Iy Dirichlet, ton tai hai cdp khong cting hang nhung c6 cting hoanh do, bén diém
nay tao thanh hinh chir nhat.

b) Véi k < 38, xét 38 diém c6 toa do (1,2), (1,3),...,(1,20),(2,1),(3,1),...,(20,1) (cac diém
nam trén hang 1, cot 1 bo di diém (1,1)). Xét cach danh dau k diém bt ki trong 38 diém
trén, khi d6 dé thay khong thé ton tai ba diém duge danh dau tao thanh tam giac vudng
o cac canh goc Vuong song song vdi cac truc toa do.

Gid st phan chiing rang ton tai mot cach danh dau 39 diém ma khong c6 tam gidc vudng
nao thdéa man. Goi T 1a tap hgp cac diém nam trén nhitng hang c6 it nhat 2 diém duge danh
dau, t 12 56 diém ndm trén nhitng hang c6 nhiéu nhat 1 diém. Khi d6 ta 6 |T| + t = 39.
Ta c6 nhan xét sau: Néu mot hang c6 it nhat 2 diém, thi trén mdi cot chita mot diém thuodc
hang d6, khong thé c6 diém nao khac (vi néu c6, sé tao thanh tam giac vuong). Nén vi
thé cac diém trong T phai nam trén cac cot khac nhau, do d6 |S| > 20. Do vay con tbi da
19 hang dugc danh dau khong qué 1 6, khi d6 39 = |T| + t < 39. Dau bang xdy ra khi c6
1 hang c6 20 6 duge danh dau. Ta dé hang thy rang diéu nay dan dén sé c6 1 tam gidc
vuoéng thoa.
Toém lai, gia tri nhd nhét ctia s6 diém duge danh dau k 1a 39.

|

Cau 7. Cho day sb (F,) xac dinhbdi Fy =0,F; = 1va F, = F,_1 + F,_», Vn > 2. Tim tat ca
s6 nguyén duong n sao cho F, + 1 1a binh phuong ctia mot s6 nguyén t6.
P Loigidi: Trudc hét ta trinh bay va chiing minh cac tinh chéat sau déi vdéi day (F,).
V) FyoFy iFupFoa = FA—1,¥n>2. (%)
Chitng minh. Ta c6

F,— E,_
Fo=F,1+F, Vn22<:>nF7nz:1, Vn > 2.
n—1

Thay n bdi 1 + 1 trong dang thc trén rdi so sanh, ta dugc

Fn_Fn—Z Fn+1_Fn71
= ,Vn>2
anl Fn
& F2 —F, oF, = F, 1Fy1 — F2_, Vn > 2
& Fy 1Fyy1 — F2 = (=1)(F, 2F, — F2 ), Vn > 2

& Fy 1F — F2 = (-1)" Y (RF - Fl), Vn > 1
S F 1 Fi1 —F2=(-1)"1.(0-1-1*) = (=1)"(doF, =F + F, = 1).

Vay F, 1Fyi1 — F2 = (—=1)", ¥n > 1hay F, 1F,y1 = F2 4 (=1)", Vn > 1 (1). Két hop
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vdi cong thire truy hoi cta (F,), ta dugc:

FioFi2 = (Fi — Fi—1)(Fy + Fog1)
=F2 — Fy_1Fpi1 + Fo(Fas1 — Foon)
= F2 —F,_1F, .+ F?
=F—(-1)", Vn>2. (2

T (1) va (2) suy ra
FyoFy1F1Frsa = (F2+ (=1)") (F3 — (-1)") =F; — 1, Vn > 2.

2) Fy=Fm1Fn+FiyFy, Vi >2m > 1. (%)
Chitng minh. Cédinhm > 1.Véin = m,tacd Ey, = FiFy + FoFp_1 (dingdo Fy =0,F = 1);
voin=m+1,taco F, 11 = HLF, +FF, 1< Fui1=Fn+ Fuq (dfmg)
Gia sit ménh dé dung v6in = kvan = k+1 (k > m), ticla

Fe = Fe—m+1Fn + Fe—mFn-1 va Fe1 = Beomy2Fn + Femy1 Fm—1-
Ta co

Feo=Fo1+E = FBom2bn + Femi1Fm—1 + Femy1Fn + Fe—mFm—
= (kam+2 + kam+l)Pm + (kamjtl + Pkfm)mel
= Fk—m+3Fm + Fk—m+2Fm—l-

Tir d6 theo Nguyén li quy nap toan hoc, ta c6 diéu phai chitng minh.
o (Fu F,) = Fonpy, Ym,n € IN*.  (***)
Chitng minh. Nhan xét hién nhién ding véi m = n. Xét m # n va khong mat tinh tong
quat, gidsan > m. batn =qgm+r(q,r € N,0 <r < m), khi d6 ap dung lién tiép (**) ta
duoc
(Fman) = (Pmanfm) = (Fm/Pn—Zm) = ... = (Fmanfqm) = (Pm/Pr)~
Tiép tuc dat m = gqir +r1 (q1,11 € N,0 < r; < 7) 1di tiép tuc ap dung (**) ta dugc
(Fu, F) = (Fy, F). Cua tiép tuc qua trinh tuong tu nhu thuat toan Euclide, cudi cung ta
thu duoc (Fy, Fy) = Fiyn,n), chinh 1a diéu can chirng minh.
Tr6 lai bai todn, xét phuong trinh F, +1 = p2 voin e N,n >2,pla sO nguyeéen t6. Tir (*) két
hop v6i Ff —1 = (F, — 1)(F, +1)(F2 + 1) suy ra F,_2F,_1F,11Fs+2 chia hét cho p?.
Gia st trong cac s6 Fy_5, Fy_1,Fus1, Epin c6 mot trong bdn s6 F,_2, Fy_1, Fyt1, Fuyo chia hét
cho p* = F, + 1. Tix

F,.+1>F,,

F,+1=F, 1+F,+1= .
n n—1 n—2 {Fn+1>Fn2

suy ra cac truong hop:
e F,+1|Fpp1 e FB+1|F+F 19 F+1|F1—1(06lidoF,_1 —1<E,+1).
Fy +1).
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Vay trong bén s6 F, 2, F,_1, F,11, Fus2 ¢6 hai s6 ciing chia hét cho p, gia str 1a F, va F
(ke N*,x < (n+2) — (n—2) =4). Khi d6 4p dung (***), ta dugc

P < (Fo Ferx) = Fghyn) = Fup) S Fr S B =3.

Do p nguyén t6 nén p = 2 hodc p = 3. Kiém tra tryc tiép, két hgp vdi (F,) ting ta dugc tat ca
cac gid tri ctia n thod yéu cau dé bailan =4 van = 6. [
Cau 8. Cho tam giac ABC nhon (AB < AC) noi tiép dudng tron (O). Lay diém D trén cung
nho AC sao cho tam gidc BCD nhon. Tiép tuyén ctia (O) tai D cat cac tia BA, BC lan lugt tai
E, F. Gia stt ¢6 diém M bén trong tam gidc ABC sao cho ME || CD va MF || AD. Lay diém N
trén EF (khac D) sao cho MD = MN.
a) Ching minh rang dudng tron ngoai tiép cc tam gidc ADE va CDF tiép xtic nhau.
b) Ching minh rang AC, BN, MD déng quy.

P Loigidi:

a) Trudc hét, ta c6 (ADE) va (CDF) c6 diém chung la D. Ké tia Dx 1a tiép tuyén cta (ADE)
(Dx ndm ngoai (O)). Ta chiing minh Ox ciling la tiép tuyén ctia (CDF).
That vay, ta co

XDFE = 180° = xDE = 180° — EAD = BAD = DCE.

Vay Dx tiép xtic véi (CDF) tai D. Vay Dx la tiép tuyén chung ctia (ADE) va (CDF).
b) Goi L, R lan lugt 1a giao diém cta AC v6i ME, MF. Ta c6 ALE = ACD = EDA nén
L € (ADE). Tuong tu, R € (CDF).
Mat khac, ta c6
MLR = ALE = ADE = RCD = RFE.
Do d6é ELRF nbi tiép, suy ra ML - ME = MR - MF.
Vay M thuoc truc dang phuong ctia (ADE) va (CDF), két hop véi (ADE), (CDF) tiép
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xtic nhau tai D suy ra MD la tiép tuyén chung ctia (ADE) va (CDF).
Ta co

FDB = 180° — BCD = DCF = 180° — MDN = 180° — MND = MNE.
Vay MN || BD. Mat khac, ta c6

EMN = EMD + DMN = MDC + 180° — 2MDN
= DFC +180° — 2(180° — DCF)
— BDC = BAC.
Do d6 ti gidc LDMN noi tiép, suy ra LND = LMD = MDC = DFC. Do d6 LN || BC.

Tir d6 hai tam giac MLN va DBC c6 cac cap canh tuong ung song song, do do MD, LC, BN
déng quy hay MD, AC, BN dong quy. Két thiic chirng minh.
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$3. PE CHON DU TUYEN PHO
THONG NANG KHIEU 2025-2026

Céu 1. Choa,b,c la cc sb thyc duong théda man a® + b* + ¢* + 2abc = 1. Chiing minh rang

2(ab 4 bc + ca) +2(a® + b* 4+ c?) < 3 < ab+ bc 4 ca + 3(a® + b + ¢?).

P Loigigi: Trudc tién ta ching minh ab + be + ca + 3(a> +b* + ?) > 3. (1)
That vay, ta c6

(1) < ab + bc + ca +3(a® + b + ¢?) > 3(a® + b + ¢® + 2abc) < ab + be + ca > 6abe.

Theo Bat d:img thuc Cauchy cho ab, be, ca duong, ta c6 ab + bc + ca > 3v/a2b2c2. Tir d6 ta can
ching minh

1
3va2b2c2 > 6abc < a?b?c? > (2abc)?® < abc > g

Bat dang thiic cudi cing ding do ap dung Bat dang thirc Cauchy cho gia thiét dé bai

1 1
1=a?+ b+ 2+ 2abc > 4V2a3033 < 2a°K3 > g & abe > 3
Vay (1) dugc chiing minh. Tiép theo ta ching minh 2(ab + be + ca) +2(a* +b* +¢*) < 3. (2)

That vay, trudc tién khong mét tinh téng quat, ta c6 thé gia st 4, b cing dau so véi 5 tuc la

<a—;> (26—1)> 0 atb—2ab>

NI~

Mat khac, ta co6

1 = a® 4+ b* + ¢® + 2abc > 2ab + ¢* + 2abc < 2ab(1+c) <1-¢°
S2ab<1-c(dol+c>0)
& <1-—2ab.

Do d6

ac + bc — 2abc = c(a + b — 2ab) < (1—2ab):%—ub®ab+bc+ca§ %+2abc.

NI —

Tir d6 suy ra

1
2(ab+4bc+ca) +2(a® +b*+c%) <2 <2—|—2ubc) +2(a* + b + )
<2(a® b+ +2abc) +1=2-1+1=3.

Vay (2) dugc chung minh. T (1) va (2) ta suy ra diéu phai ching minh. |
Cau 2. Goi s6 nguyén duong 7 1a sé dep néu v6i moi udc nguyén duong d cta 1, ludn ton tai
mot ude nguyén duong d’ ctia n sao cho d # d’ va d + d’ 1la mot s6 chinh phuong.
a) Tim tat ca cc s6 dep n thda man n chi c6 ding mot udc nguyén to.
b) Chung minh réng ton tai vo han s6 dep chi c6 dung hai udc nguyén t0.
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F Loi gidi:
a) Datn = p* v6i p 1a s6 nguyeén t6, k 1a sb nguyén duong.
Xétk = 1, ticla n = p. Khi d6 tat cd udc nguyén duong ctia n 1a 1 va p. Khi dé véid # d’
1a cac udc ctia n thi téng d + d’ chi c¢6 thé1a 1 + p. Gia st 1 + p 1a s6 chinh phuong, dat
14+p= m? véi m nguyén duong thi ta dugc

p=m?>—1=(m—1)(m+1).

