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Thoi gian troi qua thit nhanh, nim hoc nhu vita khai gidng nay lai sip két thtc, cac
em hoc sinh sip nghl hé, chi con cac ban 10p 9 va 12 dang vio giai doan 6n thi quyét
liét cho ki thi cudi cAp. Méi ban hoc sinh chic ai cfing c¢6 cho minh mét ké hoach 6n
tdp pht hop, mét chién luge thi it tot nhat nhim dat két qua cao trong ki thi tuyén
sinh. T4p san Star Education ciing mong muén gép mét phan nhé vao qua trinh hoc
tAp va thi ct clia cac em, sau mot qua trinh dong hanh cling v6i cac ban hoc sinh, Tép
san Star sb 10 sé 14 chuyén san danh cho cac ban hoc sinh 16p 9, nhitng ngusi dang
chuén bi cho ki thi chuyén cAp diy cam go.

Sau mot thoi gian dich da covid 19, nam hoc nay la ndm hoc tron ven cac em hoc
truc tiép trén 16p, tuy vay Star Education cling duy tri cac 16p chuyén dé online nham
gitip cac em & xa c6 diéu kién theo hoc, tit d6 ma da thu hit duge nhiéu ban hoc sinh
hoc tap rat tot, dat thanh tich cao trong cac ki thi hoc sinh gidi, d6 1a déng luc 16n dé
cac thay c6 day chuyén toan cta Star Education tiép tuc duy tri dam mé va tip trung
phat trién chuyén mén dé dap lai niém tin yéu ctia quy phu huynh va hoc sinh. Do dé
cac bai viét hay dé thi cia tip san lan nay déu do céc gido vién tré thuc hién, nhiing
ngudi da c6 kinh nghiém thi ¢t & cac ki thi hoc sinh gi6i va cac ki tuyén sinh.

Vé nbi dung tip trung cho cac em hoc sinh khéi 9: thong tin tuyén sinh, kinh nghiém
thi c, bai viét chuyén dé, bai tip rén luyén, dé thi,...

Ngoai bai viét ctia cc gido vién clia Star Education, rit mong nhan dugc thém su
déng gbp cta ban doc gan xa cho tdp san dé ngay mét phong phu hon, phuc vu tot
hon cho cong dong day va hoc Toan.

Du kién s tiép theo, Tap san 11, sé dudc xuét ban vio thang 12 t6i v6i ndi dung phong
pht hon danh cho cac khoi 16p. Moi déng gbp xin gui vé cac dia chi nguyentangvu@
gmail.com

Ban quyén thudc trung tim STAR EDUCATION, dudc ding tai mién phi trén mang.

Mong rang tai liéu nay sé dudc dén nhén va dudc chia sé rong ri. Xin chin thanh
cam on.
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nguyentangvu@gmail.com
nguyentangvu@gmail.com

Phan I

Tong hop cac thong tin vé ki thi tuyén
sinh vao 10



Théng tin vé ky thi tuyén sinh 16p 10
SGD Tp.H6 Chi Minh

1. Tuyén sinh vao 16p 10 truong THPT chuyén va trudng
co 16p chuyén TRHCM

TPHCM c6 2 truong THPT chuyén
* THPT Chuyén Lé Hong Phong (235 Nguyén Véin Cit, P4, Q5, TRHCM)
« THPT Chuyén Tran Dai Nghia (20 Ly Ti Trong, P Bén Nghé, Q1, TRHCM)
Va 4 truong THPT co 16p chuyén
 THPT Nguyén Thuong Hién (649 Hoang Vin Thu, P4, Q. Tan Binh, TPHCM)
* THPT Gia Dinh (44 Vo6 Oanh, P25, Q. Binh Thanh, TPHCM)
e THPT Mac Dinh Chi (4 Tan Hoa Pong, P14, Q6, TPHCM)
« THPT Nguyén Hitu Huén (11 Poan Két, P Binh Tho, TP Thi Pitc, TPHCM)

1.1. Doi tugng
* Két qua danh gia rén luyén, hoc tip ca nim cta cac 16p 6, 7, 8 tit Kha tré 1én.
* Tot nghiép THCS loai Gidi.

1.2. Théng tin vé ky thi tuyén sinh

1.3. Mén thi va dé thi

a) Mon thi: Thi tu luan 4 moén: Toan, Ngit van, Ngoai nglt va mén chuyén.
b) Lich thi:

Budi | Mon thi | Thoi gian lam bai | Gio bat dau lam bai

Tht 2 (05/06,/2023) HS c6 mit tai Diém thi dé
sinh hoat Quy ché thi & kiém tra théng tin c4 nhan.

Thi 3 (06/06/2023)

SANG Ngit vin 120 pht 08:00
CHIEU Ngoai ngft 90 phiit 14:00
Thit 4 (07/06/2023)

SANG Toan 120 phat 08:00
CHIEU Chuyén / Tich hgp 150 phut 14:00




1.4.

. I\? 7 I\', \ N \5 14 [\,
Diém xét tuyén va nguyén tac xét tuyén

* Diém xét tuyén

- Vao 16p chuyén:
Téng diém = Toan + Ngit viin + Ngoai ngit + (diém mon chuyén x 2).
— VAo 16p khong chuyén: Tong diém = Toan + Ngit vin + Ngoai ngit.

 Nguyén tic xét tuyén:

1.5.

— Thi sinh tham gia thi dt cac bai thi quy dinh.
— Khong vi pham noéi quy thi.
— Céac bai thi déu dat diém 16n hon 2.

Mot s6 luu y

Trusng THPT Chuyén Lé Hong Phong dude nhan hoc sinh tbt nghiép THCS cac
tinh khéc du thi néu c6 da diéu kién theo quy dinh ctia ky thi.
Hoc sinh dang ky 4 nguyén vong uu tién:

- Nguyén vong uu tién 1, 2 vao 16p chuyén.

- Nguyén vong uu tién 3, 4 vao 16p khong chuyén tai 02 truong THPT

Chuyén Lé Hong Phong va THPT Chuyén Tran Pai Nghia.

Néu khéng triing tuyén hoic khéng ndép hd so vio cac trudng, 16p chuyén (bao
gdm Trudng PTNK) thi hoc sinh van dudc tham gia xét tuyén vao 16p 10 THPT
khéc theo 03 nguyén vong da ding ky thi tuyén.
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1.6. Diém chuin tring tuyén cac trudng chuyén, 16p chuyén
nim gan day

LGl L D Ll bicm NV | Digm NV2 | Diém NV1 | Diém NV2

Toan 36 36,5 37 37.5

Vat ly 31,75 32,5 30,75 31
Hoa hoc 385 39 385 39.25
Sinh hoc 38 385 3675 37.25

Tin hoc 37 375 3575 36

. [ Ngwrvan 38.25 39 37 375
LTéHljgng;“gf:g Sir 30,5 31 31 315
Dia 3375 34 3475 3575

Tiéng Anh | 3725 38 3775 38
Tiéng Trung 27,5 28 34,25 35,25
Tiéng Nhat | 33.75 345 34 3475

Tiéng Phap | 24,25 2475 285 29
Khong chuyén 26,5 27 26,25 26,75

Toan 3425 345 3475 35

Vat ly 295 2975 27,5 28
Hoa hoc 36 36,75 36 36,25
THPT Chuyén | Sinh hoc 355 3575 33 33,75

Tran Dai Nghia Tin hoc 32 32,25

Ngir Van 37.75 38 36,25 36,5

Tiéng Anh | 3625 37.25 37 37,5

Khong chuyén| 26 26,5 255 26,5

Toan 33 33.25 335 34
) Vat ly 255 255 28 28.25
Tﬁi;?f:?fg: Héa hoc 3475 35 3275 335
: Ngir Van 36,25 37.25 35 355

Tiéng Anh 35 35,5 35,75 36

Toan 30,75 31 31,75 32

Vat ly 28,25 2875 275 28
o Hoa hoc 32,5 32,75 30,5 30,75

THPT Gia binh — "o 245 25 245 25
Ngir Van 355 355 3325 3375

Tiéng Anh | 3525 3575 355 36

Toan 27 275 2675 27

Vat ly 24 245 27 275

THPT Mac Hoa hoc 31,75 3225 26 265
Dinh Chi Sinh hoc 28 28,25 24 2425
Ngir Van 34 345 3175 325
Tiéng Anh | 33,75 3425 3275 33.25

Toan 27.5 28 22 23

) Vat ly 24 245 27 275
Ti?u";'gu”éyne” Hoa hoc 25 25725 2525 25,5
Ngir Vin 3325 34,25 30 3125

Tiéng Anh 33 34 3275 33

cac
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2. Tuyén sinh vao 16p 10 cac truong thuéc S6 GD TPHCM

2.1. Thdi gian thi va mot s6 luu y

* Lich thi: xem tai muc "Tuyén sinh vao 16p 10 trudng THPT chuyén va trudng cd
16p chuyén TPHCM"
* Mot sb luu ¥

- Difm xét tuyén 13 t8ng diém ba bai thi va diém cong thém cho d6i tuong
wu tién. Thi sinh tring tuyén phai du thi da ba bai thi va khong c6 bai thi
nao bi diém 0 (khong).

- Hoc sinh dugc ding ky 3 nguyén vong uu tién 1,2,3 dé€ xét tuyén vao 16p
10 cAc trudng trung hoc pho théng cong 1ap (trit Trudng THPT chuyén Lé
Hong Phong, Trudng THPT chuyén Tran Dai Nghia va Trudng Phé thong
ning khiéu Dai hoc Qubc gia TPHCM).

— Cin ctt vao chi tiéu tuyén sinh, sb luong ding ky cdc nguyén vong va diém
xét tuyén, diém chudn cda ting trudng nguyén vong 2 cao hon diém chuin
nguyén vong 1 va diém chuin nguyén vong 3 cao hon diém chuin nguyén
vong 2.

- Viéc tring tuyén ctia hoc sinh sé ciin ¢t vao 03 nguyén vong ma hoc sinh
di ding ki theo thit tu vu tién tit nguyén vong 1 dén nguyén vong 2 va
nguyén vong 3.

2.2. Cau truc de thi
Mo6n Toan

* 07 Cau kién thic co ban véi cac ndi dung vé d6 thi, dinh 1y Viet, diéu kién ¢
nghiém ctia phuong trinh, vin dung kién thitc di hoc gidi bai toan thuc té;

« 01 CAu bai toan hinh hoc phing, gom ba bai toan nho.
Trong d6, du kién gift nguyén clu tric v6i 70% ciu héi 6 mic dé nhan biét,
thong hiéu, 30% van dung, van dung cao.

Mon Ngu Van

* Doc hiéu (3 diém);
* Nghi luan x4 héi (3 diém);
* Nghi luan vin hoc (4 diém).

Mén Tiéng Anh

* 40 CAu triac nghiém (C6 10-15% cu héi mitc d6 nang cao d€ phan héa thi sinh).

* Nbi dung dé thi bao gdm cac cht diém ngit phap, tit vung cha yéu trong chuong
trinh 16p 9.

« Dé thi tAp trung nghiéng vé kj ning, vin dung va tit vung.

Tap san Todn hoc STAR EDUCATION
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2.3. TOP 10 trudng c6 diém chuin diu vao 16p 10 cao nhit nim
2022

10 TRUONG CO DIEM CHUAN LOP 10 CAO NHAT NAM 2022

THPT Nguyén Thurong Hien |2, 25
THPT Nguyén Thi Minh Khai | 23,25
THPT Nguyén Hiru Huan | 23,25
THPT Gia Dinh [ —2s
THPT Mac Dinh Chi [ 22,75
THPT Tran Pha | 22,75
THPT Pha Nhuan [ 22 5
THPT Bui Thi Xuan [ 22,25
THPT Lé Quy bon [ 22,25
THPT Nguyén Hiu Cau [ 22

20,5 21 21,5 22 22,5 23 23,5 24 24,5
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Thong tin vé ki thi tuyén sinh vao
16p 10 trudng Pho théng Ning khiéu

1. Thong tin tuyén sinh

Co s6 Quan 5
(153 Nguyén Chi Thanh, P9, Q5, TPHCM)

Co sé Thu Piic
(Khu do thi Pai hoc quoc gia TRHCM)

10
16p chuyén

07 16p chuyén dinh huéng
linh vuc lién nganh

L6p chuyén S6 16p L6p chuyén So 16p
Toan 2 16p Toan - LN 1 16p
Tin hoc 2 16p
vat ly 116p Vat ly - LN 116p
Hoba hoc 1 16p Hoba hoc - LN 1 16p
Sinh hoc 1 16p Sinh hoc - LN 1 16p
Tiéng Anh 2 16p Tiéng Anh - LN 2 16p
Ngit van 116p Ngit van - LN 116p

Tong chi tiéu: 350 hoc sinh
Mbi 16p khéng qud 35 hoc sinh

Tong chi tiéu: 245 hoc sinh
Mbi 16p khéng qud 35 hoc sinh

chti trong dao tao kién thiic sdu vé
mon chuyén, nang cao nang luc tu duy
logic, két hop véi cac hoat déng gido duc
trong mét nganh cu thé lién quan dén
mon hoc

cht trong dao tao nang luc tu duy
lién nganh véi nén tdng mén chuyén
trong giai quyét cac vin dé thudc
linh vuc KHCN va KHXH nhu: KHTN,
ngon ngit, van hoa, kinh té, chinh tri,
x4 hoi,... két hop véi cac hoat dong
trai nghiém dé€ dinh huéng nghé nghiép.