Do p 1a s6 nguyén t6 nén budc phai c6 m — 1 = 1 hay m = 2, dan dén p = 3. Thut lai ta c6
1+ p = 4 = 221a s6 nguyén t6.
Vay trong trudng hgp nay chi c6 mot sé dep la n = 3.
Xét truong hgp k > 2. Khi d6 cac udc nguyén duong cia n la
1,p,p2,...,pk.
Xét d = p, khi d6 néu n 1a s6 dep thi ton tai 1 < j < k sao cho p + p/ 12 s6 chinh phuong.
Tuy nhién
pp =pl+p)
Néu j—1 > 1hayj> 2thi1+ p/~! khong chia hét cho p, din dén sb mii ctia p khi phan
tich p 4 p/ ra thira sb nguyén t6 1 1 nén khong thé 1a s6 chinh phuong.
Néuj—1=0hayj=1thid =d = p,volivéi gia thiét dé bai.
Toém lai, tht ca s6 nguyén duong n 1a s6 dep 1a 2 va 3.
b) V&im > 7,xétn = 17 -2". Khi d6 n c6 dung hai udc nguyén t6 1a 2 va 17. Ta sé chiing
minh 7 1a s6 dep véimoim > 7.
That vay, cac udc nguyén duong ctia 1 ¢6 hai dang la d = 2" hodcd = 17-2' (0 < i < m).
Xét cac truong hop:
o d=2(1<i<m).
— Néuilg, chond =17-2'. Khi d6 d’ cling la uéc ctia n va

. . l 2
d+d =2(14+17)=18.2 = (3-2%1) ,

1a mot s6 chinh phuong. _
— Néuichdnvai > 6,chond = 17-2"7% Khi d6 d’ cling la u6c ctia n va
. . . i7 2
d+d =2 117.276 = 81.2176 — (9-27"’) )

1a mot s6 chinh phuong.
— V6ii=0hayd =2,chond =2%=81laudcctanthid+d =9 =3%1amots6 chinh

phuong.

— V6ii =2hayd =4, chond = 2° = 321a ubc ctia n thid +d' = 36 = 6> la mot s6
chinh phuong.

— Véii =4hayd =16,chond = 2" = 128 la u6c cta n thid +d' = 144 = 12% la mot
s6 chinh phuong.

Vay moi ude d = 2' déu ton tai d’ # d sao cho d + d' 1a s chinh phuong,.
« d=17-21(1<i<m)
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— Néuilé, chond = 2'. Khi dé d’ cing la u6c ctia n va
. i 2
d+d =182 = (3~2%1) ,

1a mot s6 chinh phuong. ‘
- Néuichidnvai> 6, chond = 2% Khidé

d4+d =17-2' 4276 =217 64 +1) = (33-276> /

1a mot s6 chinh phuong.
- Véii =0hayd = 17, chon d’ = 2® = 81a u6c ctia n thid +d’ = 25 = 5% 1a mot s6

chinh phuong.

~ V6ii =2hayd = 68,chond =2° =321audc ctian thid+d =100 = 10? la mot s6
chinh phuong.

— Véii=4hayd = 272, chon d’ = 27 = 1288 1a wdc ctia n thid + d’ = 400 = 20% 1a mot
s6 chinh phuong.

Vay moi udc d = 17 - 2 déu ton tai d’ # d sao cho d + d’ 1a sb chinh phuong.
Tom lai, moi s6 n = 17 - 2" véin > 7 déu la s6 dep, dan dén c6 v6 han s6 dep c6 ding hai
udc nguyén to.
|

Cau 3. Cho tam gidc ABC c¢6 AH la duong cao. Diém D thuoc doan AH. Goi E, F 1an luot la
hinh chiéu ctia D trén cac canh AB, AC. Dudng tron ngoai tiép tam giac HEF cat BC tai K.
Lay diém G thuoc doan thang DK sao cho ZAGH = /HDK. Duong tron di qua K va tiép xtic
voi AG tai G cat AK tai L.

a) Chiing minh rang cac dudng thang LD, BC, EF déng quy tai mot diém S.

b) Goi I 1a tim duong tron (GHK). Duong thang IH cat GD tai M, duong thang IK cat GL

tai N. Chting minh rang ba diém M, N, S thang hang.
# Loi giai:




a) Tac6 LZAGH = ZHDK = ZADG, suy ra AAGD «~ AAHD.Suyra AD - AH = AG?.
Mat khac, AG> = AL - AKnénsuyra AD - AH = AL - AK.
Do dé tit gidc HDLK noi tiép, dan t6i ZDLK = 90°. Do d6 L € (AEF).
Khi d6, EF la truc dang phuong ctia (AEF) va (HEF), DL la truc dang phuong cta (AEF)
va (DHK), HK la truc dang phuong ctia (DHK) va (HEF).
Do d6, EF, DL, HK dong quy.

b) Tacé LZHGA = LADG va

ZHGI =90° — %AHIG =90° — ZHKG = ZADG.

Suyra /ZHGA = Z/HGI, suy ra G, A, I thang hang,.

Ap dung Dinh Iy Desargue cho hai tam giac HMA va KNL, ta c6 DL, MN, HK déng quy

hay S, M, N thang hang.

|
Cau 4. Cho M la mét tap con cda tap {1,2,...,2026}. Tanéi M thda man tinh chat T néu véi
moia < b < ¢ thuéc M thi
c—a>09.
a) Chiing minh rang néu M la mot cap s6 cong va M c6 it nhat 3 phan tir thi cong said > 5.
b) Tim s6 phan tr 16n nhét c6 thé cta tap M.
c) Tim s6 tap M thda man | M| 16n nhét tim duge & cau b.
# Loi giai:

a) Gia st M 1a chp s6 cong c6 it nhat 3 phan ti va c6 cong sai la d

M={a,a+d,a+2d,...}
Chon ba phan tir trong M laa < a+d < a+2d
Theo tinh chat T thi (a +2d) —a >9=2d > 9
Suyrad > g Ma dl1asb nguyénnénd > 5.
b) Sap cac phan tir ctia M theo thit tu ting dan
a < ap < -+ < dy.
Diéu kién T tuong duong voi
Ajyp — 4a; > 9 Vi
Chia thanh hai day con
m<az<as <...<da
ap < ag < ag < ...<dg

Xétdaya; <az <as <...<a;.Taco
1 1
20262atza1+9”T21+9”T:»t§451

Do d6 | M| < 452. Néu |M]| = 452 thi agsy > a5 +225-9 > 2+ 225 -9 = 2027, mau thudn.
Suy ra |[M| < 451.
Ta c6 thé chon tap M = {1,2,10,11,19,20,...2017,2018,2026} thoa tinh chat T c6 451
phan t.
Vay s6 phan tir 16n nhat c6 thé cta tap M 1a 451.
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c) Tap M c6 451 phan tir thia; = 1,43 = 10, ... as5 = 2026.
Nhu vay s6 tap M thoa | M| 16n nhat bang s6 bo (a2, ay, . . . 4450).

Pat
51 = dady — 2 Z 0
Sk = gk — a2 =9, 2 <k <225
8206 = 2025 —ag50 > 0
Khi d6
226
Z Sk = 2023
k=1
bat
.
tl =851
tk:Sk—9,2§k§225
t226 = S226
226 226
Suy ra2016 + )ty =2023hay ) t; =7
k=1 k=1

Ma visp = ag — ag—p < (apy1 —1) — (a—3+1) =16 (2 < k <225),nén 0 < <
7 (2 <k <225).

Véi 2 truong hgp t € {1,226} dé thdy 0 < t; < 7.

Do d6s6bo (t, ta, . . . tars) 1a C335 = Casy.
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§4. PE THI HOC SINH GIOI
QUOC GIA MON TOAN 2025-2026
Ngay 1

Cau 1 (5 diém). V6i méi sb nguyén duong n, xét da thiee P, (x) = x> — 3. 4" 1" — 23773,
a) Chung minh P, (x) c6 dung mét nghiém thuc duong, ki hiéu la a,,.

7 _
b) bat b, =

htru han.

" vac, = by +by+...+ b,. Ching minh day s6 (c,)_; c6 gi6i han

P Loi gidi:

a) Xét P(x) = 3nx® 1 — 3. 4" 1. px" 7 = 3px (42" — 4771 @€y 2 va x" ! déu tang
trén R nén P/ (x) > 0 khix > V41 =27V y3 P/(x) < 0khi0 < x < 2'7V/" suy ra
P,(x) giam trén (0,2'71/") va tang trén (217", +-00). Ma

Pi’l (Zlfl/n) — 231173 _ 3 X 41’171 . 2”*1 _ 221’173 — _22”*3(21’l+1 T 1) < O
nén P, (x) khong c6 nghiém trén (0,2'71/"), va chi c6 nghiém duy nhét trén (2! 71", +00).
Két hop vé6i P,(2) =233 > 0 & trén, tacd a, € (2171/7,2).
b) Tira, € (217Y",2),tacé

L | 1
cn<2k;E - (3.2)
21/k _

1/k
b6 dé sau: néu (x,) 1a day sd thuc duong sao cho 11

Khi k — +co thi ta ¢6 gidi han lim =1In2 (theo luat L'Hopital). Ta chitng minh

" — lim n’x, = L < +oo thi
—00 /n2 n—oo

Z Xy < +o0. That vay, véi moi e > 0, ton tai N sao cho |n Xy — L] < evéimoin > N

n=1

(theo dinh nghia gidi han). Khi do6 x, < suy ra

+&
n2 ’
00 N-1 © 1
2 Xp < E Xn + L"‘S E 7
n=1 n=1 n=N

= 2. Ap dung b6 dé trude vao (3.2), ta c6

| 1 > 1 1 e
cn<22k(1—21/k> <2k21k<1—21/k> < 400, védimoin > 1

k=1
dotim . L (1- L) = fim -1 21 In2. N6i cach khac, (c,) bi chan. Lai ¢6
k= k 2U/k | hsee 21k 1k T PR
(cn) tang do a, < 2nén b, > 0 véimoin > 1, suy ra (c,) hoi tu theo dinh ly Weierstrass.
|

Céau 2 (5 diém). D& kham pha khong gian, cic nha khoa hoc thuong phai quan sét nhing vat

thé xa x6i nhu sao chéi, tiéu hanh tinh va cac hién tugng thién van khac. Nham muc dich do,

cac nha khoa hoc thiét ké va phéng céc vé tinh quan sat 1én quy dao quanh Trai Dat. Hau hét
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cac vé tinh khong chuyén dong theo vong tron hoan hao ma c6 quy dao la mot duong elip,
v6i Trai Dat nam & mot trong hai tiéu diém ctia elip. Khi mot vé tinh chuyén dong trén quy
dao elip, khoang cach gitta n6 va vat thé can quan sat lién tuc thay déi. Thong thuong, néu
khodng céch tir vé tinh dén vat thé can quan sat 1a ngan nhéat thi cac thiét bi cdm bién trén vé
tinh sé nhan dugc tinh hiéu tot nhat.

Cho mét vé tinh (duge xem nhu 1a mot chat diém) chuyén dong xung quanh Trai Dat theo
quy dao la mot duong elip. Trong khong gian véi hé truc toa do vuong goc Oxyz (don vi trén
mdi truc Ox, Oy, Oz déu bmeg 6 400km), gia st vé tinh chuyén dong trén mat phéng toa do
(Oxy) theo quy dao c6 phuong trinh la x* + 3y* = 17. V@ tinh cAn quan sat mot vat thé (ciing
dugc xem nhu 1a mét chat diém) chuyén dong trong khong gian. Theo cac két qua nghién

. . A .. 16 . a A LR 341 A £
ctu, khi vat thé chuyén dong den vi tri A (2; %; 8> thi viéc quan sat vat thé do la tot nhat.

Hay xac dinh toa do diém C (trén quy dao elip ctia vé tinh) trong khong gian v6i hé truc toa
do6 Oxyz néi trén sao cho khodng cach tir vi tri C dén vi tri A 1a ngan nhét.

P Loigidi: Goi Blahinh chiéu vuéng goc tir A xudng (Oxy). Khi dé do AC = \/ AB2 + BC2 =
V/82 4+ BC2 nén do dai AC nhé nhat khi va chi khi do dai BC nho nhat. Ta dua bai toan vé xét

. . 16

trong mat phang toa d6 Oxy: Cho elip (E) ¢6 phuong trinh x? + 3y? = 17 va diém B <2,' \/§> .
Tim toa do diém C thuoc (E) sao cho BC c¢6 do dai nho nhét.
Nhan thay diém B nam trong géc phan tu thit nhat ctia mat phang toa do, do dé dé BC c6 do
dai nhé nhét thi diém C phai nam trén phan duong cong cta (E) nam trong géc phan tu thi

nhét, tuong ing véi do thi ham s6 (C):y = f(x) = \%\/ 17 —x2,0 < x < V17.

Giasa C <t; \}g\/ﬁ) voi 0 < t < V17. Goi d; 1a tiép tuyén cua (E) di qua C. Khi d6
khoang cach BC nho nhét khi BC vuéng géc véi tiép tuyén d;.

Ki hiéu k; 1a hé s6 goc tiép tuyén d cta (E). Khi d6 ta can tim + dé kpc - kg, = —1.

Ta c6 BC 1a mot vector chi phuong ctia BC, tir d6 tim duge hé sb goc

kpe = \@(:_2) (\/17— 2 _ 16) .

Mat khéc kg, = f'(t) Tur d6 ta c6 phuong trinh

—t
V3172

. — 2 _
toVI7-£P-16 | e t(VI7-£-16) =3(t-2)V17- £

3(t-=2) V1I7-#2
& (2t —6)V17 — 2416t =0
& (t—3)V17 — 12 = —8t
= (t—3)%(17 — 1?) = 64t*
& 4 — 61 4+ 5612 + 102t — 153 = 0
& (t—1)( — 52 +51t +153) = 0

t=1
<~ 3 5 .
£ —52 +51t+153 =0 (¥
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Xét ham s6 y = g(x) = x> — 5x* + 51x + 153 trén [0; v/17]. Ta c6
g'(x) =3x* —10x +51 >0, Vx € R
nén g tang trén [0; V' 17]. Do d6 g(t) > g(0) = 153. Do d6 phuong trinh (*) vo nghiém.
Thu lai ta c6 t = 1 1a nghiém ctia phuong trinh ban dau, tir d6 toa do diém C thoa man diéu
kien dé baila C <1; 4,-0). n
V3
Céu 3 (5 diém). Cho n,4,b 12 cic sb nguyén duong théaman 1 < n? < a < b < n> 4 n + 3.
Tim tt c cac uc nguyén duong thudc khoang (n%;n? + n + 3) cta tich ab.
P Loigidi: Gidstmlaubcchaabvam € (n*;n* +n+3).Datm =uovéiu|avaov|b. Xét
truong hop u < v, khi d6

n2<uv§02:>n<v:>02n+1.

Néu c6 hai s6 thudc (1% n? 4 n + 3) chia hét cho v, goi hai s6 nay l1a 110 va uyv (0 < uy < u)
n—+2 n—+2
<

v T n+1

thi0 < (up —up)v <n+2nénuy —u; < < 2,kéo theo ur, = u; + 1. Do d6

wo=(um+No=uwpov+v>n’+14+n+1=n*4+n+2.

Tirday suyrauio = n> +1vav=n+1,dodén> +1:n+1hayn =1 (Voly vin > 1). Vay
ton tai duy nhat moét s6 thudc (n?; n* 4 n + 3) chia hét cho v, vi vay m = uv = b.
Xét truong hop u < v, chung minh tuong tu, ta dugc m = a. Vay chi c6 dung 2 udc nguyén
duong cta ab thude (n? 4+ 1;n +n +3). |
Cau 4 (5 diém). Ban An choi trd choi ghi 1én bang cac bo ba sb theo thi tu tir tréi sang phai.
Ban dau trén bang ghi sdn bo bas6 (1,1,1). O mbi lugt choi, An thuc hién mot trong hai thao
tac sau vdi bo ba s6 (x,y,z) hién co:
(i) X6abdbasb (x,y,z) va viét lén bang bo ba sb (y,z, x + z).
(ii) X6a bo ba sd (x,y,z) vaviétlénbangbdobasd (x +z+ 1, x+y+z+1,x+y+2z+1).
a) Chiing minh An can dung 4 lugt choi dé c6 thé viét 1én bang bo ba s6 (a, b, 6).
b) Tim sb tu nhién k nhé nhat sao cho ton tai mot cach choi dé sau k luot, An c6 thé viét 1én
bang bo ba s6 (c,d, 129).
P Loigidi:

a) Ta thuc hién cac lugt sau vi moi thao tac (i):
(1,1,1) 5 (1,2,3) 5 (2,3,4) 5 (3,4,6).

Néu thuc hién khong qua 3 lugt, ta nhan théy ri“mg sau mot 1an thuce hién thao téc (ii) thi
gia tri cia 56 thit 3 tang it nhat 2 1an (tic 16n hon 2 14n s6 thit 3 ctia bo trudc). Do d6 dé
thu duge bo s6 (a, b, 6) thi chi 6 thé thuc hién ding mot thao tac (ii) tai lugt dau tién. Tuy
nhién, diéu nay 1a khong thé vi

(1,1,1) 5 (3,4,5) 5 (4,5,8) = (5,8,12).
b) Thyc hién thao tac (i) 12 1an tir bo (1,1, 1), ta nhan duge bo (60, 88,129). Ta chiing minh

k = 12 1a gid tri nho nhat.
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Mot cach lam 1a c6 thé quay lui (backtracking) (vi du dé ra dugc bd (60, 88,129) thi ta thuc
hién thao tac (i) 1én bo (41, 60, 88), nhu vay thay vi (i), ta thuc hién (ii) 1én (41, 60, 88) thira
b6 s6 ¢6 sb thir 3 vugt qua 129).

Mot cach lam khéc 1a dé y khi ta thyc hién thao tac (i) 3 lan lién tiép 1én (x,y,z) dé
duge (x +z,x +y +z,x +y + 2z), thi bo nay chinh la két qua ctia viéc thuc hién thao tac
(ii) 1én bd gbc (x,y, z), rdi trir 1 cho méi sb.

Goi (X, Yn,zn) 1a b0 dat dugc tir (xo,40,20) = (1,1,1) thong qua n thao tac (i) lién
tiép. Theo dinh nghia

Xn+1 = Yn

Yny1 = Zn

Zy+1 = Xn + 2Zp

Thyc chét, ta ¢6 (x,11,Yni1,Zn+1) = (Zn-1,2n,Zns1) VOi moi n > 1. Bay gio gia st bo
(a,b,c) thu dugc tir (1,1,1) thong qua cac thao tac (i) va (i), va c6 it nhat 1 1an thuc hién
thao tac (ii). Ta chiting minh c¢6 m sao cho

Z1<a<Zy <b<zyi1 <c<zZpio

Tir day thao tac chobo (a, b, c), goi N > 01a s6 lan thuc hién thao tac (i) 1énbo (1,1, 1) trude
khi thyc hién thao tac (ii) dau tién. Nhu vay ¢ budc thir N, ta duge bo (xn, yn, zn), va &
budc tha N + 1, (u, 0, w) = (XN+3 +1Lyn+s +1,2nv43 + 1) = (ZN—H +1,znv2+ 1, zN43 +
1). Ta ching minh, véi bd (u, v, w) thu dugc sau budc thit j > N + 1, ludn ¢6 m thoa

Zma <UL Y Zpoi-g
0<8j<m—1

Zn <US ), Zmeg (33)

0<8j<m

Zmy1 < W < E Zm41-3;
0<3j<m+1

béng quy nap (déy Z Zm-3j = Zm + Zm—3 + Zm—6 + - . . ). That vay, truong hop co sd
0<3j<m

dingdo 1 < z; v6imoii > 1. Gia st vdi j > N + 1 nao do, ton tai m (phu thudc vao j)

thoa (3.3). T bd (1, v, w) thu duge sau budce thu |

e Néu ta thuc hién thao tac (i), thibd (v, v, w") = (v, w, u + w) thoa

Zn < =0< ) zyg
0<3j<m
/

Zm1 <0 =w < 2 Zm+1-3j

0<3j<m+1

theo gia thiét quy nap. Thém nira
/
W =U+W>Zyp 1+ Zmt1 = Ym + Zm+1 = Xmt1 + Zmt1 = Zm+2

con
/
w=u+w< Z Zm—1-3j + Z Zm+1-3j
0<3j<m—1 0<3j<m+1
131



- Néum—1=3k+1,thim+1=23k+3,nén3j <m+1tuong duong vdi 3j < m — 1,
suy ra
w' < Z (Zm—1-3j + Zmy1-3j) = Z Zm+2-3j
0<3j<m—1 0<3j<m—1

Mam+2 = 3k +4,nén

/
w < Z Zm+2-3j = Z Zm+2-3] ~ Zm42—(3k+3) < Z Zm+2-3f
0<3j<m—1 0<3j<m+2 0<3j<m+2

- Néum — 1 = 3k + 2: cling tuong ty nhu trén,

’
w <Y (w13t Zni1-3) T Zmi-@kes) = ), Zmi2-3j T2
0<3j<m—1 0<3j<m—1
Ma Z Zm42-3j = Z Zm42-3j + 22 va zp > z1, nén
0<3j<m+2 0<3j<m—1

/
w < Z Zm42-3j +21 < Z Zin+2-3j
0<3j<m—1 0<3j<m+2

- Néum—1=23k+3:tacod

/
w < Z (Zm-1-3] + Zm+1-3j) + Zyy1—(3k43) = Z Zm42-3j + 22
0<3j<m—1 0<3j<m—1
Ma Z Zm42-3] = Z Zm42-3j + 23 va zz > zp, nén
0<3j<m+2 0<3j<m~—1

w' < Z Zm42-3j + 22 < Z Zm42-3j
0<3j<m—1 0<3j<m+2
Trong ca 3 truong hop, bd (1,7, w') thoa (3.3) (voi m + 1 thay vi m).

* Néu ta thuc hién thao tac (ii), thi bo (#/,v’, w’) c6 thé thu duge thong qua viéc thuc hién
thao tac (i) 3 1an lién tiép r6i cong 1 cho mébi s6. Nhu vay, tir két qua cta truong hop
trudc, ta co

u >u' —1> 2z,
v >0 —1>z,.3

W >w —1>z,.4

Véi chiéu nguogc lai, xét
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- Néum —1=3k: tacd

W=u+w+1< Z Zm—1-3j + Z Zm+1-3; + 1

0<3j<m—1 0<3j<m+1
= Y. (Zm-1-3i+Zmr1-3) +22+1
0<3j<m—1
= Z Zm42-3j 23 — 1= Z Zm+2-3j — 1
0<3j<m—1 0<3j<m+2
< Z Zm+2-3f
0<3j<m+2
V=ut+ov+w+1< Z Zm-1-3j + Z Zm—3j + Z Zmt1-3j +1
0<3j<m—1 0<3j<m 0<3j<m+1
= Y. (Zm-1-3 +Zm-zj+2Zmi1-3)) + 21 +22+1
0<3j<m—1
= Z Zm43-3j T 23 < Z Zm+3-3j T 24
0<3j<m—1 0<3j<m—1
= 2 Zm+3-3j
0<3j<m+3
w=u+v+2w+1< Z Zm-1-3j + Z Zm—3j +2 Z Zmt1-3 +1
0<3j<m—1 0<3j<m 0<3j<m+1
= Z (Zm-1-3j + Zm-3j + 22Zmy1-3j) +z1 + 22 + 1
0<3j<m—1
= ): Zmt4-3j +23 < ): Zm+4-3j + 25
0<3j<m—1 0<3j<m—1
= Z Zm-+4-3j
0<3j<m+4
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— Néum — 1 = 3k + 1: (“tuong ty nhu trén” nhung thay déi lai mot s6 bién d6i)

W=u+w+1< Z Zm—1-3j + Z Zm+1-3; + 1

0<3j<m—1 0<3j<m+1
= Z (Zm—1—3j +Zm+1—3j) +1= Z Zm42-3j + 21
0<3j<m—1 0<3j<m—1
= Z Zm+2-3j
0<3j<m+2
V=utotw+l< Y zwasit ), zmesit Y, Zmeigtl
0<3j<m—1 0<3j<m 0<3j<m+1
= Z (Zm—1-3j + Zm—3j + Zmr1-3j) + 1
0<3j<m—1
= Z Zmta—3j+1< Z Zm+3-3j + 22
0<3j<m—1 0<3j<m—1
= Z Zm-+3-3j
0<3j<m+3
w=u+ov+2w+1< 2 Zm—1-3j + 2 Zym—3j +2 Z Zmt1-3j +1
0<3j<m—1 0<3j<m 0<3j<m+1
= Z (Zm—1-3j + Zm—3j +2Zmy1-3j) +1
0<3j<m—1
= Z Zmpa—3j+1< Z Zm+4-3j + 23
0<3j<m—1 0<3j<m—1
= 2 Zm4-4-3j
0<3j<m—+4
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— Néum — 1 = 3k + 2: (“tuong ty nhu trén” nhung thay déi lai mot s6 bién d6i)
W=u+w+1< Y zygai+ Y, Zmii-zi+1

0<3j<m—1 0<3j<m+1
= Z (Zm—1-3j + Zmy1-3j) +z1+ 1= Z Zm42-3j + 22
0<3j<m—1 0<3j<m—1
= Z Zm-+2-3j
0<3j<m+2
v =ut+v+w+1< E Zm-1-3j + Z Zm—3j + Z Zmt1-3j +1
0<3j<m—1 0<3j<m 0<3j<m+1
= Z (Zm—1-3j + Zm—3j + Zmy1-3j) +21 +1
0<3j<m—1
= Y zZusgitzm
0<3j<m—1
= Z Zm+3-3j
0<3j<m+3
w=u+v+2w+1< Z Zm-1-3j + Z Zm—3j +2 Z Zmt1-3j +1
0<3j<m—1 0<3j<m 0<3j<m+1
= Y (Zm-1-3 T Zm-3j +2Zmi1-3) + 21+ 1
0<3j<m—1
= 2 Zm+a-3j + 22
0<3j<m—1
= Z Zm-+4-3j
0<3j<m+4

Trong moi truong hop, (3.3) luon thoéa (véi m + 3 thay vi m).
Ap dung (3.3) cho bd (a,b,c), ta c6 M sao cho

4
Zpm-1 < a < Z ZM—1-3;
0<3j<M-1

M <b< ) zmeg;
0<3j<M

Zpm+1 < ¢ < Z ZM+1-3;
0<3j<M+1

Lai co
Zipl = Zit X = 2Zi+2zi2
=2zi+2zi3+2zZi_5=...