2. Mon thi va dé thi

Thi sinh bat budc thi 4 bai thi trong dé:

* 03 Bai thi mén khong chuyén: Toan, Ngit vin va Tiéng Anh.
* 01 Bai thi mén chuyén tu chon trong sé cac mén sau: Toan, Tin hoc, Vit 1y,
Ho4 hoc, Sinh hoc, Ngit vin va Tiéng Anh.
M&i thi sinh dudc ding ky tbi da 02 mén chuyén trong Bai thi mén chuyén tu chon.
Trudng hop ding ky 02 mén, thi sinh ciAn ddm bao lua chon 01 mén trong mdi nhém

t6 hop sau:
* Nhoém 1: Toan - Ngit van;
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 Nhém 2: Tiéng Anh - VAt 1y Hod hoc - Sinh hoc - Tin hoc.
Do dd, cdc ban cé thé vita thi chuyén Vin, vira thi chuyén Sinh. Tuy nhién hoc sinh khong
thé thi 2 mén chuyén thudc ciing nhém thi, chang han nhu chuyén Héa va chuyén Anh.

Bai thi mon khong chuyén || Bai thi mon chuyén
Hinh thtc Tu luan & Tric nghiém Tu luan
Thang diém Thang diém 10 Thang diém 10
Heé s6 Hé s 1 Hé s6 2

3. Thoi gian thi va diém thi

Thit SAU 26,/05,/2023 thi cic mé6n KHONG CHUYEN
Buoi Mon thi Thoi gian 1am bai | Gio bat dau 1am bai
SANG | NGU VAN (khong chuyén) 100 phut 07:40
SANG | TIENG ANH (khong chuyén) 60 phut 10:00
CHIEU TOAN (khong chuyén) 120 phut 14:00
Thi BAY 26,/05/2023 thi cic mén CHUYEN
Budi Mon thi Thoi gian 1am bai | Gio bat dau 1am bai
Tiéng Anh, Vit Ly,
SANG Héa hoc, Sinh hoc 120 phat 07:40
Tin hoc
CHIEU To4n, Ngit vin 120 phiit 14:00

Thi sinh sé thi cAc mén thi tai cd 02 co sé clia Nha trudng va tai mot sb co s gido duc
dai hoc 14n cin gan v6i 02 co sé nay theo huéng dan cu thé trén giay bao thi.

4. Nguyén tac xét tuyén

* Chi dua vao danh sach tring tuyén cac 16p chuyén nhiing thi sinh:
- D4 tham gia thi diy du céc bai thi quy dinh gdm 03 bai thi khdng chuyén
va mot thi mon chuyén; Khéng vi pham quy ché trong ky thi tuyén sinh;
— Céc bai thi déu dat diém 16n hon 2 va dat diém chuén triing tuyén do
Ho6i dong tuyén sinh quyét dinh.
* Trong trudng hop thi sinh du thi 2 mén chuyén, Hbi déng tuyén sinh sé chon
mon thi c6 sb diém cao hon 1am cin ¢ xét tuyén theo tiing 16p chuyén.

5. bang ky nguyén vong

« Mbi thi sinh phai ding ky tdi thi€u 1 nguyén vong (NV) va dudc ding ky tbi da
08 NV vao cac 16p. NV ding ky phai thoa diéu kién 13 cac 16p chuyén c6 sit dung
t6 hop mon xét tuyén tuong ing cac mon thi thi sinh da ding ky. Trusng hop thi
sinh d4 ding ky 16p chuyén c6 t6 hop xét tuyén khong tring véi bt ky 8 hop
mon thi thi sinh da dang ky thi xem nhu nguyén vong d6 khong hop 1€. Nhiing
nguyén vong khong hop 18 sé khong tinh vao viéc xét tuyén ctia Nha trudng.

Tap san Todn hoc STAR EDUCATION
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* Thi sinh dudc xét tuyén binh ding theo két qua thi, khong phan biét thd tu uu
tién cac nguyén vong dang ky.

« Thi sinh chi tring tuyén vao 01 nguyén vong wu tién cao nht trong danh sach
cac nguyeén vong da dang ky

* Hoi dong tuyén sinh cla trudng coéng bd két qua thi caa thi sinh va diém xét
tuyén cac 16p trong vong 15 ngay viéc k€ tit ngay thi cudi cling. Céng tac phiic
khao dudc thuc hién trong vong 7 ngay 1am viéc tiép theo.

6. Cac to hop xét tuyén

T6 hop xét tuyén | Cac mon
TH1 3 mon khéng chuyén + TOAN chuyén
TH2 3 mén khong chuyén + VAT LY chuyén
TH3 3 mén khéong chuyén + HOA HOC chuyén
TH4 3 mon khong chuyén + SINH HOC chuyén
TH5 3 mon khong chuyén + TIN HOC chuyén
TH6 3 mén khéng chuyén + NGU VAN chuyén
TH7 3 mén khong chuyén + TIENG ANH chuyén

Céc chi tiéu xét tuyén theo t6 hop mén cu thé nhu sau:
* CosGQuan 5

| LGp chuyén | T6 hop xét tuyén | Chi tiéu tuyén sinh

TOAN TH1 70
VAT LY TH2, TH1 25/ 10
HOA HOC TH3 35
SINH HOC TH4 35
TIN HOC THS5, TH1 50 / 20
NGU VAN TH6 35
TIENG ANH THY 70

* Co s6 Tha buc

L6p chuyén | T6 hop xét tuyén | Chi tiéu tuyén sinh |

TOAN - LN TH1 35
VAT LY - LN TH2, TH1 25/ 10
HOA HOC - LN TH3, TH1 25/ 10
SINH HOC - LN TH4, TH1 25/ 10

NGU VAN - LN TH6 35

TIENG ANH - LN THY 70

V6i cac t6 hop xét tuyén hién tai, chi tiéu cta trudng danh cho cac ban xét mon thi
Toan chuyén cao hon nhiéu so véi cac mén thi chuyén khac. Cu thé c6 dén 100/450
(22%) chi tiéu & co sé Quan 5 va 65/245 (26,5%) chi tiéu 6 co sé Thu Diic.

Tap san Todn hoc STAR EDUCATION
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7. Hinh thitc ding ky du thi va mét s6 théng tin khac

e Tit ca thi sinh ding ky theo hinh thic truc tuyén tai Cong thong tin dién ti
Trudng Phé thong Ning khiéu, PHQG-HCM tai dia chi trang web ctia Nha
truong: http: //ptnk edu.vn/ (Tai muc “Dang ky tuyén sinh 16p 10”).

* Thoi gian mé cong dang ky tu ngay 04/5/2023 dén 17g00 ngay 11/5/2023.

« Phu huynh, thi sinh c6 dén truc t1ep truong Pho théng Ning khleu Co s6 Quén
5 trong gio hanh chinh dé€ dugc hb tro nop ho so du thi truc tuyén.

Mot sb thong tin vé phi du thi, déng phi, nhan gidy béo du thi vui 10ng xem théng tin
tai http://ptnk.edu.vn/

8. Diém chuin tring tuyén PTNK cac nim gan diy

e Nam hoc 2022-2023

| LOp chuyén | To hgp xét tuyén | Piém chuin |

TOAN TH1 30,90
VAT LY TH2 31,25
HOA HOC TH3 31,20
SINH HOC TH4 29,81

TIN HOC TH1, TH5 29,45 / 28,80
NGU VAN TH6 29,50
TIENG ANH THY 32,60
KHTN&CN | TH1, TH2, TH3, TH4, TH5 22,10
TIENG ANH TH6, TH7 26,40

e Nam hoc 2021-2022

LGp chuyén | T6 hop xét tuyén | Piém chuan CS1 | Piém chuin CS2

TOAN TH1 30,80 23,35
VAT LY TH2, TH1 31,85 / 28,85 26,35/ 21,05
HOA HOC TH3 35,35 29,25
SINH HOC TH4, TH1 28,61 / 28,10 22,80 / 21,70
TIN HOC TH5, TH1 27,10 / 30,05
NGU VAN TH6 30,50 26,15
TIENG ANH TH7 35,30 29,60
Khong chuyén 20,00

Tap san Todn hoc STAR EDUCATION
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Mot s6 kinh nghiém thi c cha gido
vién va hoc sinh

Viéc phan bé cac 16p chuyén trong 2 nim gin day ké ca nim hoc 2023-2024 c6 mét
vai su thay d6i trong viéc phan chia 16p chuyén, t6 hop xét tuyén nhung c6 thé thiy
diém chudn cac nim 2022-2023 va 2021-2022 clia cac 16p chuyén tuong u’ng co su
chénh léch khong qua nhiéu, c6 thé 13 tham chiéu dé€ cic ban tham khéo va diéu chinh
cac chién luge 6n tap thi phi hop.

Chia sé tit Thu khoa chuyén Toan PTNK 2022-2023

Trong ky thi tuyén sinh 10 PTNK nim hoc 2022-2023, Truong Cong Minh Khué da
tré thanh thi khoa 16p Toan chuyén khi thita ¢én hon 10 diém. Minh Khué xudt sic
dat 8,5 diém moén Toan chuyén va dat tong diém 41,5 (diém chuin ctia 16p Toan 1a
30,9). Ngoai ra, mén Toan khéng chuyén ban ciing dat 10 diém tuyét d6i.

Thanh tich xult sic nay ciing d4 thé hién trong 2 dot thi thi trude dé ctia Minh Khué
tai STAR Education.

Cung ling nghe mot sb chia sé clia chang Tha khoa chuyén To4n nay nhé!

Mot vai kinh nghiém 6n thi tuyén sinh dé dat dugc két qua tét trong
ky thi tuyén sinh 10.

Minh tdp trung 6n 3 moén Todn, Van, Anh, va ddc biét chu trong mén Todn Chuyén, do
dé la mén chuyén ma minh xét tuyén.

* V& phan 3 mén khéng chuyén, chii yéu minh én tdp dua vao tai liéu ¢é sdn ma
minh hoc dugc tit cdc thdy cb, va phdn bé thoi gian vita phdi dé én tdp. Riéng mén
Tiéng Anh, bdn thdn minh thdy mén Tiéng Anh khd quan trong va cé thé cdi thién
dé dat diém tot do mén Vin minh con nhiéu han ché, nén minh nghi sé c6 ldy diém
Tiéng Anh d€ bit mén Vin, ddn tdi tan sudt hoc bai Tiéng Anh minh danh nhiéu
han so vdi hai mén khong chuyén con lai.

* V& phdn mén Chuyén, minh danh khd nhiéu thoi gian dé 6n luyén. Ngoai cdc budi
hoc thém ciing gido vién, minh chi yéu tdp trung luyén tdp cdc dang dd hoc két
hop véi gidi bai trong cdc sdch Todn chuyén (Tai liéu Todn chuyén rdt nhiéw)

Chién thuét 6n tip va lam bai thi cAc mén chuyén va khong chuyén
e VE phdn 6n tdp mén khéng chuyén, truée ngay thi ¢é 1 thdng hon, minh chuyén

sang lam cdc dé én tdp va dé ndm cii. Khi d6, tich hop viéc lam dé va chay kién
thitc bang cdch hoc nhitng 16i sai trong lic lam dé va doi chiéu chuong trinh dé
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chay lai kién thitc. Riéng vé phdn mén chuyén, minh dd hoc cdc chuyén dé tir khd
sém dé du kién thitc lam dé. Theo minh thi mén chuyén nén dugc chia ra thanh
titng chuyén dé va hoc ddn sé hiéu qud hon, dong thoi ndm chdc duoc cdec mdng
cho diém va cdc phdn chén diém cia dé.