= Zj + Zi_3 + -+ 21;3]‘ + Zi—(3j+2)

= .. = Z Zi_3]'—|'5> Z Zi—?’j

0<3j<i 0<3j<i
VGi 6 € {z1,22,23}, nén
ZMo1 < a<zym<b<zyi <c<zmio
Vi day (z,) tdng nghiém ngat nén ta két luan néu bo (a, b, c) thu dugc tir (1,1,1) thong
qua it nhat 1 thao tac (ii), ta khong thé nao c6 ¢ = z, véi n nao d6. Véic = 129 = z;,, ta
chi ¢6 dung 1 cach: thuc hién thao tac (i) diing 12 lan!

|
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B Ngay2

Cau 5. Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (O). Goi E, F 1an luot la cac

diém dbi xting ctia A qua B, C. Goi M la trung diém ctia doan thang BC. Trén duong thang

AM lan lugt lay cac diém I va P sao cho tam giac AIE can tai I va tam giac APF can tai P.

Goi T la giao diém ctia hai duong théng IE va PF.

a) Chung minh T thudc dudng tron (O).

b) Goi D la giao diém ctia hai duong thang BI va CP. Goi ] 1a giao diém ctia hai duong thang
TD va IP. Goi X la giao diém ctia hai duong thang OT va BC. Cac duong thang AT, AX
1an lugt cat EF tai cac diém L, U. Chiing minh bén dudng tron ngoai tiép ctia cac tam giac
TAJ, TIP, TEF va TLU cung di qua mot diém chung thi hai khac T.

p Loi gidi:

a) D la giao cia BI va CP nén D la tim dudng tron ngoai tiép tam giac AEF va AD la duong
kinh duong tron (O). Ta co:

ETF = TIP + TPI = 2EAI + 2FAl = 2EAF = EDF

nén it gidc ETDF ndi tiép. Suy ra TD la phéan giac cta ITP.
Goi H 1a giao diém ctia AM va EF thi H la trung diém EF. Ap dung dinh ly Menelaus cho
tam giac ETF vdi cat tuyén IPH, ta c6:

TLEH FP_ | TI_El_Al
EI FH TP TP FP AP’

Do d6 TA 1a phan giac ctia ITP, suy ra TD L TA. Vay T € (O).
b)
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Déy TJ] L TA nén theo cau (a), ta c6

JI Al TI EIl
—_— = — = —— = — 3.4
JpP AP TP FP 34)

IE I
Cho (TEF) cat (TIP) tai Z # T, ta c6 AZIE «~ AZPF (g.g) nén —— PF = 7P . Két hop véi

(3.4), ta 6 Z], ZA 1a phan gidc [ZP, suy ra AZ] = 90° = ATJ, hay Z € (TAJ).
Cho (TZL) cat EF tai U’, ta c6 TZFE va TZU'L noi tiép nén

ETL = TLU' — TEF = (180° — TZU') — (180° — TZF) = U'ZF

Tuong tu FTL = U'ZE. Lai c6 TL 1a phan giac ETE, nén U'ZF = WZ\E, hay ZU' 1a phan
giagc EZF. Nhu vay
UE ZE IE
U'F ZF PF
v6i dang thic thi 2 1a do AZIE «~ AZPF (ching minh trén). Ta chitng minh AT 1a dudng
déi trung tam giac ABC. Ap dung dinh ly sin trong tam gidc DJI va DJP, ta c6

(3.5)

JI DJ- % _ smBDT sin APC _ex AC Al
JP pj.snEDT  §inCDT sinAIB CT AB AP
sin CPA
I Al AB
Lai theo ching minh trén, ]]P = ap suy ra (e:i} A Noi cach khac, ti giac ABTC
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diéu hoa va ta dugc AT la duong dbi trung tam gidc ABC. Mat khac,

AB — —
IE Al o3 AB cosBAT _ AB cos(90° — OTB)

PF~ AP~ _AC_ ~ AC oscaT AC ° _ OTC
Y cos CAT cos(90° — OTC)
TB sinBTX XB

TC sinC/T?(_XiC

IE U'E XB U'E .
Ma ﬁ7: E’ nén XC =~ UF suy ra A, X, U’ thang hang (do EF || BC). Nhung U la
giao diém cua AX v6i EF,nén U’ = U, suy ra Z € (TLU).
[ |

Cdu 6.

a) Tim s6 nghiém thurc duong phan biét ctia da thie Q(x) = x° — 5x% + 4x — 1.

b) Gia stta,b,c,d la cac s6 nguyén sao cho da thic P(x) = ax® + bx* + cx + d ¢6 3 nghiém
thuc duong phan biét va khong c6 nghiém hiru ty. Tim gia tri nho nhét cta biéu thic
S = |a| + |b] + |c| + |d|.

p Loi gidi:
. . ++v1
a) Xét tinh bién thién cia ham s6 y = Q(x): Q'(x) = 3x%> —10x + 4 ¢6 nghiém x = %
Bang bién thién:
3 3
Q'(x) + 0 - 0 +
—97 +26113 +00

Q) / T g 26v/13

—oo 27

Tir bang bién thién, két hgp Q(0) = —1 < 0 ta thdy ham s6 y = Q(x) c6 diing 1 nghiém
duong.

b) Khong mét tinh tong quat, gid sta > 0. Goi x1 < x2 < x3 1a 3 nghiém phan biét ctia da
thitc P(x) = ax® 4+ bx* + cx + d. Theo dinh Iy Viete, ta c6 b < 0,c¢ > 0,d < 0. Lai theo bat
dang thic AM-GM,

X1+ x2 + x3 - \/x1x2 + XoX3 + X3X1

3 3 > Fx1x2X3
hay
b* > 3ac, vac® > 27ad>
Déy rang d # 0 (do P(x) khong c6 nghiém hitu ty), nénd < —1,suy ra c® > 27, hay ¢ > 4.
Laitira > 1,tacé b* > 3ac > 12, hay b > 4.

*Mat khac, dé phuong trinh c6 3 nghiém thuc duong, P'(x) = 3ax? +2bx + ¢ phai c6 2
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nghiém duong phan biét y; < y» (theo dinh ly Rolle) va P(y;) > 0 > P(y2) (thong qua
tinh bién thién). Nhu vay

ays + byt +cy; +d > 0> ays +by3 +cyo +d

—b —+/b? — 3ac v = —b++V/b? - 3ac
3a 2 3a

Thay y; = vao, quy dong va rit gon, ta dugc

127a*d — 9abc + 2b°| < 2(b* — 3ac)®/?
Binh phuong ca 2 vé rdi tiép tuc rit gon, ta 6
18abed + b*c? > 27a%d? + 4ac® + 4b%d (3.6)

Xétad < 0(doa > 0,d <0):
e Néuad = —1,thia=1,d = —1.Lai c6 P(—1) = b+ c # 0 (do P(x) khong cé nghiém
hitu ty) nén ta lan lugt xét cac cdp sau, dya trén do 16n cua |b| + |c|

(b,c) € {(=4,5),(=5,4),(=4,6),(=6,4),(=4,7),(=5,6),(=6,5),(=7,4)}

va thit vao (3.6) (d€ y rang —b va ¢ déng vai tro nhu nhau nén ta chi can tinh mot nita s6
luong cép), chi c6 cap (b,c) € {(—5,6),(—6,5)} 1a théa. Nhu vay S > 13, va dau bang
xay ra khi va chi khi P(x) = x> — 5x% 4+ 6x — 1 hodc P(x) = x> — 6x* 4+ 5x — 1.

e Néuad < —2thihodclaa >2hoidclad < -2, suy ra —b3 > 108 hoic la ¢ > 108. Nhu
vay mot trong 2 s6 ||, |c| phai khong nho hon 5. Nhung khi d6

§ = (la| + |d[) + ([b] +[e]) = (1 +2) + (4 +5) =12

Déu bang xay ra khi va chi khi mét trong cac trudng hop sau xay ra
— P(x) = 2x° — 4x* 4 5x — 1: loai do chi c6 1 nghiém thurc.xét t
— P(x) = x® — 4% + 5x — 2: loai do c6 nghiém nguyén x € {1,2}.
1
— P(x) = 2x> — 5x* + 4x — 1: loai do c6 nghiém hitu ty x € {2, 1}.

— P(x) = x> — 5x? + 4x — 2: loai do chi ¢6 1 nghiém thuc.

Nhu vay S # 12, hay S > 13
Trong ca 2 truong hop, ta déuc6 S > 13, vamin S = 13 dat dugc tai P(x) = x —6x% +
5x—1 chzfmg han.

Cau 7. Trong mot trd choi, nhan vat Mario can di chuyén vé phia trudc bang cac lan nhay xa
v6i do dai méi lan 1a 1 mét hodc 2 mét hodc b mét, trong d6 a va b 1a cac s6 nguyén duong
théa man 1 < a < b. Cho trudc mot chang dudng can di chuyén c6 do dai 1a m mét, véi m la
mot s6 nguyén duong, Mario ludn st dung chién thuat nhay vé phia trude nhu sau: trudc tién
Mario sé thuc hién céc lan nhay v6i do dai moi 1an b mét (vdi sb 1an t6i da c6 thé sao cho chua
vugt qua dich); néu van chua tdi dich, Mario sé thuc hién tiép cac lan nhay véi do dai méi lan
a mét (v6i s6 1an nhay t6i da sao cho chura vugt qua dich), rdi cudi ciing 1a chuyén sang céc lan
nhdy v6i mbi bude nhdy la 1 mét. Mario sé thang néu khong ton tai cach di chuyén nao dén
dich c6 s6 lan nhay it hon so véi chién thuét trén. Trong trudng hgp ngugc lai, Mario sé thua.

a) Hay chi ra rang v6i (a,b) = (6,14), ton tai mot sb m dé Mario thua trong tro choi nay.
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b)

Tim s6 lugng tat ca cac cap (a,b), véi 1 < a < b < 100, d€ Mario luon thang theo chién
thuat trén véi moi s6 nguyén duong m.

F Loigidi:

a)

b)

Xét m = 18. Theo chién thuat ciia Mario thi Mario sé thuc hién 1 1an nhay do dai 14 mét
va 4 1an nhay c6 do dai 1 mét, khi d6 s6 lan nhay 1a 5. Tuy nhién néu xét cach nhdy gdm 3
1an nhay d¢ dai 6 mét thi s 1an nhay 1a it hon. Do d6 Mario sé thua trong trudng hop nay.
Thuc hién phép chiab = ag+r (vdig > 1néu0 < r < a—1hodcqg > 2 néur = 0). Xét s6
m = b+ a — 1: Mario can 1 budc b mét rdi a — 1 bude 1 mét, nén téng cong la a bude. Mot
chién thuat khacla déy rang m = a(q+1) +r — 1, nénnéu r > 1 thi ta c6 thé thuc hién
g + 1 budc a mét rdi r — 1 bude 1 mét, tdng cong 1a g + r budc.

Nhu vay néu r > 1 va g+r < a thi Mario thua v6i m = a + b — 1. Ngugc lai, tic
r=0(g>2)hoacr>1,9+r>a
e Néur =0thib=ag (véiq > 2): vdi mbi m nguyén duong, xét phuong trinh

(aq)x+ay+z=a(gx+y) +z=m

Thuc hién phép chiam = an+svan = qu+t (0 < s <40 <t < g), taco
m=an+s = (aq)u+at+s. Déyrangat+s < a(g—1)+a—1 = ag—1, nén
Mario can u budc b mét, t budc a mét, roi s bude 1 mét, t6ng cong la u + t + s budc.

Dé y rang trong phuong trinh (aq)x +ay +z = m, néu z > a thi ta ludn c6 thé
thayz =z—a,y =y+1,x = xthi

(ag)x' +ay' +72 = (ag)x+a(ly+1)+z—a=m

vasdlugngbudc x’' +y +7 = (x+y +z) — (a—1) < x +y + z. Nhu vay, trong chién
thuat voi s6 budc nho nhét, ta phai c6 0 < z < a. Tuong ty, néu y > g thi ta thay
V=y—qx =x+17=2zd8co

(aq)x' +ay +72' = (ag)(x +1) +aly —q) +z=m

vasdlugngbudcx’' +y' +z = (x+y+z)—(g—1) <x+y+z(déyqg>2dob > a).
Nhu vy y < g. Nhung khi d6 z chinh 1a phan du ctia m khi chia cho 4, suy ra z = s.
Lap luan tuong tu, ta cé y = t, x = u, hay noi cach khac, chién thuat ctia Mario chinh 1a
chién thuat t6i uu. Ta két ludn véi b = ag,q > 2 thi Mario luén théng (v6i moi m).

e Connéur > 1,947 > a (v6iq > 1): cing xét nhu trén, véi m = bu + m' (0 <i<b),
m' = at +5 (0 < s < a) va phuong trinh

bx+ay+z=(ag+r)x+ay+z=m
Ta c6 m = (aq + r)u + at + s, va theo cach dat, Mario cAn u budc b mét, t budc a mét, va
s budc 1 mét, tong cong la u + t + s budc.
DéE ¢6 chién thuat t6i wu nhat (tirc s6 budc nhd nhat), 1ap luén tuong tu nhu truong hop
trudc, ta phdicoz < a.Néuay +z > ag+rthivdiz <a—1,tacod
ag+r<ay+z<aly+1) —a

hay a(y +1) > a(q+1) +r > a(g+ 1). Nhu vay y > g. Tiép tuc chia ra 2 truong hop
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- Néuz >rthitathayy =y —¢q,z =z—rvax’ =x+1thi
(ag+7r)X' +ay +2 =(ag+7r)(x+1)+aly—q)+z—r=m

va s6 lugng budcbay gislax' +y' +z = x+y+z—(q+r—1) < x+y+z(do
q,r=>1).

—-Connéuz < ritaphdicoy >g+1.Thayy =y—(g+1),Z =z+(a—r) (d€y
7 <a)vax' = x+1thi

(ag+1)¥ +ay +2 = (ag+r)(x+ 1) +aly— (g+1)] +z+a—r=m

va s6 lugng budc bay giglax' +y +z2 = x+y+z—(g+r—a) < x+y+z(do
qg,r > 1).
Tuy s6 lugng budc c6 thé khong thay ddi trong 1 truong hop, nhung ta van gitr duge
0 < z < 4, va y gidm di it nhat bdi . Ctt tiép tuc nhu vay ta sé dugc y < g. Nhu vay
trong chién thuat t6i uu, ta phai c6 ay + r < ag + r. Xét s6 du va thuong ctia m khi chia
cho ag +r, ta dugc x = u va ay + z = at +s. Lap luan tuong ty, ta dugcy = t,z = s.
Noéi cach khac, Mario luon thsfmg.
Tém tat lai, ta cAn dém s6 bo (a,b) = (a,aq + r) thda man dong thai cac diéu kién sau
e 1<a<b<100
e Néur=0thib=agvsig>2.
e Néul<r<athig+r>a(vsig>1).
Tuy nhién, ta sé dém ph:?m bu ctia nhiing b6 nay, ticq,r > 1vaq+r < a.

*Pat n = 100, ta c6 nhitng nhan xét sau

ca>qg+r+1>q+2
en>b=ag+r>q(q+r+1)+r=(q+r)(g+1),suyra

n
<r<|——| =
1J_Ll+1J I

e Thémnita,n > (g +7)(g+1) > (7+1)% suyral < g < |y/n]| — 1. Véi nhiing gié tri g

n n .
nay, —— — g > 1, suy ra — g > 1, va co it nhat mot gia tri r thoa.
Yq+1 q=z y Lrl—l q=z Ot gla tr1
C6 dinhg > 1
-1
°aq+1§b§n,néna§{nq J

n—

1 . . .
* Trong doang+2 < a < { J, dé r c6 thé nhan moi gia tri ¢6 the, tac 1 < r <
a—q—1,tacAnphdicéag+ (a—q—1) <n,haya < b:l_lJ—i—l.Détb:aq—i—rVéi

mdi cach chon a va r trudc, cap (a,b) thda man yéu cau, nén sb lugng cap trong truong
hop nay la

[ 41 [~ ; ;
Eromen= 5 =3 (el ) ()0

-1 -1 .
trur khi V p J < L]—T—lJ + 1, hay V p J < bilJ.Tuy nhién ta khong thé co
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_ _ oy A2
V 1J < {”J dokhids " =L < " 1 hay LT > 0, vo ly. N6i cach
q q+ q(q+1)

n
khéc, ta luon co o) +1<

1§r:b—aq§n—q<{qilJ+2>

n n ) ,
X’t — - _|_2 < - +2_ _1 A h?-lx .,t. h, hAt N _ B
aen—g (| 25| +2) < [ 5| #2010t phsin g vinho ahitciaa —g

1): bat dang thiic tuong duong véi

n n
< 1
g+1— {q—HJ +

Hién nhién ding. N6i cach khac, bAtky gidatri1 < r < n—ag déuthdag+r+1 <

L]—T—lJ +2 < a.S6 lugng cap (a,b) thoa man, la

= w55 ] )
(L)) (15 < )

—1
q
a= b"ﬁj +2
Nhu vay sb lugng cap (a,b) = (a,aq + r) dé Mario ludn thang véi moi m 1a

. W
Cnfl - Z LH(Q)
q=1

i =3 () =) () =) o0 (757 - 75 )
(5 Al ) (5 L]

Khin =100vagq € {1,2,...,9},

voi

g |918l7]|6]|514]|3]2]1

Lio(q) | 1] 6|17 ] 40|81 ] 160 | 323 | 736 | 2401

Ta két luan c6
Cy — (1+6+17 4+ 40 + 81 + 160 + 323 + 736 + 2401) = 4851 — 3765 = 1086 (cap).

|
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OPHANO
@ GIGI THIEU DE THI TRUNG QUOC

Dé thi tuyén chon doi tuyén Toan ctia Trung Quéc thuong dugc thiét ké theo hudng vira rong
vita sdu: kiém tra nhanh nén tdng ¢ nhiéu mang, df)ng thoi sang loc kha nang lap luan & cac
bai dai. Mot paper dién hinh chia lam hai phan: tra 16i ngdn géom nhiéu cau nho, yéu cau
tinh/bién ddi gon dé ra dap an cudi; va tu luan gdm vai bai diém 16n, doi héi trinh bay r6
rang, logic chat ché, biét chon hudng giai hiéu qua.

Veé noi dung, dé phu kha déu cac chu dé quen thudc ctia toan olympic nhu dai s0, s6 hoc, t6
hop, hinh hoc (ké ca gidi tich va khong gian), lugng gidc, s6 phuc, ... nhung cach hoi thuong
“thuc chién”: cau ngén thi danh vao tdc dd va do chac tay, cau tu luan thi danh vao tu duy
chién lugc, kha nang két néi y tudng va kiém soét sai sét.

Trong phan nay, tip san trinh bay dé thi va 1oi gidi cia mot s6 dé chon déi tuyén Trung Quéc
Vong 1 cac ndm gan day dé ban doc ¢6 cai nhin téng quan vé hinh thitc va pham vi kién thic
ma céac dé thi mang lai.

$1. PE TUYEN CHON POI TUYEN
TRUNG QUOC VONG 1 (2020) - PE A

Test Paper A

Phan L. Tra 16i ngan (Bai 1-8, méi bai 8 diém)

Cau 1. Cho cap s6 nhén {a,}, biét a9 = 13, a13 = 1. Khi d6 gid trj cta log, 13 bang bao
nhiéu?

2 a3
& Loi gidi: Theo tinh chat cAp s6 nhan, ta c6 n_ <a79) ,suy raa; = 79 = 13%. Do d6

ag a3 ais
1
log, 13 = 3 n
Cau 2. TrongelipI’, Ala dau mut ctia truc 16n, B 1a dau muit ctia truc nho, va Fi, B 1a hai tiéu
. e AB

diém. Néu AF, - AF, + BE,-BB = 0, hdy tinh ’|P - ’| .

152

22

& Loi giai: Gia sa phuong trinh T la — +
Fi(—c,0), F2(c,0) véi ¢? = a* — b*. Khi do

5 = 1(a>b > 0), khi d6 A(s,0), B(0,b),
AF1 AFz—i—B? ﬁ —c—a)(c—a)+ (—c>+b*) =a® +b* 22 =0.
Suy ra a* + b* = 2c? va

|AB| Va2 +1b* V2¢ B V2

|F1P2| - 2c - 2c 2
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) 100
Cau 3. Giastra > 0 va cac gid tri nho nhat ctia ham f(x) = x + - trén cac khoang (0, 4] va
[a, +00) 1an lugt 1a mq, my. Néu mymy = 2020, hay tim a.
& Loi gidi: Ham f giam trén (0, 10] va tang trén [10, +-o00). Khia € (0,10] thi m; = f(a), my =
£(10); khia € [10, +00) thimy = £(10), my = f(a). Do d6 luén cé

100 2020
Giai dugc a = 1 hoadc a = 100. [ |
z—2
z—1
& Loigiai: Cach1: Giastz =a+bivdia, b € R. Theo diéu kién dé bai:
z—2 (a—2)+10bi —(a—2)(b—1)+ab a+2b—2
Im(=—%) =1 - _ —0
m(z—i) m<a+(b—1)i> a4+ (b—1)? a2+ (b—1)?

Cau 4. Cho sb phuc z. Néu 1a s6 thuc, hay tim gid tri nho nhét cda |z + 3].

Do dé a + 2b = 2. Khi dé:

VBlz 43 = /(12 +22)((a +3)2 +b2) > |(a +3) +2b| =5

Tirc1a |z 4 3| > V5. Khia = —2,b = 2 thi |z + 3| dat gia tri nho nhét 1a v/5.

Cach 2: Tir % € R va y nghia hinh hoc ctia phép chia s6 phtic, diém biéu dién z nam trén

duong thang nbi hai diém 2 va i (trir diém i), nén gia tri nhd nhat cta |z + 3| 1a khoang cach tir

(—3,0) dén duong thang x + 2y — 2 = 0 trong mat phang toa do xOy, tic la _13;222 = V5.

|

Cau 5. Trong tam giac ABC, AB = 6, BC = 4, dudng trung tuyén ting v6i canh AC c6 do dai

V/10. Tinh sin® g + cos® ?
& Loi gidi: Goi M 1a trung diém AC.

Theo cong thiic trung tuyén: 4BM? + AC? = 2(AB? + BC?),suy ra AC = \/2(62 +42)—4-10 =

8.

Theo dinh ly cosin: cos A =

Do do

CA?+ AB>—BC*? 8*+62—4* 7

2CA- AB - 2.8.6 8

A A
sin® 5t cos® 7= (sin

.2 A A .
3 — 3sin? = cos? = (sin

ZA ZA)
2 2

E—Fcos 5

A A
 nei2 2
=1-—3sin 5 cos 5

— § sin® A

4
3
4

2 A 2 A
2—|—cos 2)

+Zcos’A
L3 (%
4 \ 64

211

e S e

256
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Cau 6. Cho tit dién déu P— ABC c6 tat ca cac canh bfing 1va L, M, N lan lugt la trung diém
clia PA, PB, PC. Dién tich thiét dién ctia mat cAu ngoai tiép tit dién nay cat boi mat phéng
LMN béng bao nhiéu?

P Loi gidi: Mat phang LMN song song v6i mét phang ABC va khoang cach tir P dén LMN
bang mot nira khoang cach tir P dén ABC.
Goi H la trong tam tam giac ABC, khi d6 PH L ABC va PK 1 LMN vé6i K = PH N LMN,

\ 1
déng thoi PK = - PH.

\ . \ ) 1
Goi O la tam mat cau ngoai tiep ti dién déu; khiay O € PH va OH = ZPH .
Suy ra OK = OH, titc O cach déu hai mat phang LMN va ABC nén hai thiét dién tron la bang
nhau. AB
Do d6 dién tich thiét dién can tim bang dién tich dudng tron ngoai tiép A ABC, titc 7t ( %)2 =
s

—. n
3

Cau 7. Gidsta,b > 0. Phuong trinh 4/ |x| + 1/ |x + a| = b ¢ dung ba nghiém thuc phan biét
X1 < X3 < x3 =b.Tinh a + b.

F Loigidgi: Datt = x + % Khi d6 phuong trinh \/\t— gy + \/yt+§y = b ¢6 ba nghiém

t = x;+ g (i=1,23).