Ve phdn chién thudt lam bai, minh vén tudn thii quy tdc lam cdc bai dé ldy diém
trL[Gc dé lai cdc bai khé sau. Ngoal ra, viéc xdc dinh dau la bai kho cting la yeu
td quan trong. Trong liic luyén dé, minh thwjng canh chitng khodng thoi gian dé
wéc lugng khi di thi sé it bd ngé hon. Vé cdc mén khéng chuyén, minh khong cé
qud nhiéu meo dé lam bai tét hon. Con vé mén chuyén, cu thé la Todn, minh sé
lubn lam phdn mén dé ldy diém nhdt (Pai sb) sau d6 qua ddn cdc y ddu ctia phan
Sb hoc hay Hinh hoc. Theo minh thi trinh tu lam bdi trong gid thi mén chuyén la
rdt quan trong, do déi lic khd ndng minh hon thé nhung lai chon diing cdu khéng
phdi thé manh ctia minh, ddn téi mdt diém oan.

Ngodi ra, viéc cdn thdn trong liic lam bdi ciing la yéu t6 khong thé thibu. Pdc biét
trong mén Todn khong chuyén, gido vién day minh ludén nhdc minh la bai lam
phdi thdt chin chu, khdng thiéu don vi hay ldp ludn gi cd, lam sao dé khi gido vién
chdm ho khéng thé tim ra 16i ldp ludn dé trit diém minh.

Tap san Todn hoc STAR EDUCATION



15

Mot s6 chu y cua gido vién toan trong viéc On tap

On tap mén toan chung

bai so

Hinh hoc

Toan do

« On tip rat gon cac biéu thitc, chil y cac hang dang thic, chd ¥ sai
dau.

* Phuong trinh: Xem lai cac gidi pt vo ty, diéu kién, phuong phap giai,
phu’dng trinh tich. Hé phuong trinh xe, ki phuong phéap thé, cong dai
s0, 4n phu.

* Viete chti ¥ cdc xt 1i biéu thitc chia biét dbi xting hay khong dbi
xtng, diéu kién c6 nghiém.

 Nam chic hé thitc luong, ti s6 luong giac, céng thitc dién tich, chd ¥
cac bai tinh toan d6 dai.

* Hinh hoc chi1 ¥ cc cac tinh chét tiép tuyén, phuong phap chitng minh
tiép tuyén, tinh chit 2 tiép tuyén cit nhau va cac bai toan lién quan.

« Phuong phap chitng minh t@ gidc ndi tiép, cac loai goc, cac tinh chét
quen thudc.

e Chuay y cac bai toan vé phn trim, gla ¢4, ning sut.

* Hai ci ndo, dit 4n cai d, tim méi tuong quan gitta cac dai lugng dé
lap phuong trinh hay hé phuong trinh.

 NAm chic cac ki thuét gidi pt, hpt, chti y diéu kién cta 4n.

* Chu y cac cong thic tinh chu vi, dién tich, thé tich cic hinh quen
thudc.

On tip moén toan chuyén

Dai so

Hinh hoc

S6 hoc

TS hop

Xem lai cdc chuyén dé bién d6i dai sb, cac phuong phap ning cao giai
phuong trinh, hé phuong trinh: dit 4n phu, luong lién hop,...binh ly
Viete va cac bai toan lién quan, bit ddng thic va mot sb phlIOng phap
chting minh, chl yéu cic phuong phap nhe nhang cauchy hai s, bién déi
tuong duong.

Chil y cac bai todn phu, cac m6 hinh dinh 1y quen thudc, bd dé nao st
dung cin phai chitng minh lai, st dung kién thtc trong SGK, cac bai toan
cb dinh, di dong, cuc tri hinh hoc.

Ch ¥ cac phuong phap vé chting minh chia hét, phai nim chic céc tinh
chét s6 hoc, phuong trinh nghiém nguyén: bién d6i thanh tich, tdng, dong
du va kep, nim cac tinh chit cta sb6 nguyén tb, lity thita s nguyén, biéu
dién thép phan...

Chu y cac phuong phap chiing minh: phan chiing, Dirichlet, quy nap, mét
sb quy tic suy ludn c6 1y

Tap san Todn hoc STAR EDUCATION



Phan II

Cac bai viét chuyén deé

16



Giai toan nhu... viét vin

Nguyén Tién Hoang

1. Sao lai la viét van ?

Néu ban dang tu héi ring tén bai viét ny c6 nham 14n gi khong, thi khong hé
dAu, ban da doc dang rdi ddy. Trude khi bt dau doc, hdy luu ¥ rang, bai viét nay rat
nhiéu chit.

Mot trong nhitng vin dé mudn thud cta hoc sinh Viét Nam, theo quan sat ctia ngudi
viét bai, 12 mot ndi sg vo hinh dbi véi cac bai toan t8 hOp trong bét k§/ mot ky thi 16n
hay nhé. T6 hop & day khong gi6i han trong pham vi cac bai toan dém ma ‘mang mot
nét nghia rong hon thé, tap trung vao kha ning dién giai Va suy luan. Moi bai toan
du trong qué trinh luyén tip tai nha, hay 13 budc vao thuc té thi ctt, déu 1a mot vin
dé hoan toan mdi la véi cac ban hoce sinh. Thong thudng c6 hai hinh thitc d€ xoay sé:

a) Gidi cang nhiéu bai tip cang tot d€ thu nhan kinh nghiém. D4y thuc ra
khéng phai diéu xau, nhung viéc lam dung qua da sé khién hoc sinh chi
trong doi vao viée gip lai nhitng tht quen thudc, va tham chi bién tuéng
thanh viéc hoc thudc long.

b) Tuy co ting bién va tin tudng vio truc giac ctia ban thin. Piéu nay ciing
thu vi bdi xét cho cung thi mot bai toan trong mot ky thi & bic trung hoc,
du thi gi di nita, ciing chi 1a mo6t vAn dé c6 thé duoc gidi quyét trong thoi
gian ngin, thanh ra kha ning 16n 13 mbi ngudi sé tim duge mot cach tiép
can riéng mang tinh sang tao. Thé nhung trong mdt ngay xiu troi, su nhay
ben khong dbng hanh th1 phai lam sao ?

Trong bai viét nay, ngu’cn viét mubn g101 thiéu mét huéng tiép cin mang tinh chit
trung hoa va tép trung vao mot khdu ma cac ban hoc sinh thuéng bé quén: phéan tich
bai to4n. Cac phan tich c4n than va r6 rang d€ dan gé rbi vin dé dugc dit ra déng vai
trd quan trong tuong tu nhu dan ¥ trong viéc viét van. Diéu nay trd nén then chbt véi
cac van dé phic tap.

Su phan tich nén tién hanh ra sao ? Bén ciu héi co ban sau nén dugc tra 10i:

a) “Co gi ?” Budc dau tién khong khac viée doc hiéu 13 bao. Cin chi ¥ dén
tiing ciu chit du 14 nhd nhét. Viée doc ki céc gia thiét duge dua ra gitp
ngudi giai toan hinh dung duge nhitng dbi tuong da xuit hién trong bai
toan.

b) “Cn gi ?” Pay 1a budc gitip hiéu dude yéu cu clia bai toan.

¢) “Khé khin gi ?” Budc nay quan trong nhét va doi hoéi su kién nhin. Khi
thuc hién cin thdn hai buée diu tién, mot sé vin dé sé phat sinh rét tu
nhién. Cac d6i tusng dudc dua ra da rd rang hay chua ? Nhiing gia thiét
trong bai toan dé€ 1am gl ? Tai sao dé bai lai héi nhu thé ? Liéu cac d6i
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tuong co lién két gi v6i nhau ? Ciu tric cla ting thanh phan hay ca tdng
thé 13 thé nao ? VA con nhiéu thi phai cht ¥ nita.

d) “Giai quyét thé ndo ?” D4y la viée tra 16i cac ciu hdi trén mét cach truc
tiép. Viée dit ra cac ciu héi tu nhién trong bude trén sé gitp ngudi giai
to4n nhén ra nhitng gi cAn thuc hién. Mot nguyén tic chung 13, hiy phén
tich va lién tuc dit cAu hdi dé giam su phu’c tap, dén khi moi thd c6 thé
dién giai dugc that dé hiéu. Viéc gd r6i can di tit ndi tai ting ddi tuong
(ching han nhu cAu triic va tinh chit cta ching), cho dén lién hé giita cac
dbi tuong véi nhau, d€ tranh bé sét thong tin quan trong.

Trong nhiing bai toan phic tap gdbm nhiéu céng doan, cic bude trén sé phai thuc hién
nhiéu 14n cho mdi phan cta bai toan. Viée tiép cin cb dinh huéng thé nay, ban dau cb
thé sé hoi ton thoi gian va mét méi trong suy nghi, nhung khi di thanh thao thi cho
thay hiéu qua 16n, hon nita con rén luyén duge kha ning gidi quyét vin dé mét cach
doc lap. Ngu’01 viét bai d lién tuc st dung dinh hu’ong trén trong viéc g1ang day tai
16p Chuyén dé Toan 9 nim hoc 2022-2023 va nhén thiy hiéu qua tuong dbi 16 rét.

2. Mot s6 vi du

Vi du 4.1. Chitng minh rdng trong 39 s6 tu nhién lién tiép, ludén tim duoc mét sb ma
tong cdc chit so ctia né chia hét cho 11.

Phan tich. Khi doc ky bai todn, mét sb cdu héi sau vé cdc khé khdn la tu nhién:
@) Tai sao dbi tuong dugc quan tdm la tdng cdc chit s6 ?
b) Dudi diéu kién gi thi téng dé sé la boi ciia 11 ?
¢) Tai sao phdi cdn 39 sb tu nhién lién tiép ? Nhu thé 1a it hay nhiéu ?
Dé dua duge mét ldp ludn truc tiép nham gidi quyét cdc cdu héi trén, nhin chung la viéc
kho hinh dung. Cdc yéu cdu trén cd su lién quan mdt thiét véi nhau, va hon nita tong
cdc chit s6 lad mét dai luong khong quen thudc cho ldm, nén mot cdch tiép cdn khd di la
viéc lam moi thit tré nén ré rang, tie tinh chdt cia téng cdc chit sb hay la quan hé trong
noi b ciia dbi tuong, cho dén quan hé giita cdc dbi tugng dd xudt hién.
Mbt cdch tim hudng gidi quyét la dua ra vi du. Khi nhin vao trudng hop don gidn nhdt
cho 39 s6 tu nhién lién tiép chinh la cdc sb tir 1 dén 39, chiing ta 6 thé quan sdt duoc
su bién déng ctia tong cdc chit s6 va khdo sdt dugc tinh chia hét cho 11. C6 gi thil vi ?
@) Dudng nhu téng cdc chit sé la ting ddn, nhung cé lic téng dé sé bi gidm. Vdy
khi nao téng dy tdng va khi ndo téng dy gidm ? Quan sdt ky sé thdy rang:
* Khi bdt ddu tir sb chia hét cho 10, chdng han la 10x véi x € Z*, thi cdc
s6 tir 10x dén 10x + 9 ¢6 tong cdc chit s6 la 10 sb tu nhién lién tiép.
* Tong cdc chit sb sé gidm khi ta "chuyén" tir 10x + 9 Ién 10(x + 1).
b) Viéc chia hét cho 11, néu nhin lai ¥ ddu tién, thi chLan ta nhén ra r&ng vi da
o cdch tao ra 10 gla tri lién tlep cua tong cdc chit sb, chi cdn cb gdng "keo
dai" dé'tao ra 11 gid tri lién tlep cua tong do thi bal todn sé dugc hoan tdt,
bdi trong 11 sb tu nhién lién tiép, thé ndo ciing c6 sé chia hét cho 11. Do dé
viéc quan sdt vi tri ma téng cdc chit sb bi gidm tré nén quan trong, va dai
lugng d6 sé gidm thé nao ?
* C6 vé nhu khi tir 10x + 9 1én 10(x + 1) thi tdng cdc chit sb sé gidm
9 don vi. Néu dugc nhu thé, chiing ta chi can ldy 20 sé la 10x,10x +
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1,---,10x + 19 la xong, vi sé thu duoc 11 gid tri lién tiép cho tdng cdc
chit sb.

. Nhu’ng tai sao bai todn lai can dén 39 s6 ? Néu hinh dung mot b6 gom
20 so lién tlep, bdt ddu tir sb chia hét cho 10, la ung v1en tiém nang
dé gidi quyét bai toan thi chung ta khong can dén 39 sé de chdc chdn
chon dugc, ma cdn quang 30 s6 la dit. Nghia la nhdn xét vé su thay doi
dudc dua ra phia trén cé thé khéng diing.

* Vdy chiing ta tiép tuc kiém tra khi ndo nhdn xét "gidm 9 don vi" diing
va khi ndao diéu dé sai, hay cé thé tam goi la chil y dén su xudt hién
ctia nhitng thit "ngodi quy ludt". Thit vdi cdc gid tri tiép theo clia x, rdt
ddng chul y khi nhdn ra rang, nhdn xét sé sai khi c6 budc chuyén tir 99
1én 100, hay tir 199 1én 200,... Néi cdch khdc, mién la 10(x + 1) khéng
chia hét cho 100 thi nhdn xét diing.

C6 thé rit ra dudgc gi tit cdc nhdn dinh trén ?

@) Néu trong 39 s6 ma khong c6 sb nao chia hét cho 100, thi chon dugc bd 20
s6 lién tiép tir 10x dén 10x + 19, ma c6 thé hoan toan yén tdm vé tinh "lién
tiép" cila tdng cdc chit sb trong nhitng s6 dang dugc xét, va bai todn sé xong.

b) L& nhu trong 39 sb ban ddu, c6 sb chia hét cho 100 thi sao ? Nhu dd chi ra,
chiing ta chi cdn 20 sb ¢6 dang 10x dén 10x + 19, ma trong chiing sé khong
¢6 sb nao chia hét cho 100. C6 thé hiéu rdng sé chia hét cho 100, ma tam
goi la a, sé "phdn dbi" 39 sb ma bai todn cho thanh 2 phdn: mdt phdn gom
cde sb tir a tré lén, va mot phdn gém cdc s6 tit a —1 tré xuéng Vi ban ddu
chung ta c6 39 so theo Nguyén ly Dirichlet, phdi c6 mét phdn dugc tao ra
gbm it nhdt 20 sb.

Va thé la xong. Bdy gi¢ chi la sdp xép va viét lai cdc nhdn dinh trén thanh mét i gidi
ngdn gon. Khi viét thanh vdn thi cdc suy ludn trén ¢ vé dai dong, nhung trén thuc té
khi suy nghi, moi thit chi & dang y tudng, nén viéc trién khai cé thé dién ra rdt nhanh.

Chitng minh. V6i mbi sb nguyén dLrOng n, gois (n) 13 téng céc chit s ctia n.

Trude hét chiing ta chiing minh rang, v6i x 12 sb nguyen duong sao cho 100+ 10(x+1),

6 mét trong cac sb 10x, 10x+1,-- -, 10x+19 c6 tng cc chit s6 chia hét cho 11.. That
vay, dat S(10x) =a thiv6i0 <k <9,taco S(10x + k) =a+k va S(10x + 10+ k) =
a+1+ k. Do dé t6ng cac chit sb nhan gia tri trong {a,a+1,a+2,---,a+ 10}, 1a tip
hop gdm 11 sb tu nhién lién tiép, va trong tap hop dé c6 mot gid tri chia hét cho 11.

Quay tr6 lai bai toan. Goi 39 sb tu nhién ctia dé bai lan luotlala a,a+1, -+, a + 38.
Xét cac kha ning sau:

* Trong 39 s6 nay khong c6 s6 ndo 13 boi ctia 100. B&i vi tap hop {a, a+1,--- ,a+9}
gdm 10 sb tu nhién lién tiép, trong d6 phai cé mot sb chia hét cho 10. Khi dé ton
tai 0 < k <9 d€ 10 | a + k. Xét cac gia tri trong {S(a+k),S(a+k+1),- S(a+
k +19)} thi theo nh4n xét 8 du bai toan, tdn tai mot gia tri trong do la bbi cua
11.

e Ton tai mot gia tri 0 < k < 38 d€ 100 | a + k. Khi d6 trong cac s6 con lai, khong
con sb ndo chia hét cho 100. C6 hai kha ning sau:

- Néu k < 18, xét tap hop {S(a +k),S(a+k+1),---,S(a+k+19)} thi theo
nhén xét & dau bai toan, tén tai mot gia tri trong d6 1a boi ctia 11.
- Néu k > 19, xét tp hop {S(a +k),S(a+k—1),---,S(a+k—19)} thi theo
nhan xét 0 d4u bai todn, ton tai mot gia tri trong do 1a boi cua 11.
Tom lai, trong 39 sb tu nhién lién tiép, ludn c6 s6 ma téng cac chit s6 1a bdi cha
11. OJ
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Vi du trén ciing cho thiy duge mét hién tuong rat tha vi va hiu nhu lubén ding, dé 1a
khi qua trinh phén tich di cin thén, viéc trinh bay 15i gii chi 13 mét cach sip xép va
viét ngudc lai nhitng y tudng chinh trong mach suy luin ma thoi.

D€ két thiic bai todn nay mot cach tron ven, bay gid 14 mot ciu hdi danh cho céc ban.

Vi du 4.2. Thay vi 39 sb, chiing ta chi xét 38 sb théi. Liéu bai todn con diing khong ?

Mot goi ¥ cho cdc ban 1a hiy doc lai thit cin thén tiing bude suy luin, va xem van
dé dién ra  dau. Chi y ring néu nhu bai toan van ding, cic ban phai cung cAp mot
chting minh, con néu két qua tré nén sai thi hiy chi ra mét phan vi du.

B4y gio ching ta dén v6i mot bai toan khéc cling tuong dbi cb dién.

Vi du 4.3. Cho sdu sb nguyén duong déi mét phdn biét va déu nhé hon 10. Chitng
minh rang luén tim dugc ba sé trong dé, ma cé mét sé bang téng hai sé con lai.

Phan tich. M6t s6 cdu hédi ¢6 thé dugc ddt ra:

@) Tai sao lai xét 6 sb trong {1,2,---,9} ?

b) Viéc c6 mot s6 bdng téng hai sb con lai 6 y nghia gt ? Sb ndo sé bdng téng
ctia hai s6 nao ? Khé khdn tai ddy dén tir viéc chiing ta khéng xdc dinh duge
diéu trén.

Ma néu dd khong xdc dinh dugc ré rang moi thit ngay ldp titc, thi tot nhdt la ldy vi du cu
thé d€ quan sdt théi. Khi ldy thit mét vai vi du dé khdo sdt, dit ¢d it bd ba sb hay nhiéu
b6 ba sb thod mdn yéu cdu bai todn, ludn cé mot nhdn xét quan trong xudt hién: ton tai
hai sb c6 téng bdng sb 6n nht.

Vdy tir ddy mot huéng di khd di la tim hiéu xem sb 16n nhdt nhu thé ndo, dong thoi lam
thé nao cd thé viét duoc sb dé thanh téng ctia hai sé tu nhién phdn biét khdc. Khi dd lam
duoc diéu do, hdy xem cdc théng tin vita nhdn dugc lién hé gi vdi gid thiét ban ddu, ma
cu thé la nhiing sb nao xudt hién trong cdc cdch phan tich thanh téng dy. Thuc ra ciing
khéng qud nhiéu trudng hop dé gidi quyét, vi sb l6n nhdt thi ciing phdi khéng nhé hon
6.

Chitng minh. Goi 6 sbdachola1l<a, <a,<---<ag <9. Theo gia thiét trén va dé
bai thi a;, > k v6i 1 < k < 6. Xét cac kha nang sau:

e Néuas=9thi1<a, <8véil<k<5.Phin cac sb6 nguyén duong tit 1 dén
8 thanh bbn tap hop {1, 8}, {2 7}, {3 6}, {4,5}. Theo nguyén ly Dirichlet, trong
cac sb ti a; dén as, c6 it nhét hai s thudc vao cung mot tip hop. Téng hai sb
d6 bang 9, nén ton tai 1 <i < j <5 dé a;+a;=9.

e Néuay,=8thil <a, <7v6il<k<S5.Phan cic s6 nguyén duong tit 1 dén 8
thanh bén tap hop {1, 7} {2,6}, {3 5}, {4}. Theo nguyén ly Dirichlet, trong cac
s6 tit a, dén ds, c6 it nhét hai sb thudc vao cting mot tap hop. Téng hai sb dé
bing 8, nénténtai 1 <i < j <5 dé a;+a; =8.

e Néuay=7thil<a, <6v6il<k<S5.Phan cac sb nguyén duong tit 1 dén 7
thanh ba tap hop {1 6}, {2 5}, {3,4}. Theo nguyén ly Dirichlet, trong cac sb tur
a, dén a., c6 it nhét hai s6 thudc vio cing mot tip hop. Téng hai sé d6 béng 7,
nentonta11<l<]<5dea +a;=7.

e Néuag=6thi1<a, <5v6i1<k<5.Phin cic s6 nguyén duong tit 1 dén
5 thanh ba tip hop {1, 5}, {2,4}, {3}. Theo nguyén ly Dirichlet, trong cac sb tir
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a, dén as, c6 it nhét hai s6 thudc vao cing mét tip hop. Tong hai s6 d6 béng 6,
néntontail <i<j<5déa;+a;=6.
To6m lai thi ludn c6 hai sb bang t6ng clia sb 16n nhit. Bai toan két thic. O

Khai thac thém bai toan nay c6 thé thiy nhiéu diéu thd vi sau:

a) Ciu héi dau tién vin chua dudc giai quyét triét d€ khi phén tich. Tuy
nhién, v6i trudng hop ag = 9, nhén thiy ring viéc chon ra 6 sb 13 dé vira
dii cho viéc st dung Nguyén ly Dirichlet. M6t cAu hdi tu nhién 13 néu bai
toan chi xét 5 s thay vi 6 s6, thi cac 14p ludn sé bién déi thé ndo, va liéu
két ludn ctia bai toan con diing ?

b) Phat biéu khac di mét chat, liéu sb luong s6 nhd nhit cin chon dé€ chic
chin c6 mot sb bing tdng hai sb khac, 1a bao nhiéu ? Hon nita thay vi giai
quyét bai todn nhu trudng hop ban dau, khi cac s6 khong 16n hon 9, diéu
gi sé x4y ra khi thay 9 bdi mot s6 nguyén duong n bt ky ? Liéu cac ciu
héi tuong tu ¢ thé dudc gidi quyét ?

Tit d6 c6 thé thu dudc bai toan sau, xin danh cho cac ban tu luyén tap.

Vi du 4.4. Cho s6 nguyén duong n > 3. Tim s6 nguyén duong k nhé nhét sao cho vai
moi cdch chon ra k so nguyen deo’ng d01 mot phan biéet th tap hop {1,2,--- ,n}, luén
chon durgc ba sé trong dé, ma cé mét sé bang téng hai sb kia.

Bay gi0 1a mot vAn dé khac du tuong dbi c§ dién nhung vin c6 nhiéu diéu dé€ hoc
hoi.

Vi du 4.5. Vdi n la sb nguyen duong, chon ran+1 sé tir tdp hop {1,2,---,2n}.
a) Chitng minh rang o hai so nguyen tb cung nhau.
b) Chitng minh rdng cé hai s6 ma thuong ctia chiing la sb nguyén.

Phan tich. Mot s6 cdu héi ¢6 thé dugc ddt ra nhu sau:

a) Tai sao phdi can chonran+1sb ?

b) Su nguyén tb ciing nhau, va viéc thuong la sb nguyén, ¢d y nghia sé hoc gt ?
Néu dinh nghia mét cdch sé hoc, thi hai s6 dugc goi lc‘l nguyén tb cung nhau khi va chi
khi chung khong co u’dc nguyén tb chung. Khi thit tiép cdn theo viéc khdo sdt cdc udc
nguyen tb ciia n+1 sb, moi chuyén sé tré nén rdt phL[c tap vi chung ta khong biét nhiing
sO nao dL(dc chon ra, hon nita bai todn chi yeu cdu mot su ton tai, nén neu di khdo sdt
toan bb cdu triic ctia tdp hop udc nguyén tb, thi dé ¢ vé la mét yéu cdu qud siic. Hon
nita, mot van dé khdc lam hudng tiép cdn ndy tré nén khoéng khd thi, dé la trong bai
todn khong hé cé ddu hiéu gi cho thdy nén tim hiéu mét cdch chi tiét vé cdc cdu triic s
hoc.
Do d6 chiing ta sé thit mét géc nhin khdc. Tdp trung vao cdu héi ddu tién, mét van dé
duoc ddt ra nhu sau: néu nhu chi ldy n s6 thi sao ? C6 thé tim ngay dugc phdn vi du véi
viéc chon n sb chdn, thi hai sb ndo ciing ¢é udc nguyén tb chung la 2. Vdy trong trudng
hop tam goi la xdu nhdt, thé nao ciing ¢6 it nhdt mét s6 18. Va liéu sé 1 nay cé vai tro
va quan hé thé nao vdi cdc sb chdn, khi cdn khdo sdt su nguyén tb cting nhau ?
Viét mét vai trudng hop nhé, chiing ta nhdn ra rdng khi sé 1é &y dugc két hop véi s lién
trude hay sé lién sau, thi sé tao ra mot cdp sb nguyén tb cung nhau. Tit d6 mét cdu héi
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ndy sinh: néu nhu chon n + 1 sb bét ky, thi liéu luén cd hai sb tu nhién lién tiép ? Piéu
nay cd thé dugc kiém chitng dé dang, nén y ddu tién ctia bai todn dén ddy la hoan thanh.
Su kién "chia hét" la mot yéu tb khé kiém sodt. By git chdng han nhu dd chon trudc
mot sb nguyén duong a, cdc sb chia hét cho a sé la ka, hodc cdc uéc cﬁa a thi luén co
dang a/k. Vin d la, chung ta khéng xdc dinh duoc khi chon ra n+ 1 sb bdt ky, s€ o
cde s6 nao Zlen quan dén a xudt hién, hon nita khéng chdc chdn viéc thuang cua chiing
liéu c6 phdi s6 nguyén. Vdy thi chiing ta sé thit lam manh ddnh gid 1én dé khit dugc su
ngdu nhién dy: néu nhu chon ra dudc mot bé cang nhiéu sé cang tot ma lién quan dén
a, dong thoi hai sb nao trong do ciing c¢é thuong la s6 nguyén, thi bé sb dy chi nén duoc
chon tbi da mét phdn ti nhdm trdnh viéc chia hét.