Ham f(t) = \/|t - g} + \/‘t—k g‘ 1a ham chan, nén ba nghiém cua f(t) = b dbi xiing qua

gbc. Do dé b = f(0) = V2a.
Xét f(t) = V2a: néu |t| < %thi F(t) < V24 va bing khi t = 0; néu t > % thi f tang va
5a 5a

f(8)=@;néut<—%thifgiémvéf(—§):\/27-,_

n 5 5
Vay tl = —gl;l, ty = O, t3 = gﬂ. . .
Theo gia thiét x3 = b, suyrab = t3 — 2= g

Két hop b = v/2a dugc a = 128, do d6 a + %” = 144. u

Cau 8. C6 10 thé, mdi thé ghi hai s6 trong tap {1,2,3,4,5}, va v6i moi cap thé khac nhau thi
hai s6 trén ching khong hoan toan tring nhau. Mudi thé nay dugc dat vao nam hop danh sb
1,2,3,4,5, va thé ghi i, j chi dugc dat vao hop i hodc hop j. Mot cach xép goi 1a “t6t” néu sb
thé trong hop 1 nhiéu hon méi hop con lai. Hoi c6 bao nhiéu cach xép “t6t” nhu vay?

# Loi gidi: Ki hiéu thé ghi i,j1a {i,j}, khi d6 c6 dung 10 thé v4i1 < i < j < 5. Vi
tong 10 thé chia vao 5 hop nén hop 1 phai cé it nhat 3 thé. Cac thé c6 thé vao hop 1 la
{1,2},{1,3},{1,4},{1,5}.

* Truong hop 1: Ca 4 thé déu vao hop 1. Khi d6 khong thé c6 4 thé trong mdi hop con lai, nén
6 thé con lai xép thé nao ciing thoa. C6 2° = 64 cach.

e Trudng hop 2: Chi c6 ding 3 trong 4 thé trén vao hop 1. Khi d6 médi hop con lai ¢6 nhiéu
nhat 2 thé.
Xét s6 cach N khi {1,2},{1,3},{1,4} vao hop 1 va {1,5} vao hop 5.
Ba thé {2,3},{2,4},{3,4} c6 8 cach xép: 6 cach dé hai thé cting vao mot trong cac hop 2,34
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va 2 cach mdi hop 2,3,4 mot thé.

Néu hai thé trong nhitng thé {2,3}, {2,4}, {3,4} cting vao mot hop (gia st hop 2), thi {2,5}
budc vao hop 5, khi d6 hop 5 da c6 {1,5},{2,5} nén {3,5}, {4,5} phai lan lugt vao hop 3
va 4 (duy nhat 1 cach).

Néu méi hop 2,3,4 c6 ding 1 thé trong ba thé {2,3},{2,4},{3,4}, thi dé mébi hop 2,3,4
khong vuot 2 thé. Khi d6 ching ta chi cin dam bao khong c6 nhiéu hon 2 thé ndm trong hop
5, nghi 1a hop 5 chi c6 thé chira 0 hodc 1 trong ba thé {2,5},{3,5},{4,5},c6 C3 +C} =4

cach.
Vay N = 6-1+2-4 = 14. Do dbi xing, c6 4N = 56 cach trong truong hop 2.
Vay, téng cong 64 + 56 = 120 cach xép “tot”. |

Phan II. Bai toan tu luan (Bai 9 16 diém, Bai 10 va Bai 11 méi bai 20 diém)
2 .
Céu 9. Trong tam gidc ABC,sin A = \2[ Tim tap gid tri ctia cos B + V2 cos C.

2
P Loigidi: Kihiéu f = cos B+ v2cosC. Tirsin A = \{ suyra A = %hoaﬁcA = %T

°NéuA:gthiB:?:Tn—Cvc’ﬁO<C<%.Khidé

3m V2 : n
f = cos (T_C) +v2cosC = 7(smC+cosC) = sin <C+Z) € (0,1].

ONéuA:%TthiB:%T—CV(ﬁO<C<%Khidé

2 2
f = cos (g—C) +V2cosC = \{sinC—i-?’\Z[cosC: V5 sin(C + ¢),

voi ¢ = arctan3 € (g, g)
Ham g(x) = /5 sin(x + ¢) tang trén [0’§ — @] va giam trén [; -9, g]
3v2 T T
pog(0) = 272 > 2= 5(0),8(F ~9) = sy e (V)
Vay cos B + v/2cos C € (0,1] U (2, V/5]. |

Cau 10. Vi sb thuc duong n va x thod 0 < x < n, dat

fn,x) = (1—{x})-C + {x} - 1T,

trong d6 [x] 1a ky hiéu s6 nguyén 16n nhat khong vugt qua x va {x} = x — [x]. Cho 2 s6
nguyén m,n > 2 thoa

f(m%) +f(m,%) oot f(m, m"_l) — 123.
o 0 2) 1 2) ),

& Loigiai: V6ik=0,1,...,m—1,tacod

jzllf(’"’k*;) :C@E(l‘2)+ci*lﬁ;= (k).
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Suy ra

Tuong tu,

f(n,}i) +f<n,:1>+--~+f<n,mnm_1) — (2"~ 1)m—1

Tir gid thiét, (2" —1)n —1 =123 = (2" —1)n = 124.Vim > 2nén2" —1 € {3,7,15,31,63,127,.. .}.

Chikhim =5thi2™ —1 =311laudccia 124, khidon = %zéDodé

f(n,%)+---+f(n,m”_1) —(2*-1)-5-1=74,

m

Céu 11. Trong hé truc toa do xOy, cc diém A, B,C nam trén hyperbol xy = 1 sao cho AABC
vudng can. Hay tim gia tri nho nhét ctia dién tich AABC.
& Loi giai:

Gia st tam gidc AABC vudng can tai A c6 cac dinh sdp xép theo thit tu nguge chiéu kim
doéng hoé nhu hinh.

Dat AB = (s,t) thi AC = (—t,s), nén dién tich

s2 4 12

1
SaaBc = E’ﬁﬁ =
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1 1 1
Vi A thudc hyperbol A (a, E)' khi d6 B(a +s, " +1),C(a—t, A +5).
Vi B, C thudc hyperbol xy =1, ta c6

S

1 1 — +at = —st
(a+s)<7+t):(a—t)<—+s>:1<:> a,
a a —— +as = st.
a
A . 2 . S_t 2 t—S
Cong hai dang thuc duge p +a(t+s)=0=4a"= s (%)

Nhan hai dang thiic va dung (), bién d6i dugc

(s2 + 2)2
§2 — 2 °

1 4st
— g2 = (az—a—Z)st+sz—t2: R -st+52—t2:

Ap dung bat déng thuc AM-GM, ta dugc

1 (252t2+252t2+ (52—t2)2>3 (s2 4 12)6

— <

W |

suy ra s>+ > /108 = 6\@.
2
Déu bang dat dugc khi 252> = (s> — t%)?, tiic i—z =2+/3.

Gid st 0 < s < t. Két hop v6i s? + £ = 6V/3, taduges = \/3(V3 —1),t = 1/3(V/3+1), va
. _ t—s
tu () suyraa = ”H—s'

Hay
ho [YB3H1-V2
V3+1+V2
. .. . » % » N . » N 52 + tz
Khi do6 gid tri nhé nhat ctia dién tich cia AABC 1a Saapc = =3v/3. |

2
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s2. PE TUYEN CHON POI TUYEN
TRUNG QUOC VONG 1 (2020) - PE B

Test Paper B
Phan I. Tra 16i ngan (Bai 1-8, méi bai 8 diém)
Cau 1. Néu sb thuc x thod log, x = log,(2x) + logg(4x), hay tim x.

P Loi gidi: T gia thiét:

1 1 2 1
log, x = log, 2 +log, x +logg 4 + logg x = 5 + Elog2x+ 3 + glogzx,

suy ra log, x = 7, do d6 x = 128. [
Cdu 2. Trong hé truc toa d6 xOy, dudng tron Q) di qua ba diém (0,0), (2,4), (3,3). Khi do,
khoang cach 16n nhéat tir mot diém trén () dén gbc toa do béng bao nhiéu?

£ Loi gidi: Kihiéu A(2,4), B(3,3), 0(0,0). Ta c6 OBA = 90° (vi hé s6 goc OB la 1 con AB la
—1), nén OA la dudng kinh ctia Q. Do d6 khoang cach 16n nhat tir mot diém trén Q) dén O
bing |OA| = 2/5. |
Cau 3. Goi X = {1,2,...,20}. Tap con A C X thoa diéu kién A c6 it nhat 2 phan tir va cac
phan tlr ciia A ¢6 thé sap thanh mot day cac sé nguyén duong lién tiép. Hoi c6 bao nhiéu tap
A nhu vay?

P Loi gidi: Mbi A dugc xac dinh duy nhat bdi phan tir nhé nhat a va 16n nhét b ctia A véi
a <bvaa,bec X.S6cach chon cip (a,b) 1a C3y = 190. [

< A A
Céu 4. Trong tam gidc ABC, biet BC =4, CA =5, AB = 6. Tinh sin® 5 + cos® 5
5+62—4 3

# Loi gigi: Theo dinh ly cosin: cos A = > 5.6 1.Khi do
A A A A A A A A
. 641 644 _ (a2 2t 2 4 4 LA oA 4 4
sin 2—i—c:os 5 <sm 2+cos 2> <s1n > sin 2cos 2—i—cos 2)
A A\? A A
w2t 24 4024 o
—<sm 2—kcos 2> 3 sin 2Cos >
3
:1—Esin2A
1 3 ’ 43
—E+1cos A_a

Cau5. Chotap A = {a+bi | a,b € {1,2,3}} gdbm 9 phan tr (i 1a don vi 40). Goi & =
(z1,...,29) 1a mot hodn vi cta tat cd cdc phan t trong A sao cho |z1| < |zp] < -+ < |z9]. C6
bao nhiéu hoan vi nhu vay?

& Loi giai: Ta co:
1+i| <241 =[1+2i] < [242i] < |3+1i] =[1+3i] < |3+2i] =|2+3i] < |3+ 3i.
Suy ra

21 =1+i, {z0,23} = {2+1,1+2i}, 24 = 2+2i, {z5,26} = {3+1,143i}, {z7,28} = {3+2i,2+3i},
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C6 ba cap c6 thé hoan vi doc 1ap véi nhau, nén theo nguyén tic nhan ta c6 22 = 8 hoan vi. B
Cau 6. Cho lang tru tam gidc déu c6 tit ca cac canh bang 3. Tinh thé tich mit cau ngoai tiép.

P Loi gidi:

A, C,

Goi trong tdm céc tam giac AABC va AA1B1Cy lan lugt 1a O va Oy, P 1a trung diém OO;. Do
dbi xing, P 1a tim cau ngoai tiép va PA 1a ban kinh.
Ta c6 PO = g, AO = /3. Dé thdy PO | AO nén PA = \/PO? + AO? =

m>a_7mn
2 2 '

Cdu 7. Trong ti giac 16i ABCD, gia st BC = 2 AD. Diém P trong mat phang thoa PA +
ﬁ
2020 PB + PC + 2020 PD = 0. Goi s 1a dién tich t gidc ABCD, t 1a dién tich tam gidc PAB.
Tinh E
S

2

o3

LR e oo A AT 11 L4
Do do, thé tich mat cau ngoai tiep hinh lang tru la §7I<

p Loi gidi:

B C

Ta chudn héa AD =2, BC = 4.Goi M,N, X, Y la trung diém ctia AB,CD, BD, AC. Khi d6 céc
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diém M, X, Y, N thang hang theo thtt ty va MX = XY = YN = 1. Ta c6
_-)
PA+PE=2DPY, DB+ PD =2PX,

, \ 1
Két hop véi diéu kién, ta suy ra PY +2020 PX = 0, nén P € XY va PX = T
Goi h 1a khoang cach tir A dén MN. Khi d6

1
t  Sapag  PM-h  PM 1t 5557 337

s Sipcp  MN-2h  2MN 2.3 2021

|
Cau 8. Cho da thiic bac nam f(x) c6 hé sb bac cao nhat bang 1 va thoa f(n) = 8n vdi
n=1,2,...,5. Hé sb ctia hang bac nhat (hé s6 cta x) ctia f(x) bang bao nhiéu?
P Loigidgi: Dat ¢(x) = f(x) — 8x. Khi d6 g(x) cling 1a da thitc bac ndm c6 hé s6 bac cao nhat
bang 1 va
gn)=f(n)—8n=0 n=12...,5
Suy ra g(x) c6 5 nghiém thyc lan lugt1a 1,2,3,4,5, do d6

g) = (x=1(x=2)---(x=5),
Vi f(x) = g(x) + 8x,suy ra
fx)=(x—1)(x—2)---(x—5) + 8x.
Hé s6 ctia hang bac nhat (hé s cta x) trong f(x) bang
1 1

1 1
- z .51 =
(1+2+3+4+5) 5!+ 8 = 282.