Lam 16 y tudng nay, ching ta sé nhdn ra a,2a,4a,--- la lua chon tot nhdt ¢d thé néu
xét cdc s tir a tré 1én. Khi chul y dén cdc s6 tir a tré xubng va hiéu chinh, lua chon phil
hdp cho bo s6 can tim chinh ld a,2a,4a,--- véi a la sb 16. C6 n bé nhu thé, va thé la
xong.

Chitng minh. a) Chia tap hop {1,2,---,2n} thanh n tip hop {2k — 1, 2k} v6i
1 < k < n. Vi ban diu c6 n+ 1 phan t& dugc chon ra, theo Nguyén 1y
Dirichlet, phai c6 hai phan t@ nao do thuodc cung mot tap hdp con duf()c
néu ra phia trén. DAy 1a hai sb tu nhién lién tiép nén ching nguyén tb
cung nhau.
b) V6ialasbléval<a<2n,tadinh nghia

S,={xe€z",1<x<2n|3keZ":x =2k}

M&i sb nguyén duong khéng vudt qua 2n déu thude vé mét tip hop S, nao
dé. C6 n tap hop nhu thé, ma ban diu c6 n+ 1 sb duge chon, nén Nguyén
Iy Dirichlet cho thay riing phai ¢6 hai s6 cling ndm trong mét tip hop S,
nao dé. Goi hai s6 d6 14 2°a va 2ta v6i 0 < s < t thi thuong clia chiing 1a
27q, 13 mét sb nguyén.

O

Nhu thudng 1é, bai toan chua két thiic ngay tai ddy, ma ching ta dit ra thém mot vai
quan sat nita. Viéc chon n+1 sb trong tip hop {1,2,- -, 2n}, nhu da phén tich, 13 vira
dt d€ vuct qua ngudng "l6n nhit" cua sy kién khong c6 hai s6 nao nguyén tb cling
nhau. M6t 1€ di nhién la chung ta mubn xac lap moét ngudng tuong tu cho su kién chia
het liéu c6 thé chon duoc tdi da bao nhiéu s6, ma khéng c6 hai sb nio c6 thuong 1a
) nguyén ?

Hon nita, néu nhu két hop ca hai vin dé, nghia 13 c¢6 thé chon dugc tbi da bao nhiéu
s6 d€ khéng c6 hai sb nao nguyén tb cliing nhau va dong thoi khong c6 hai s6 nao
¢6 thuong 14 s6 nguyén, ching ta thu dugc bai toan sau trong dé thi chon Ddi tuyén
nim 2017 ctia Trudng Phé théng Ning khiéu dé tham du Ky thi Hoc sinh gidi Qudc
gia mon Toan bac THPT.

Vi du 4.6 (PTNK 2017). Xét tdp hop S = {1,2,---,2017}. Liéu c6 thé chon ra tbi da
bao nhiéu so nguyén duong tir S, sao cho khong cé hai so nao nguyén to cung nhau
va dong thoi khong co hai so nao co thuong la so nguyén ?

Theo tri nhé clia ngudi viét bai ciing tham du ky thi nim 4y, khong ¢6 thi sinh nao
gidi quyét dudc bai toan trén. Mic du vay, khi phén tich ky, dic biét 1a vé su kién chia
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hét, cac ban c6 thé tim dudc ngay dap sb va thadm chi 13 mét vi du thod mén yéu ciu
bai toan.

Cac bai toan trén déu minh hoa cho mét bude chuyén d6i quan trong tit nhiing phan
tich dai dong bang chit thanh cac suy dién giy gon dugc dién dat bang ky hiéu. Vi
mdi tinh hudng mdi khac, diéu quan trong nhit van 13 doc that k§ nhiing gia thiét
dugc dua ra va nim chic nhiing yéu ciu can thiét. Mét diéu tbi ky 1a khong dugc bia
ra thém gid dinh v6 cin ct d€ ép vao mach suy luin. Ching ta két thiic bing mét bai
toan th vi, mic du tréng c6 vé nhiéu khé khin, va phuong chdm vAn 1a... nghi don
gian thoi.

Vi du 4.7. Cho cdc sb tu nhién tir 1 dén 2023. Héi c6 thé chon ra duoc nhiéu nhdt
bao nhiéu so sao cho tong ctia hai so bat ki trong chiing khéng chia het cho hiéu ctia
no ?

Phén tich. Mot s6 cdu héi sau dugc ddt ra khi doc ky dé bai.
@) Gid dinh chia hét ciia bai todn rdt ky qudc. C6 cdch nao dién dat lai moi thit
cho 16 rang hon hay khéng, va lam sao dé khai thdc dugc diéu kién dy ?
b) Liéu cé thé tim dugc mét vi du vdi tuong dbi nhiéu sb ?

Chiing ta tdp trung gidi quyét yéu cdu dau tién. Viét ré lai bang ky hiéu, d6 la véi a > b
la hai s6 nguyén duong phdn biét duoc chon, ta phdi c6 a—b ta + b. Vi cdc s6 nay duoc
chon bdt ky va cdc biéu thitc xudt hién déu la bdc nhdt, viéc tim kiém mot quan hé sb
hoc giita a va b chi bdng gid dinh trén la khong khd thi. Néu khéng tin, cdc ban ¢6 thé
thit !
Xoay sang cdu héi thit nhi. Thit tiép cdn vdn dé mét cdch tuong dbi ngdy tho nhu sau:
ctt lan luot bdt dau tir sb 1, lidu 6 thé ldy duge nhitng s6 ndo tiép theo ? Di nhién khong
phdi lic ndo viéc xit Iy vdn dé theo cdch tham lam ciing cho mét két qud tbi uu, nhung
{t nhdt van c6 thém dinh hudng va mot vai quan sdt hitu ich dé hiéu chinh khi can thiét.

* Khong ldy dugc s6 2 va sb 3, vi dnh huéng ctia s6 1.

* Ldy duoc sb 4. Ciing béi thé ma khéng ldy dugc s6 5 va sb 6.

* Ly dugc s 7, roi lai b6 qua sb 8 va sb 9. Cit nhu thé...
Mot quan sdt vé cdc sb dugce thu nhdn cho théy chung phdi cdch nhau it nhdt 3 don vi.
Liéu diéu nay co luén diing ? C6 thé quay ve gla dmh cta bai toan dé' kiém tra.
Moi thit quy vé viéc chon ra cang nhiéu sb cang tbt, ma hai sé bdt ky 6 hiéu tir 3 tré
lén. PE chon dugc nhiéu sb nhdt, mot 1€ di nhién la phdi khéi ddu tir s6 nhé nhdt, va cde
khodng cdch giita cdc sb ciing phdi nhé nhdt 6 thé. Bdy gio chi la xép lai thanh 1oi gidi,
va nhé rang vi day la bai todn cuc tri, hdy chi ra vi du.

Chitng minh. Goi cac sb dudc chonla 1 < a; < a, < --- < a, < 2023. Trude hét, ta
chting minh ring v6i 1 <i < k—1 thi a;,, —a; > 3. Thét vay:
e Néucéchisb1<i<k—1d€a,,—a;=1thia,, —a|a;, +a; miu thuln.
e Néucéchis61<i<k—1d€a,,—a; =2thi chuyrangal+1+a =2a;+2, ta
cting thu dugc a;,; —aq; | a;;; + q;, lai la mot mau thuln.
Do d6 nhan xét dudc chitng minh. Tir d6 thi

2023>qaq,>2q_;+3>2a;, ,+3:2>-->a;+3(k—1)=>1+3(k—1)

hay 1a 2022 > 3(k — 1). biéu nay cho thiy k < 675. D€ chon dudc 675 sb thod mén
yéu cau bai toan, v6i 1 <i < 675, chon a; = 3i — 2. That vay, v6i 1 <i < j < 675 thi:

* a;—a; = 3(j—1) la mot boi ctia 3,
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* a;+a; = 3(j +1i)—4 khong la mot boi cta 3,
nén ta luén c6 a; —a; f a; + a;. Vay c6 thé chon dugc tdi da 675 sb nguyén ducng ddi
mot phén biét khéng vuot qua 2023 ma khéng cé téng hai sb nao chia hét cho hiéu
cta chung. O

Hi vong rang nhiing trinh bay phia trén c6 thé gitp cc ban phin nio dé tu tin va
vitng vang hon trong viéc suy luin dé giai toan. Dudi day 1a mét so bai toan dé luyén
tap.

3. Bai tap

Bai 1. Xét bdng 6 vudng 10 x 10. Mbi 6 vudng ctia bdng dugc dién mét sb nguyén tuy
y sao cho hiéu hai so6 dugc dién ¢ hai 6 chung mét canh bat ki déu khéng vugt qud 1.
Chitng minh rang ton tai mot so nguyén xuat hién trén bdng it nhat 6 lan.

Bai 2. Cho ABC la mét tam gidc tuy y. Moi diém trén mdt phdng dudc t6 bi mot trong
hai mau xanh hodc do. Chitng minh rang ton tai hai diém mau do co khodng cdch bang
1, hodc ton tai mdt tam gidc c6 ba dinh mau xanh ma dong dang véi tam gidc ABC.

Bai 3. C4 20 vién bi dugc xép thanh mot hang ngang trén ban, trong dé ¢d 10 vién bi
mau xanh va 10 vién bi mau do. Chitng minh rang co thé chon ra mét by gom 10 vién
bi lién tiep ma trong do s6 vién bi mau xanh bang so6 vién bi mau dé.

Bai 4. ChoA=1{1,2,3,---,100}. Lay S 1a tdp hop con ciia A sao cho cdc téng hai phdn
tir phan biét bdt ky cia S thl ¢6 cdc sb du dbi mot phdn biét khi chia cho 100. Chitng
minh rdng S c¢6 khéng qud 14 phdn tit, va chi ra mét tdp hop S c6 10 phdn tit.

Bai 5. C6 mét b cdc qud cdn cd tinh chdt sau:
i) Trong bd ¢6 it nhdt 5 qud cdn cé trong luong khdc nhau.
ii) V6i hai qud cdn bdt ky, tim dugc hai qud cdn khdc c6 téng trong luong bdng
Véi téng trong lugng clia hai qud can do.
Bé qud cdn nay cd it nhdt la bao nhiéu qud cdn?

Bai 6. Chon ra k s6 nguyén duong phdn biét la uéc ciia 62°%.
a) Chitng minh rang neu k =5 thi ton tai hai so co tich la so chinh phuong.
b) Chitng minh rang neu k = 21 thi ton tai sdu so co tich la mét luy thita bdc
6.

Bai 7. Cho s6 nguyén duong n > 2. Chitng minh rdng khi chon ra n+2 sb nguyén duong
tir tdp hop S = {1,2,---,3n}, ludn ton tai haisé x,y dén < x —y < 2n.

Bai 8. Cho tdp hop S ={1,2,---,2023}. Xét tdp hop con T C S. Néu T khéng chita hai
phdn tit ndo cé hiéu trong E thi ¢d tbi da bao nhiéu phdn ti, véi:

a) E={3;6;9}.

b) E={4;7}.

Bai 9. Lp 9A c6 6 hoc sinh tham gia ky thi chon déi tuyén mén Todn, va nhdn dugc 6
diém sb khdc nhau la cdc s6 tu nhién khong vugt qud 20. Goi m la trung binh céng cdc
diém sb ctia 6 hoc sinh trén. Hai hoc sinh dugc goi la ldp thanh mét cdp hoan hdo néu
nhu trung binh céng diém s6 ciia hai em dé 6n hon m.
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@) Chitng minh rdang khéng thé chia 6 hoc sinh thanh 3 cdp ma méi cdp déu
hoan hdo.
b) Trong 6 hoc sinh trén, cé thé cé nhiéu nhat bao nhiéu cdp hoan hdo ?

Bai 10. C6 8 ki thi thi ddu gidi c& vua Candidates 2023 theo thé thiic vong tron mot
lugt. Tai mbi trdn ddu phan dinh thdng thua, ngudi thdng duoc 1 diém con ngudi thua
duge 0 diém; tai mbi tran hoa thi mbi ngudi dugc 0.5 diém.
@) Chitng minh rdng sau 3 vong ddu tién, luén tim dugc hai ngudi cé sb diém
bang nhau.
b) Gid stt rang sau khi két thiic gidi, tdt cd cdc ki thi déu cé s6 diém khdc nhau.
Tim s6 diém it nhdt c6 thé ctia ngudi chién thdng.
¢) Gidi lai bai todn khi gidi ddu dién ra theo thé thitc vong tron hai lugt.
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Udc chung va mot so6 ap dung

Nguyén Vinh Khang

1. Cac tinh chét ctia uéc chung

Cho 2 sb nguyén x, y (khong dbng thoi bing 0), ta sé ky hiéu uéc chung 16n nhét ctia
x,y la (x, y) hoac ged(x, y). N6 luon la moét so6 nguyén duong.

Phén tich. Néu ta ddt (x,y) = d, thi x’ = T va y’ = % nguyén tb cing nhau. Tit dé
lgi dung cdc tinh chdt lién quan dén sb nguyén tb ciing nhau nhu (dugc sit dung thdng,
khong can chitng minh)

e Néuab:ic,va(b,c)=1,tacda:c.

e Nébua:bvaa:ic, véi (b,c)=1, tacd a:bc.

* Neu (a,b) =1, r la udc cua a, s la uéc ctia b, ta ciing cé (r,s) = 1.
dé phan tich bai todn tiép. Viéc ddt wéc chung nhu vdy sé lam don gidn bai todn (do ta
c6 thé rit d ra réi triét tiéu, néu dudc) va cho thém dit kién (x’,y") = 1.

Bai 1. Gid st a, b, ¢, n la cdc s6 nguyén duong, chitng minh nhitng tinh chdt sau
a) ged(a, b, c) = ged(ged(a, b),c)
b) gcd(ac, bc) = ged(a, b)c
¢) Néu gcd(a, b) =1, ta c6 ged(ab, c) = ged(a, c) ged(b, c)
d) gcd(a™, b™) = ged(a, b)"

Chitng minh.
Phéin 1: goi d = ged(a, b, ¢) ta ¢6 d 14 ube cta a, b, nén ged(a, b) :d. Nhung ¢ :d, nén
ta duge mét chiéu

ged(ged(a, b),c):d = ged(a, b,c) (1.1)

Dé chiing minh chiéu con lai, goi d = ged(ged(a, b),c). Tuong tu nhu trén ta co d la
udce cua ged(a, b), nén d ciling 1a udce cia a, b. Nhung d 1a uéce cta a, b, ¢, nén

ged(a, b,c):d = ged(ged(a, b),c) (1.2)

Két hop (1.1) va (1.2), ta c6 dpem.

26
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Phén 2: néu d = (ac, bc), ta ¢6 d'c do ¢ 1a wée chung cda ac, bc. bat d = ke, ta

¢6 (ac, be) = ke, va ac, be : ke. N6i cach khac a, b1k, nén (a, b):k, va
c(a,b):kc =(ac,bc) (2.1)

Mit khac, dit k = (a, b), ta cé a, b:k, nén ac, bc: kc. Theo dinh nghia, (ac, bc) ke =
(a, b)c. Két hop véi (2.1) ta ¢6 dpem ged(ac, be) = ged(a, b)c.

Phén 3: goi k = ged(a, c),l = ged(b, c), theo tinh chit 2, ta duadc
gcd( ) =1
ged (

) =1
Mt khac a ik, b:l, nhung a, b lai nguyén tb ciing nhau, nén k, [ ciing vay. Két hop véi

b

~|o =
~l0 X6

b

¢

' 7 * 2oy \ 7, \ A
c:k,l,tacoc:k,l. Dé y rang 5 la uéc clia ¢ va 7, nén

d =1
ged (£, ) (3.1)
gcd( ) =1
Ta chting minh ged(ab, ¢) = 1 néu ged(a, b) = ged(b, ¢) = ged(a, ¢) = 1. That viy, gia
stt ngudc lai, titc ged(ab,c) # 1. Khi do6 ton tai p 1la uGc nguyén té chung cua ab,c.

2

~|o =R
Zlo Zlo

2

Nhung ab :p thi ta phdi cé a:p hodc b p, nén ged(a, c): p hodc ged(b,c):p (ca 2 déu
mAu thuan vdi gia thiét).

Ap dung quan sat trén cho (3.1), ta dudc

gcd(%, %) =1l ng(ab, C) =kl = gcd(a’ C)gcd(b’ C)

Phan 4: ta chting minh ged(a”, b") = 1 néu ged(a, b) = 1. Thét vay, gia stt ged(a”, b") #
1, khi d6 a", b" phai c6 mét uée nguyén td chung p. St dung tinh chit néu xy : p thi

x:phoicy:p. Ttdda,b:p, voly
bit d = ged(a, b), ta co gcd(%, g) =1, nén
a\" (b)"
(&)
8¢ ( i) °\d
Nhan d” cho ca 2 vé, va dung tinh chét 2, ta dugc

gcd(a, b)" = d" = d" ged ((3)(3)) — ged(a”, b)
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Hé qua 1. Gid sit a, b, c,n la cdc s6 nguyén duong, chitng minh nhitng tinh chdt sau
@) Néuab:cva(a,b)=1, tén tai k,l sao cho kl =c, va a:k,b:l
b) Neu ab = c¢" va (a,b) =1 (n = 2), ton tai k,l sao cho kl = cva a =
k", b=1"

Chitng minh.
Phan 1: goi k = ged(a,c),l = ged(b, ¢), theo bai tap trudc, ta c6 kl = ged(a, c) ged(b,c) =

ged(ab,c) =c, vaa:k,b:l theo dinh nghia.

Phén 2: goi k = ged(a, ¢), 1 = ged(b, ¢), theo bai tip trudc, ta cé kl = ged(a, ¢) ged(b, ¢) =
gcd(ab, c) = c. Mit khac

k" = ged(a",c™) = ged(a”,ab) = aged(a™ !, b) =a

, 6 day ged(a™,b) = 1 do néu ton tai p 13 uéc nguyén t6 chung cho a"?, b, ta phai
¢6 p la ubc chung cta a,b (v6 ly). Chitng minh tuong tu, ta cling ¢6 [" = b. Ta ¢6
dpcm. O

2. Bai tap

Bai 2 (Junior Balkan Mathematical Olympiad 2001). Tim udc chung 6n nhdt ciia
Ag,ALLA,, ... A, VOI A, = 237 4 361F2 4 5bn+2,

Chitng minh. Do A, = 35 = 5 - 7, nén uéc chung 16n nhét, goi 1a d, phai 1 1 trong 4
s0{1,5,7,35}. Do A, =23+3%+58 =8+(—2)® =4 (mod 5) nén d # 5,35. Mit khéc,
theo dinh ly Fermat, ta ¢6 3% = 5° (mod 7), nén

A =8"+(3%)"-94+(55"-25=1+9+25=0 (mod 7)

Ta kétludn d = 7. O

Bai 3. Chitng minh rdng néu d > 0 khéng phdi la sb chinh phuong, thi v/d la sb vé
5%

Chitng minh. D€ y ring d = 1%-d nén d ludn c6 thé viét thanh dang d = x2y (véi
x,y > 0). Chon x 16n nhit ¢ thé, va dé ¥ y # 1. Néu y ¢ udc chinh phuong 22 ngoai
1,thid =x"y’, v6ix’ = xz > x va y’ = £, v6 ly. Nhu véy y la tich cac s6 nguyén t6

khac nhau (do néu p 1 uéc nguyén tb ctia y, thi % khéng thé nio chia hét cho p dugc).

*Gid st vd = ¢ 1a mot s6 hitu ty, véi a, b nguyén duong nguyén td cung nhau.
Ta co
a?=b%*d = (bx)*-y (%)

nén a:y. Nhung y chi 1 tich cdc sé nguyén tb khac nhau, nén a:y. Thé a = cy vao
(%), ta dugc
c?y? = (bx)*y & b*x* =%y
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D&y 2y : b2, nhung (c,b) =1 (do (a,b) = 1), nén y : b%. Ta di chon sao cho y khong
thé ndo c¢6 uéc chinh phuong nao ngoai 1, nén b = 1! Tir dé ta ¢ +/d = a, hay d = a?,
vo ly. O

Bai 4. Gid sit a, b nguyén tb cing nhau, a,b khdc tinh chdn 1é. Chiing minh a™ +

b",a™ — b™ nguyén to cung nhau véi moi m,n > 1.

2a™ = (a™+ b") + (a™ —b"):d
2b" = (a™+ b")—(a™—b"):d

DE y rang a, b khac tinh chin 1é, nén a™ + b" va a™ — b" ludn 1é. Nhung d 1a mét udc

Chitng minh. Goid > 01a m6t u6c chung cua a™+b",a™—b". Khi d6

chung, nén d 1é. Nhu vay a™, b":d.

Néu d # 1, goi p 1a médt uéc nguyén tb cia d (c6 thé d = p). Khi d6 a™, b":p,

nén ta ciing cé a, b:p. Diéu nay mau thuln véi gia thiét a, b nguyén tb cung nhau,
nén d = 1. Nhung d bat ky, nén a™ + b",a™ — b" chi ¢6 udc chung (duong) la 1. Hay
no6i cach khac, a™ + b",a™ — b" nguyén to cung nhau. O

Bai 5. C/ho 2 sb hitu ty ok viét d dang tbi gidn (titc (a, b) = (c,d) = 1) sao cho ==
la mét so nguyén. Chitng minh rang |b| = |d|.

Chitng minh. Tacd §+ 5 = adbfibc 13 mot s6 nguyén, nén ad + be: b, hay ad : b. Nhung

a, b nguyén tb cling nhau, nén d : b. Chting minh tuong tu v6i ad + be:d, ta cé b:d.
Nhu vay |b| = |d]|. ]

Bai 6 (Spanish Mathematical Olympiad 1996).

Gid sit a, b la cdc s6 nguyén duong sao cho ol 4+ % la s6 nguyén. Néu d la udc chung
[6n nhat cua a, b

a) Chitng minh rang a + b > d>.
b) Tim mét cdp (a,b) ma a+ b =d>.

Chitng minh.
(a) bata=da’,b=db’, ta cod

2( 472 /2 / /
a+1+b+1:d (a“+b?)+d(a +b)EZ
b a d2a’b’

20,72 2 / / ’ / 7 .
nén LA IA@D) — g2 4 2 4 @b ciing 13 56 nguyén. Nhu vay a’ + b’ d. Nhung

a, b nguyén duong, nén a’ + b’ >d, hay a+ b =d(a’ + b") > d>.

(b) a=3,b=6,thi & + 2L =3va a+b=9=ged(a,b)?. O
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Bai 7 (Romanian Mathematical Olympiad 2003).
Cho n la mét so chan nguyén duong. Tim tdt cd cdc so nguyén duong a,b sao cho

a"+b":a+b.
Chitng minh. Do n chan ta c6 a® — b":a?— b%:a + b. Nhu vay

2a"=(a"+b")+(a"—b"):a+b

2b" = (a"+b")—(a"—b"):a+b

Goi d = (a,b), va a = du,b = dv, ta cb u,v nguyén t6 cung nhau va ged(a, b) =

2d" ged(u™,v*) = 2d":d(u + v). N6i cach khac, 2d" ' :u +v.