Phan II. Bai toan tu luan (Bai 9 16 diém, Bai 10 va Bai 11 méi bai 20 diém)
Cau 9. TrongelipI', Ala dau mut truc 16n, B 1a dau mut truc nho, F;, F, 13 hai tiéu diém. Néu
AF,.AF, + BE,-BB, = 0, hiy tinh tan ABFE, - tan ABE.
2 2
P Loi gidi: Gia st % + % =1(a > b > 0), A(a,0), B(0,b), Fi(—c,0), E(c,0) véic =
Va2 — b2. Theo dé bai, ta c6
—
AFl'IﬁQ‘}‘B?l‘B?Z = (—c—a)(c—a)+ (—c* +1?)

=a*+ 0 -202=0
Ma a® —Haz/—2c2 = —a®2+3b*=0,néna = V3b, c = \/2b.
Goi O 1a goc toa do, khi do
tanA/BT):%:\/g, tanCﬁ:tanO/B\Fz:%:\@.
Do do

tanzm-tan@:tan(m—l—O/B\Pl)-tan(z?B?)—O/B\Fl): \@+ﬁ ﬁ_ﬁ:—l,
1-v6 1+6

5
|
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Céu 10. Gia st cac s6 duong a,b, ¢ thod a® + 4b* + 9c* = 4b + 12c — 2. Tim gia tri nhé nhét
., 1 2 3
cua — + - + —.
a b ¢
P Loi gigi: Tir dé bai, ta suy ra a® + (2b — 1)2 + (3¢ — 2)* = 3. Ap dung bat déng thitc Cauchy,

ta co:

3[a®+ (2b—1)*+(3c—2)*] > (a+2b—1+3c—2)* = (a+2b+3c—3)* = a+2b+3c < 6.

Lai theo Cauchy:
(1+g+§)(a+2b+3c) (14+2+3)% =36
a b c
Nen 1 2 3 36
Syf42>s 7 >
a+b+c_a—|—2b—|—3c_6
Déubang xdy khia =b =c = 1.
Vay gia trinhonhatla6khia =b=c=1. n

Cau 11. Cho day {a,} v6i s6 hang tdng quat

(S I e DA
n—\@ > > , h=1,2,...

Chirng minh ton tai v6 han s6 nguyén duong m sao cho 4,444, — 1 1a s6 chinh phuong.

& Loigiai: Goiq = ! +2\@, g2 = ! _2\/5, khidogi +q2=1,q192 = —1va
t= (gl —qh), =12,
V5

Hién nhién ta c6 a; = a; = 1vagq; +1 = ¢?(i = 1,2). Khi d6:

(it —apt) + )

Apt+1 +ay = 7 \/g
\}5 (71 (1 +1) —q3 (92 +1))
} (@2 —a572)

Hay
Apyo = apy1+a,, n=12,...

Dé thay day {a, } la day chi gom céc s6 nguyén duong.
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Ta thay g7 + g3 = 7, tir 46 véi moi n > 1:

2n+3

Aop+302n-1 — 1 = (ql

n 1 n— n—
—5"7) f(vﬁ T3 ) -1
24 g — (qa02)™ T gt (g2)™ " gd) — 1

q411n+2_|_q4n+2_|_q1 +q2)

I
S\

/N

q

I
— U‘H»—\U‘Hr—\o‘l\r—\o‘l\r—\
/N

/N

q411n+2 + q4n+2 +7> 1

— <q411n+2 _|_q4n+2 _|_2>

_ 1 2n+1 2n+1 2

= 7 (‘71 + 43 )}
= a3, +1

Do d6, véi moi s6 nguyeén n thi az,43a2,-1 — 11a sO chinh phuong, hay a,, 44, —11a s6 chinh
phuong voi moi m 1é duong.
Vay c6 vo han m thda dé bai. [ |
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§3. PE TUYEN CHON POI TUYEN
TRUNG QUOC VONG 1 (2021) - PE A

Pé A
Phan . Tra 16i ngan (Bai 1-8, mé6i bai 8 diém)
Cau 1. Gia st cAp sb cong {a,} thda axp; = ay + ax; = 1. Khi d6 gia tri ctia a; bang bao
nhiéu?
) 2020d =1, 1981
# Loi giai: Goi cong sai la d. Theo gia thiet, ta co e Gidira dugca; = —8
2a1 +39d = 1. 4001
|

Cau2. Chotap A = {1,2,m} véim € R. Dat B = {a* | a € A} vaC = AU B. Néu tong tat
c& phan ti cia C bang 6, hay tinh tich tat cA phan ti cta C.

£ Loi gidi: Theo diéu kién, cac phan ttr (ké ca trung lap) ctia Cla 1,2, 4, m, m>,
VimecRnén1+42+4+4+m+m?>>6val+2+44+m? > 6.Dodo6 chicothé C = {1,2,4,m}
val+2+4+m=6,suyram= —1.
Khi d6 tich cic phan tirctaCla1-2-4-(—1) = -8. [

Cau 3. Gia sit ham sb f(x) thda: v6i moi x € R khac 0, ta c6

f) =) 2+ 12 g

Khi d6 gia tri nhé nhat ctia f(x) trén (0, +o0) bang bao nhiéu?
P Loigidi: Lay x = 1,2 taduoc f(1) = f(1) + f(2) — 1va f(2) = 2f(1) + f(22) — 1. Gidira
F2) =1, f(1) = Z Vi vy, v6i x # 0,
3 1
Trén (0, +00), theo bat dang thitc AM-GM: f(x) > 24/ Zx : % —1 = /3 — 1, dau bang khi
x = 3. Do d6 gia tr nhé nhatla v/3 — 1. |

Cau 4. Cho f(x) = cosx + log, x (x > 0). Néu s6 thuc duong a thdéa f(a) = f(2a), hay tinh
f(2a) = f(4a).
P Loi gigi: Tix cosa + log,a = cos2a +log,2a = 2cos’a — 1+ 1+ log,a suy ra cosa =

1 <
2cos*a. Do d6 cosa = 0 hodc cosa = 5 tuong ung cos2a = —1 hoac cos2a = —5- Vi the

f(2a) — f(4a) = cos2a + log, 2a — cos 4a — log, 4a
= cos2a — 2 cos’2a

{3, néu cos2a = —1,

= 1

—1, neu cos2a = —>5
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2 .
Cau 5. Trong tam gidc ABC, AB=1, AC=2,B—-C = ?n Dién tich tam giac ABC bang
bao nhiéu?

# Loi gidi: Theo dinh ly sin, Sl;‘g ig 2.DoB—-C= 2?7{, ta co
ZsinC:sinB:sin< ?71) —fsmC—I—ﬁcosC

nghia la gsinC = cosC, suy ra tanC = \f Goi dién tich S. Do A = 1 —B—-C =

3 —2C,mén

S = %AB -AC-sinA =sin A = \égCOSZC— %sinZC.

1—tan?C 11 . 2tanC 5\/
——— = —,sin2C =
1+ tan?C 14 1+tan2C 14 °

g_ V3 11 15/3 3v3
2 14 2 14 14

VitanC = \5@, suy ra cos2C = do

|
Céu 6. Trong hé truc toa d6 vuong goc xOy, tiéu diém ctia parabol T : y* = 2px (p > 0) 1a F.
Qua diém P (khac O) trén T, ké tiép tuyén véi I cat truc Oy tai Q. Néu |FP| =2, |FQ| =1,
hay tinh tich vo huéng OP - O
2 2
P Lii gidi: Dat P(ztp, t) (¢ # 0), khi d6 phuong trinh tiép tuyén la yt = p(x + th)

Cho x = 0 ta dugc yt = % Toa do F 1a (g,o), do dé6

_p Y2 2P 2 _ VPPt
|FP|_\/(2 2]9) =gty FAI=TH

Tit |FP| =2, |FQ| = 1suyralanlugt p> + t* = 4pvap® +t* =4.Suyrap = 1,t* = 3.

2
Wvéy(ﬁ-(ﬁ:%:; [ |

Cau 7. M6t con xtc Xac can bfmg c6 6 mat lan luot ghi cac s61,2,3,4,5,6. Xtc xac duge gieo
ba lan doc lap, két qua thu dugc theo thi ty 1a ay, ap, a3. Xac suat ctia bién cb |a; — aa| + |ay —
as| + |as — a1| = 6 bang bao nhiéu?

& Loigidi: Taco |a; — ap| + |ax — a3| + |a3 — 41| = 2 max 4; — 2 min a;.
1<i<3 1<i<3

Do d6 diéu kién thoa néu va chi néu hiéu gitta s6 16n nhéat va sb nho nhat béng 3, tuc ay, az,as
1a mot hoan vi cta x, x +d, x +3véix € {1,2,3} vad € {0,1,2,3}. Vi méi x € {1,2,3}: khi
d = 0 hoac d = 3 ¢6 3 hoan vi khac nhau; khi d = 1 hoac d = 2 ¢6 6 hoan vi khac nhau.
Vay ¢6 3 X (2 X 342 x 6) = 54 truong hgp.
Suy ra xac sut can tim la @1 n
Cau 8. Choso htuty r = Z € (0,1) vdi p, g nguyén duong nguyeén t6 cing nhau, va pg chia
hét 3600. Hoi c6 bao nhiéu s6 r nhu vay?
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& Loigidi: Xéttap Q = {r ‘ r= Z, p.g € N4, (pq) =1, pq| 3600}

Ta xét phan s6 t6i gian P ta mot phan tir batky r € Q.

Vi3600 = 2*-32.5% tadat p = 24 .38 .5, g = 2. 3" . 5, trong d6 min{ A, a} = min{B, b} =
min{C,c} =0vaA+a<4B+b<2C+c<2.

Khi d6 ¢6 9 cach chon cap (A, a), 5 cach chon cap (B,b) va 5 cach chon cap (C,c). Suy ra
|Q] =9 x 5 x5 = 225. Cac s6 hiru ty théa yéu caula QN (0,1). Chi y r € Q khi va chi khi
1 N . N £

- € O, riéng 1 € Q. Do d6 cac phan ti trong Q) \ {1} bat cap theo tich bang 1, so cap la
1
5(
Vay s6 r can tim la 112. u

|Q| — 1) = 112, va mbi cap 6 ding mot s6 thudce (0,1).

Phan II. Bai toan tu luan (Bai 9 16 diém, Bai 10 va Bai 11 méi bai 20 diém)
Cau 9. Cho day s6 phiic {z,} théa
V3

=" Zm=Z(+zmi) (1=12..)

Trong do ila don vi ao. Tinh z5pp1.

P Liigiai: Véin € N, dat z, = a, + byi (an, by € R). Khi d6

Ap+1 + bn+1i = Zp+1 = Z(l +Zni> =Z,+ ’Zn’2 -1
=a,—b,i+ (a% + b,zl) i

&

3 3
Suyraawrl :gn,bn+1 :g%-}-b%—bn_"ﬁ{zl :{,taco’al = 7,191 :O,néna,lZTVé

3 1 1)\?

S DR AT S AT S
"2 172 ) 2 Y

. V3 /11,
Z2001 = 2021 + boo21i = N + <2 + 222020) L.

Véin > 2,

Do d6

Cau 10. Trong hé toa d6 phang, db thi ham s6 y = c6 ba diém khéc nhau cting nam

X+
|x| +1
trén mot duong thang I, va téng hoanh do6 ctia ba diém nay bang 0. Tim khoang gia tri ctia hé
sb goc (slope) ctia I.

P Livi gidi: Khix > 0thiy — 1;khix < 0 thiy — 0

la ham tang theo x va bé hon 1. Goi

1—x
duong thang I : y = kx + b. Khi d6 diéu kién bai todn tuong duong phuong trinh
x+1
kx—f—b—m_i_1 ey



c6 ba nghiém thuc phan biét x; < xp < x3 thoa x1 + x2 +x3 = 0.

Trudc hét k # 0, vinéu I 1a y = 1 thi téng hoanh d6 cta ba giao diém bat ky vé6i do thi trén sé
16n hon 0, mau thuan.