DE cho ra tht ca gid tri a, b ¢6 thé, ta bit diu véi 2 sb u, v nguyén duong va nguyén td
cting nhau. Tiép theo chon d bét ky sao cho 2d"': utv(d luén ton tai do ta cé thé
chond =u+v). Khi d6 a = du, b = dv théa man dé bai.
That vay, tit a™ + b" = d"(u" + v"), ta chia lam 2 truong hgp

a) Néu u,v déu 1é: ta cé u" +v" chin, nén a" + b":2d"d(u+v)=a+b.

b) Néu, khéng mét tinh téng quét, u chin, v 1é: do 2d" " iu+v, vau + v 1,

nénd" iu+v. Tudéa"+b":d":d(u+v)=a+b.
Ta két ludn a = du, b = dv, v6i u,v nguyén to cung nhau sao cho u + v la uéc caa
2d™ 1, [

Bai 8 (India Mathematical Olympiad 1998).
Tim tdt cd cdc bé so nguyén duong (x, y,n) sao cho

ged(x,n+1)=1va x"+1=y".
Chitng minh. Do x >0, nén y""' =x"+1> 1. Tacd

"=y —1=(y-DO"+y" "+ +y+1)

Do y —1> 1, ta phai ¢ y —1:p véi p 1a mét uéc nguyén tb nao dé ctia x. Tir d6
Yy +y"'+--+y+1=1+1+---+1=n+1 (mod p)
—_—
nsb1

Nhu vay p 1a uéc chung ctia x van+ 1, v ly. O

Bai 9 (Bulgarian Mathematical Olympiad 2001).

Tim tdt cd cdc b6 (a, b, ¢) nguyén duong sao cho a® + b + ¢ chia hét cho a®b, b?c, va
2

c?a.
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Chitng minh. DAu tién d€ ¥ ring néu d 13 uc chung cia a, b, ta c6 a®+b3+c3:ab: d,
nén c:d. Nhu vy néutaditd = (a,b,c),vaa=du,b=dv,c =dw, u,v phai nguyén
to cung nhau. Chiing minh tuong tu, ta c6 u, v, w dé6i moét nguyén to cung nhau.

Do a® + b® +c%:a?b, tacd

B +vi+wd): PPy e+ v+ wdiddy

Tu @6, u® +v° +w?:u?, va v° + w?:u?. Ching minh tuong tu, ta ciing ¢ u® + v3 +
w3 i v2 w? vaw? +u? 1 v2 u® +v3 w2, Nhung u, v, w nguyén t6 cting nhau déi mét, nén

( .
ud + v+ wl v

v+

w? +ud:v?

ud+v3iw?

Khong mét tinh t6ng quat, gid st u < v < w. Do a, b, ¢ nguyén duong, u,v,w ciing
N \ s . 14 14 2 2 [ 7
nguyén duong, va u*v?w? < u® +v* +w? < 3w?. N6i cach khac, w > “5~. Mt khéc,

u® + v :w?, nén ta dugc

R

Nhung u < v, nén 2v® > u® +v3 > ”49V4, hay u*v < 18. Tasuy ra u = 1 hodc u = 2.

Nhung u =2 thi v > 2, nén 32 <u*v <18, v ly.
*Nhu vay u = 1. Néuv =1thi2:w? chonénw=1.Tacébd (a,b,c)=(d,d,d) thoéa
man. Néu v > 2, ta phadi c6 w > v, hay w > v+ 1 > 3 do v,w nguyén t0 cung nhau.

Nhung u® 4+ v3 + w® :u?v?w?, nén ta c6
1+v+w v w? =2 v <1+ v +wP <14+ (w—1° +w? < 2w®

Chia w? cho ¢4 2 vé, ta dugc v2 < 2w, hay w > g Mit khac, ta ¢6 v + u®:w?, nén
vi+1 Zw2>vz4<:>4>v3(v—4)
Vay v < 4. Nhung v > 2, ta xét cac truong hgp sau
a) v=4:khidéu® +v*=65:w?* nénw=1 o lydov <w).
b) v =3: khi d6 u®+v® =28:w? nén w e {1, 2} (ciing v6 ly nhu trén).

¢) v=2:khidéu?+v*=9:w? nénw=3 (dow>v).
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Kiém tra lai, ta nhén (a, b, ¢) = (d, 2d, 3d) va cic hoan vi clia né. Ta két luin

(a) b) C) = (kJ k’ k)’ (k7 2k5 Bk)) (k’ 3k7 zk)’
(2k, k, 3k), (2k, 3k, k), (3k, k, 2k), (3k, 2k, k) k> 1

Bai 10. Cho cdc sb nguyén duong x,y,z sao cho <+ % = 1. Gid st x, y,z nguyén tb

cting nhau (tic (x,y,2) = 1), chitng minh rdng x + y la mét s chinh phuong.
Chitng minh. Viét lai phuong trinh thanh x + y = 2. patd=(x,y),vax=da,y =
db,tacé (d,z)=1 (do (x,y,z)=1) va (a,b) = 1. Thém nita

a+b=@
Z

Ta c6 dab:z, va (d,z) =1, nén ab:z. Do (a,b) = 1, ta sé chitng minh z ¢ thé tach

thanh z =rssaochoa:r va b:s.

*Pat r = (a,z) vas = (b, 2).
* Theo dinh nghia a:r,b:s. Nhung (a,b) =1, nén (r,s) = 1.
* Tuong tu z:r,s. Két hop v6i diéu chting minh 6 trén, ta cé z: rs.

 Mit khac, dit a = kr, b = Is va z = q(rs), ta c6 klrs:qrs, nén kl:q. Ta ciing cé
(a,z) =r, nén (k,gs) = 1.

Nhu véy kl:q va (k,q) = 1. Chiing minh tuong tu, ta c6 (I,q) = 1. Tt d6
g=1,vaz=rs.
Tém tit lai, tacé a=kr,b=Ils vaz =rs.

*Thé vio a+ b = d%b, ta co
kr +1s =dkl

DE Y (a,b) =1 nén (k,Is) = 1. Mit khac, Is = dkl—kr : k, cho nén k = 1. Chitng minh
tuong tu,tacé [ =1, nénab=rs=z,via+b=49L =d Tt dé x+y =d(a+b) = d?

b —
la moét so chinh phuong. O
Bai 11. Gidi phuong trinh nghiém nguyén sau (theo cdc bién x, y,n,m) vdi m,n > 0.
le + yn — 2m

Chitng minh. bitd = (x,y) > 0va x = du,y = dv, ta c6 u,v nguyén tb cing nhau
vad"(u"+v")=2" Nhuvay d =2° (0 <e < 7). Ddt k = 2™, ta xét phuong trinh
sau (v6i u, v nguyén td cting nhau).

u" + vt =2k
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a) Néu n chén:
(a) Néu n = 0: phuong trinh gbc trd thanh 2™ = 2, nén m = 1. Ta nhé4n
b6 nghiém (x, y,0,1) v6i moi x, y # 0.
(b) Néun > 2:
i. Néu k = 0: ta c6 u" +v" = 1. Nhung n chin, nén phuong trinh
chi ¢6 4 nghiém (0, £1) va (+1,0). Ta nhin bd

(X, y,m, Tl) = (:}:261 O: ne, Tl), (0) :I:ze, ne, Tl) (Tl Chgln)

ii. Néu k > 1: ta ¢6 u" + v" chén. Két hop véi u, v nguyén tb cliing
nhau, ta dudc u, v cling 1é. Xét modulo 4, ta c6 28 = u® +v" =
1+ 1 = 2 (mod 4). N6i cach khac k = 1 va u" + v* = 2, hay
u,v ==%1. Ta nhan bo

(x,y,m,n) = (£2°+2¢, ne+1,n) (nchan)

b) Néunlé: tacd 28 = (u+v)W ' —u"2v+---+v*1), nénu+v = 2° véi
s=0.
(@) Néun=1:tacéu+v=2% nén ta nhin cic bd sau

(x,y,m,n) =(u,2™—u,m,1) (unguyén bat ky)

(b) Néun > 3:
i. Neu k = 0: ta c6 u" +v* = 1. Nhung u" +v" = (u+ v)([u" ! —
Uy 4+ —uv™ 2+ v" ), chonén u+v = £1.
*V6i v = 1 —u, ta xét phuong trinh sau

u"—(u—1)"=

Ta ¢6 u =0, 1 la nghiém, cho nén ta nhan cac bo sau

(Xi.y’ m’ n) = (26’0) ne’ n)) (O’ 267 ne’ n) (n lé)

Néu u > 2, ta chting minh
u"—(u—1)">1

v6i moi n > 2 bang quy nap. Khi n = 2, ta cout—(u—1)2=
2u—1 > 3> 1. Gia st bat dang thitc ding véi n, ta chitng minh
n6 dung véi n+ 1
un+1 _ (u _ 1)n+1 =u"+ (u _ 1)un _ (u _ 1)n+1
=u"+(u—D[u"—(u—-1)"]
>2n4(2—1)-1>1

Néu u < —1, ta cling chting minh u"—(u—1)" = (1—u)"—(—u)" >
1 v6i moi n > 2 bang quy nap. Khin =2, ta ¢ (1—u)"—(—u)" =
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—2u+1 > 1. Gia st bit dang thitc dling véi n, ta chiing minh né
ding véin+1
(1—w)"! — (=)™ = (1 +w)*"t —wt! (ditw=—-u>1)
=ww+1)"+(w+1)"—w!
=w+1)"+wl(w+1)"—w"]
>2"+1-1>1

*V6i v = —1 —u, ta xét phuong trinh sau
u"—(u+1)"'=lesWw+1)'—u"=-1

Dung nhiing b4t ding thitc ta di chiing minh & trén, céng véi
trudng hop u = 0,1 khoéng thda, ta két ludn trusng hop nay vo
nghiém.

ii. Néu k> 1: ta cé u™ +v" chn, va u, v nguyén t6 cung nhau, nén
u,v cung lé. Nhu viy

"l —u" Py 4=y 1=1414---+1=n=1 (mod 2)
—

nsol

Két hop véi (u+v)W" ' —u"2v +--- +v* 1) = 2% ta phdi c6

u+v=2k (k>1)
"t —u" 2y 4yt =1

DE y u" +v" = 2K = u + v, ta sé chitng minh
* (W"—v")(u—v) =0 véi moi u,v va n 1é bang quy nap 1én
n. Trudng hopn = 1 chinh 1a (u—v)? > 0, con n = 3 1a
w®—v)(u—v) = (u—v)*w?+uv+v?) > 0. Gia stt n6 ding
v6i n — 2 va n, ta ching minh n6 cling dang vé6i n + 2
(un+2 _ vn+2)(u _ V) — (un+2 _ uzvn 4 uzvn _ unv2 4 unvz _ vn+2)(u _ V)
=12(W"—v)(u—v) + 2V (W2 —v")(u—v)

+v2 (W = v)(u—v)=>0

o 2™ +v") > (W +vH)(W2 +v"2) véi moi u,v van > 3 18.
That vay, bat dang thic tuong duong vGi

UV =iV v > 0 (W= v ) (u—v) =0

Pting theo bat ding thitc ta da chiing minh & trén.
4 \ \ . 7 7 2 2 _
Ap dung vao bai toan, ta cO u+v = u" +v" > - (W +

2 (n—1)/2
yi2) > (u2;v2) Uy > (uzzﬁ) (u+v). Nhung
u+v:2k221 >1, nén

(uz—l-v2
2

(n—1)/2
) <leuw?+v2<2
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Xét cac gia tri u,v = 0,%1 thdéa méin diéu kién trén, ta dugc
cac cap (u,v) =(0,0),(£1,0),(0,£1),(£1,+1). Thtvaou+v =
ut+ vt =2k (v6i 2k >2'=2), tachicé dingu=v=1vak=1
thda. Ta nhéin cac bo

(x,y,m,n)=(2%2%ne+1,n) (n=>31¢)

T6ng hop cac trudng hop lai, ta két ludn cac nghiém (x, y, m, n) nhu sau
a) (2% 0,ne,n), (0,2¢ ne,n), va (2%,2°,ne+1,n) (e,n > 0).
b) (—2¢,0,ne,n), (0,—2°, ne,n), va (£2°,+2°, ne +1,n) (e,n > 0, n chin).
o (u,2"—u,m,1) WeZ,m=>0)

Bai 12. Tim tdt cd cdc sb nguyén duong x, y,z sao cho
16xyz = d(x + y +2)?
vdi d la udc chung cia x,y,z

Chitng minh. Bat x = da,y = db,z = dc, ta c6 (a,b,c) = 1. Phuong trinh tuong
duong véi 16abc = (a + b +¢)*.

2k+1 2k+2

13 mét ubc clia a, p nguyén td. Ta sé chiing minh p2*2 ciing 14 wéc cha a.