Khi x < 0, (1) tuong duong

kx> —(k—b—1)x+1-b=0 (2)
c6 nhiéu nhat hai nghiém am. Khi x > 0, (1) tuong duong
kx+b=1 ©)
c6 nhiéu nhat mot nghiém khong am. Do d6 (2) c6 hai nghiém am x, x,, trong d6

k—b—-1

X1+x2= 5

. 1-b
Ta nhén thay phuong trinh (3) c6 1 nghiém khong am x3 = — Texi+x2+x =0

1-b

tasuy ra k = 2b, va x3 = T Vixzg > 0nén 0 < b < 1. Phuong trinh (2) trd thanh
2bx* + (1 —b)x+1—b =0.Theo diéukién A = (1 —b)>—4-2b(1—b) = (1—b)(1—9b) >0,

. 1 .. )
kethopO0 <b<1lsuyra0<b< 5 (kiém tra cho thay xi, xo thuc sy am).

) ) 2
Ket luan: khoang gia tri cia hé so gock =2bla0 < k < 5 [
Cau 11. Nhu hinh vé (hinh lap phuong ABCD—EFGH c6 canh bang 2), chon diém bat ky
P; trén duong tron noi tiép hinh vuéng ABFE, chon diém bat ky P, trén duong tron noi tiép
hinh vuéng BCGF, va chon diém bat ky P; trén duong tron néi tiép hinh vuéng EFGH. Tim
gia tri nho nhat va 16n nhat caa |Py Py | + |PPs| + |P3Py).

H G

P,

A

& Loi gidi: Thiét lap hé tﬂg toa do Pé-cac trong khong gian, léy tam khoi lap phuong lam
géc, cac huéng ﬁ, D%, DH lan lugt 1a chiéu duong truc x, y, z. Theo diéu kién, dit

Pi(1,cosay, sinwg), Pr(sinap,1,cosap), Ps(cosas, sinas,1).
Quy udc Py = Py va g = «7. K}} hiéu d,’ = ‘P,‘PH_1| (Z =12, 3) Khi do

d? = (1 —sina;1)? + (1 — cosa;)* + (sina; — cosaj; )%
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Goi f = |PiPy| + |PaPs| + | P3Py|. Tru6c hét, tim gia tri nhd nhat cda f. Véi i = 1,2, 3, theo bat
dang thitc Cauchy-Schwarz va AM-GM:

d? > (1 —sina;y1)? + (1 — cos w;)?
1

> (1 —sinaji1) + (1 - cosay))?,

N |

Suy rad; > ?(2 —sina;y1 — cosa;). Do dé
f =dy+dy+ds

(2 —sinaj1q — cosa;)
) 3
- \2[ ) (sina; + cos ;)
i=1

3
:3\@—;sin (0(1"{-%)

Déau bﬁng dat khi a; = g (i =1,2,3), nén gia tri nho nhat1a 3v2 — 3. Tiép theo, tim gia tri
16n nhét ctia f. Tir biéu thic trén,

diz =4 —2cosw; —2sinaj 1 —2sina; COSAjyq.
Vising; > —1,cosa; > —1(i =1,2,3) nén
3 3 3 3
Y & =12— 2( Y sinwjpq+ ) cosai+ ) sing; cosrxiH)
i=1 i=1 i=1 i=1

3 3 3
=12 — 2( Z sina; + Z cos i1+ Z sin «; cos zxiH)
=1 i=1 i=1

mwN

(1+sina;)(1+coswipq) < 18.

—_

Theo bét dang thic Cauchy, f> < 3(d; +d5 +d3) = 54,suyra f < 3v/6. Dau bang dat khi
w; = 7 (i = 1,2,3). Két ludn: gia tri nho nhat cta f 1a 3v/2 — 3, va 16n nhét 1a 3v/6. [ |
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s4. PE TUYEN CHON POI TUYEN
TRUNG QUOC VONG 1 (2021) - PEB

DéB

Phan . Tra 16i ngan (Bai 1-8, mé6i bai 8 diém)

Cau 1. Cho cap s6 cong {a, } c6 cong sai d # 0 va ayp; = ao + a1. Khi d6 gid tri ctia % bang
bao nhiéu?

P Loi gidi: Theo gia thiét: a; +2020d = (a; + 19d) + (a7 +20d). Do d # 0 nén %1 =1981. 1

Cau 2. Giastm € R, va cac s6 phirc z; = 1+ 2i,zp = m + 31, vdiila don vi do. Néu z1 - z5
1a 56 thuan 4o, hay tinh |z; + z5|.

P Loigidi: Tac6z; -2 = (1+2i)(m —3i) = m+ 6+ (2m — 3)ila thudn do = m = —6. Khi
d6 |z1 + 22| = | — 54 5i| = 5v2. |

Cau 3. Tim khoang gia tri ctia y = sin® x 4 /3 sin x cos x khi g x < g

& Loigiai:
y = sin® x + v/3sin x cos x
1—cos2x /3 .
—f%—TstX
. 7T 1
—sm<2x—g)+§.
T 7T T w51 T 1 3
i <x< —thi- <2x— = <~ nénsi - = —,1/. 5 —1.
Vcn4_x_2th13_2x g = 6,nensm<2x 6)6[2,1} Dodoye[l,z} [ |

Cau 4. Cho mién xac dinh ctia ham f(x)1a D = (—o0,0) U (0, +00) va véi moi x € D ta c6

flx) = f(1) -2 +3{(2) X

& Loi giai: Datx = 1,2 duge

—! . Khi d6 téng cac nghiém cda f(x) bang bao nhiéu?

f) =f(1)+f(2 )—
f(2)=2f(1) +£(2) -

Gidira f(2) =1, f(1) = 1 vy

flx) = 1(ixz—i—x—l) (x #0).

X
Giai f(x) = 0 cho x duge x = —2 +2v/2, nén téng cac nghiém 1a —4. |
Caub. Giasua,b,c > 1va (uzb)bg”c = a- (ac)°&". Khi d6 gia tri cta log,(ab) bang bao
nhiéu?
P Loi gidi: Lay log cos6 a hai vé:log, c- (2+1log,b) =1+1log,b- (1+1log,c).
Suy ra 2log, c = 1+ log, b, tic ¢* = ab.
Vay log_(ab) = log, c* = 2. |

Cau 6. Trong tam gidc ABC, AB =1, AC = 2 va cos B = 2sin C. Khi d6 d¢ dai canh BC bang
bao nhiéu?
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& Loi giai: Theo dinh ly sin: :Eg = % =2,nénsinB =2sinC = cos B, tuctanB =1 =
B=T2
1
V2

Goi BC = a > 0. Theo dinh ly cosin: 4 = 1—|—a2—2a-7.
V2++/14
—

Dodoa = [ |

Cau 7. Trong hé truc toa do xOy, d6 thi parabol y = ax* — 3x + 3 (a # 0) va d6 thi y* = 2px
(p > 0) d6i xiing nhau qua dudng thang y = x + m. Khi d6 tich apm bang bao nhiéu?
P Loi gidi: Vi moi diém (xg,yo) trén y = ax® — 3x + 3 ta c6 yp = axj — 3xo + 3.
Goi diém dbi xting ctia (xo, o) qua y = x + m 1a (x1,y1).
Ty +Yo X1+ X0
YT T
Vi (x1,y1) thude y* = 2px nén (xg + m)? = 2p(yo — m), tuong duong

+mvax;+y; = xo+Yyosuyraxy =yo—m,Yy; = xg+m.

S I
= gpo gy T
) 1 2
Sosénhhésévc’ﬁyo:ax%—3x0+3ch02p:a,?:—&m+m:3.

2p
Tﬁdé3:ﬂ-ﬂ—|—m:—3-ﬂ—i—m:—ﬂ,nghiémm:—6.
2 2 2
S =2,a=—.
uy ra p al 1
Véyapmzz-z-(—@ = -3. |

Cau 8. Lay hoan vi ngiu nhién ay, ay, .. .,a10 ctua 1,2,...,10. Xac suat dé ca hai s6 9 va 12 déu
xuat hién trong 9 sO a1ay, 4243, . . ., A9A1g bf?mg bao nhiéu?

& Loi gidi: Diéu kién thoa néu va chi néu trong hoan vi, cac s6 1va 9 ké nhau, va cé it nhat
mot cdp trong hai cap (2,6) va (3,4) ké nhau.
Goi s6 hoan vi ¢6 (2,6) ké nhau 1a Ny, ¢6 (3,4) ké nhau 1a N, va c6 dong thdi ca (2,6) va (3,4)
ké nhau la Ns.
Dé tinh Ny, ta “gop” cap (1,9) va cap (2,6) thanh hai khéi, r6i sap véi 6 s6 con lai: 6 8! cach.
Xét thém tha tu bén trong cda ting cap, duge Ny = 22 x 8.
Tuong tu No = 22 x 8!, con N3 = 23 x 7!.
Theo cong thirc cong-trir (bao ham-loai trir), N = Ny + N — N3 =8 x (8! —=7!) =7 x 8.

7

170!:%. .

Vay xac suat can tim la
Phan II. Bai toan tu luin (Bai 9 16 diém, Bai 10 va Bai 11 méi bai 20 diém)
Cau 9. Day {a,} thoa a; = a, = a3. Dat

bn = ay + ay41 + Any2 (1’1 S IN+)

Néu {b,,} 1a cap s6 nhan c6 cong bdi 3, hay tinh ajg.
P Loi gidi: Theo gid thiét b, = by -3"! = 3" (n € N,). Do d6

Anys —ay = by —b, =31 —3"=2.3" (neN,).
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Suy ra
33

ajp0 = a1 + Z (a3k+1 - ﬂ3k72)

k=1

33
=1+ E 2. 33k—2

k=1

273 1
-1 e T2
+6 27 —1

3 4 . 30410
=1+ E(Ei 1) =13

Cau 10. Trong hé truc toa dd xOy, dd thiy = 1aT. L4y cac diém P, Q trén T sao cho: P &

| |
gbc phan tu thir nhat, Q & géc phan tu thit hai, va duong thang PQ la tiép tuyén ctia nhanh T
& goc phan tu thi hai tai diém Q. Tim gia tri nho nhat caa |PQ).

1 1 1
# Loigidi: Khix >0,y = ot Khix <0,y = —2 daoham iy = -
1 N . ) . 1
bat Q(—a, E) vdia > 0. Theo dieu kién, hé so goc cua PQ la y"x:_u =5
1 1 2
Ta ¢6 phuong trinh PQ: y = a—2(x +a)+-= %.

) 1 .
Kéthop véiy = — (v6i x > 0) ta c6 phuong trinh hoanh d¢ giao diém la X2+ 2ax —a®> =0,
nén hoanh d6 ctia P 1a xp = (v/2 — 1)a (loai nghiém am).

Do doé
112
PQI = \/1+ () - lxr — xql
1
=\/1+ 5 V2a
a
1
>1[24/1- - V2a=2.
a
Déu bang khi a = 1, tic Q(—1,1). Khi d6 gia tri nhé nhat ctia |PQ| 1a 2. [

Céau 11. Trong kim tu thap déuP—A Ay --- A, (n > 3),0latam da giac déu day A1 Ay - -+ Ay
va B 1a trung diém canh A1 Ay

a) Chitng minh PO?sin — + PA? cos? = = PB>.
b) Goi goc gitta canh ben va mat day la , goc gitra mat bén va mat day la B. Hay xac dinh

A A ta i 1 < . A 1 .
quan hé do¢ 1on gitra — Z cos AZ-PB va sina sin 8, ro0i ching minh.
n
i=1

£ Loigigi: (1) Vi PO L mat day A1A; -+ A, nén POA; = POB = 90°. Dit OA; = r, khi d6
OB = OA, 'cosm = rcos%. Suy ra

r* + PO? = PA?, 72 cos? & +P02 PB2.

161



Khtt r%: PO? (1 — cos® E) = PB? — PA?% cos® —, tiic
n 7’1
PO? sm — + PA? cos? ; = PB%.
(2) Theo gia thiét: PO - OA; = 0 (i = 1,2,...,1), PO - OB = 0. Goi d6 dai canh bén Ia I. Khi d6
n —_— n —_—
I-|PB|-) cos A;PB =) |PA;|-|PB|-cos A;PB
i=1 i=1
n
~ Y PA;-PB
1
(PO + OA)) - (PO + OB)
i=1

; (PG? + OA; - OB)

i=1

n
_ .58+ 3B %R,
i=1

-
=

MM

=n-|POJ>.

n
Budc cubi dung 5§ = Z Cﬂz 0 (do O la tam da giac déu). Vay

icosA»PB— ——-@—sinﬂ\o-sin@
. 7T 0 PBl T 1T PB ! ‘

R6 rang PA; O la géc giita canh bén va mat day, va do OB | A A, PB L Aj A, nén PBO 1a géc
— — 1 n —
gitta mat bén va mat day. Suy ra PA;O = «, PBO = B. Theo do, = ) cos A;PB = sinasin .
i=1
[
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