2241y ta ¢

*Goi p
a) Neup=2:data =

2245y be = (2% u + b+ ¢)?
Néu b chén thi ¢ cling phai chn (va ngudc lai), nhung diéu nay mau
thuln véi a, b, ¢ nguyén tb cting nhau. Nhu vay b, ¢ phai 18. D& y vé tréi 1a
boi ctia 22> (mil 18), nén Q2:2%*5 (Q = 2%*1u + b + ¢). Noéi cach khac,

Q:2%*3 hay Q = 2**°R. Tit d6

22k+5ubc — QZ — 22k+6R2

nén 2%*+5ybc: 22k Nhung b, c 18, nén ta c6 u: 2. Nhu vay a = 2%+1y : 22k+2,
b) Néu p > 2: 1ap luén tuong tu nhu trén, ta dit Q = a+ b +c va a = p?*u.
Phuong trinh tuong duong véi

Q2 — 16p2k+1ubc Ep2k+1
hay Q:p**2. Ta c6 16p**ubc = Q?: p?*2. Nhung p > 2, nén ubc: p.

Gia stt, khong mét tinh téng quat b:p. Khi d6 (a + b + ¢)*> = 16abc:p,

nén a+ b +c:p. Nhung a:p, nén c:p. Ta ¢ diéu v6 Iy do a, b, c nguyén

2k+1u: 2k+2.

t6 cting nhau. Nhu vAy u:p, nén a = p p
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Nhu vay néu a = p{'ps? -+ - p®» 1a phan tich thita s6 nguyén t6, cac s6 mfl a; phai chdn

(néu a; 1é thi pf‘iﬂ ciing 14 uéc clia a, vo 1y). Clng véi a > 0, ta két lun a 14 sb chinh

phuong. Chiing minh tuong tu, b, c cling chinh phuong.
“Dit tiép a = u?, b = v, ¢ =w? (u,v,w > 0) , ta c6 phuong trinh
16u*v2w? = (u® + v + w?)? @ 1 +v? +w? = 4uvw
Do a, b, ¢ nguyén tb ctung nhau, u, v, w ciing phai nguyén tb cling nhau. Mt khéc, xét
modulo 4 cho cd 2 vé, ta céd u? +v2+w? =0,1,2,3 (mod 4), v6i > +v2+w?> =0

(mod 4) khi va chi khi u?, v2, w? =0 (mod 4). Nhu vay u, v, w déu chin, vo ly.

Ta két luin phuong trinh v6 nghiém. O
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Phuong trinh nghiém nguyén dang
luy thura

Nguyén Thai Hung
(SV bai hoc Su Pham TP H6 Chi Minh)

1. Mot s6 chu y khi gidi phuong trinh dang lity thita

Phén tich. P¢ gidi phuong trinh nghiém nguyén dang liy thita ta chi y mot sb phuong
phdp thuong sit dung

e Sit dung déng du dé xét tinh chdn 1é, hay modun ctia nghiém.

e Phdn tich thanh thita sb.

* Ddnh gid bdt ddng thitc.

Do stt dung nhiéu déng du, do d6 ta chil y mot sb tinh chit vé déng du sau

Tinh chit 1. Cho a la mét sb nguyén tity y. Khi d6
a) a*=0,1 (mod 3);

2
b) a>=0,1 (mod 4);
c) a>=0,1,4 (mod 8);
d) a>=0,1,4 (mod 5);
e) a>=-1,0,1 (mod 7);
f) a®*=-1,0,1 (mod 9).

Tinh chit 2. Cho p la mét s6 nguyén t6 va a, b, c, n la cdc sb nguyén duong. Ta cé

a) a'ip&satp;

||*U*ts

b) Néuabzp”thi véi k €N théa 0 < k < n;

a
b=p*
¢) Nbuab=c"va(a,b)=1thia=s"vab=r"véis,r €N.

37
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2. Bai tap co 16i giai

Vi du 6.1. Tim cdc s6 nguyén x,y théa man x> + 1 = 4y>

Loi gidi. Gia st ton tai cac s6 nguyén x, y théa man x> +1=4y% Taco
x}*=4y*—1=(02y—1)(2y +1). (6.1)

d|2y—1

d|2y+1

Dodéd |2, suyrad =1 (vid 18). Nhu viy 2y — 1 va 2y + 1 nguyén tb cling nhau.
Két hop v6i (6.1) tasuyra2y —1=a®va 2y +1=b>vbia,b € Z.

Dan dén b®—a® =2 hay (b—a)(b®*+ba+a?)=2. Tudétadugc b=1va a = —1,
suy ra y = 0 va khi d6 x = —1. Tht lai thoa.

Vay (x,y) =(=1,0). O

bitd =2y —1,2y + 1), tacédlévé{

Vi du 6.2. Gidi phuong trinh nghiém nguyén x° + 2023x = 5” + 2.

Loi gidi. Gia st ton tai cac sb nguyén x, y théa méan x° + 2023x =57 + 2.

Vi 5Y +21é nén x 1&, do dé x° 4+ 2023x = x(x* +2023) : 4 (vi x 1 nén x =1 (mod
4).

Tuy nhién x> +2023x =5 +2=1” +2 =3 (mod 4) (Vo li).

VAy khong ton tai cac s6 nguyén x, y thda man x° + 2023x = 57 + 2. ]

Vi du 6.3. Tim cdc s6 nguyén x va y sao cho 3* — y® = 1.

Loi gidi. Gia st ton tai cac s6 nguyén x va y sao cho 3* — y® = 1. Nhan xét x > 0.

+1=3¢
acod3 =y —1=(y+1)(y"—y+1),suyra _ teN, t <x).
Tacd3*=y>—1=(y+1)(y? 1) y2 , (teN )
yi—y+1=3*
Khidé y =3"—1va
(3 =12 —(3'—1)+1=3"" ¢ 32t —3t*1 4 3 =3¢, (6.2)

e Néut =0, tit (6.2) ta dugc 1 = 3* hay x =0. Ngodira y =3°—1=2.
Thit lai ta nhdn x =0va y = 2.

e Néut>1,gidstx—t>2 khidé3*":9. T (6.2) tacdé3* : 9va3+l:9g

(dot>1),titdésuyra3 : 9 (Voli).
Do d6 x —t € {0, 1}.
) . =0
- Néux—tzOthlyz—y+1=1(:)y(y—1)=0(:)[ §:1 .
V6i y =0 ta tim dudc x =0vavéi y =1 taco 3* =2 (Vo li).
-Néeux—t=1thiy’?—y+1=3y>’—y—-2=0=>y=2.
Khi d63*=2%34+1=9, dan dén x = 2.
Vay (x,y) = (0,0) hodc (x,y) =(2,1).
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Vi du 6.4. Tim cdc s6 nguyén duong x va y sao cho

O —7*=27,

Loi gidi. Gid st ton tai cac sb nguyén duong x, y sao cho 9% — 7% =27,
Néu x 18 thi
9¥ — 7% = 1¥ —(=1)* = 2 (mod 8).
Do d6 2 =2 (mod 8),suyray =1.Khido 9*—7*=2=x =1.
Néu x chin, dit x = 2k (k € N*), ta dugc

2Y = 9%k 7%k — (9k — 7k)(9k 4. 7k),

9k 7k 2t
ok 4 7k = ¥t
VéitEN*Vét<y

e Néuk1é khid62:=9x—7*=2 (mod 8),doddét=2vak=1.
Dindén x =2va 2’ =81—49=32= y =5.
e Néu k chin, ta cb

Suy ra

9k + 7 = 1% + (—1)* = 2 (mod 8).

Do d6 2" =2 (mod 8),suyray —t = 1. NhIIVay9k+7k 2 (Vo 1i).
VEAIY(X;J’)—(LU hoac (X,)/)—(Z,S) D

Vi du 6.5. Tim tdt cd cdc sb nguyén tb p sao cho ludn ton tai cdc s6 nguyén duong
n,x,y théa man

pn:xB_'_yS.

Loi gidi. Patx =p'x; vay =p°y, (x;, ¥, t ENva xy,y, £ p).
Ta co

p"=p*x}+p*yl>p* =>n>3t.

Khong mét tinh tdng quat, gia st t > s.

Néu t >s thi pm* =p3 x4+ y> i p=y3 1 p (VO 1D).

Vay t =s, do d6 p" > = x} +y; = (; + y1) (X7 — X171 + 7).
* Neux?—x;y;+y;=1thix; =y, =1

=2 =2
Khi d6 p" =2 = {? =P
n—3t=1 n=3t+1

Lic nay ta duge x = y = 2°. Thit lai thoa.
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 Néux?—x,y; +y2> 1, ta dugc

n—3t—k

{x1+y1=p"
X;—=x1y1+y;=p
véik>1,n—3t—k>1.

Do d6 (0, + 1) — (x> —x1y1 +y2)=3x,y; : p=>3 i p=>p=3.

Ngoai ra, néu n—3t —k > 2 thi x> —x;y;, + ¥2 = (x; + y1)* — 3x,y; : 3%, ma

(x;+y,)%:3%nén 3x,y; : 3°=>x,y; : 3 (VO D).
VAy n —3t —k = 1 hay x? — x;y; + y> = 3. Khong mét tinh tng quat, gid st
X; = y; thitadugc x; =2vay, =1.
Tu day tadudcn—3t =2 n=3t+2vax=2-3"vay =3"
Th lai thoa.
VAy p = 2 va p = 3 1a céc sb nguyén tb can tim. O

Vi du 6.6. Tim nghiém tu nhién cua phuong trinh

(2% + 1)(2° +2)(2° + 3)(2* + 4)— 57 = 11879.

Loi gidi. Gia st ton tai cac sb tu nhién x, y thda mén
(25 +1)(2° +2)(2* +3)(2° + 4)— 57 = 11879.
Ta co

*+12*+2)(2°+3)(2"+4)=(4"+5-2"+4)(4°+5-2* +6)
=4 +5-2"+5)*—1.
Do db (4 +5-2¥+5)2—1—5" =11879 < (4 +5-2* +5)? —5Y = 11880.
Néuy>1thitasuyra4*+5-2°+5:5=4" : 5 (Vi)
Do dé y =0, khi do
(4 +5-2*+5)=11881=4"+5-2*+5=109 < 4*+5-2°— 104 =0.

Suyra2*=8= x=3.
Vay x =3 vay =0. O

Vi du 6.7. Cho M = a® + 3a + 1 véi a la s6 nguyén duong.
a) Chiing minh rang moi udc ctia M déu la so le.
b) Tim cdc gid tri ctia a dé€ M la lily thita ctia 5.

Li gidi.
a) Tacoéa’+3a+1=ala+3)+11asb1é Do dé moi udc ctia M déu 1a sb 1é.
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b) Gia st ton tai n € N* théa man a® + 3a + 1 = 5". Khi d6
a’+3a—4=5"-5<(a+4)(a—1)=5(5""1-1).

Néun>1thi5"!1—1>0.

. a+4:5
Talaico (a+4)(a—1) :5vaa+4—(a—1)=>5nén

a—1:5

Dodb (a+4)(a—1):25=>505"1—1):25=>5"1—1:5. (Wl
Viyn=1haya?+3a+1=5=>a=1.
Thit lai thda, vy M 1a liiy thtta cta 5 khi va chi khi a = 1.

Vi du 6.8. Tim sé tu nhién n sao cho 8" + 47 la sb nguyén tb.
Loi gidi. Gia st ton tai n € N sao cho p = 8" + 47 1 s6 nguyén t6. Khi d6 p > 47, ta
xét cac truong hop sau:
* Xét n =2k (k €N), khi do

p"=8"+47=(—1)* +47 =48 =0 (mod 3).

Do dé p : 3 nén p khéng la sb6 nguyén t6 (V6 1i).
e Xétn=4k+1 (ke N*), khi do

p=(8H)%-84+47=8+47=55=0 (mod 5).

Do dé p : 5 nén p khéng 14 sb6 nguyén t6 (V6 1i).
* Néun =4k+ 3 (k e N*), khi do6

p=(8%)-8%+47=8%+47=559=0 (mod 13).

Do d6 p : 13 nén p khong 13 s6 nguyén t6 (V6 1i).
Vay khong ton tai s6 tu nhién n d€ 8" + 47 1a s6 nguyén to. O

Vi du 6.9. Cho phuong trinh 2° + 57 = k2 (x, y, k la cdc sb nguyén duong).
a) Chitng minh rang phuong trinh trén vé nghiém khi y chdn.
b) Tim k dé phuong trinh cé nghiém.

(Pé thi tuyén sinh vao 16p 10 chuyén todn PTNK 2022)

Loi gidi.
a) Gid st ton tai y € N* chin d€ phuong trinh trén ¢ nghiém.
e V6ix=1thi2+5" =k*>=2 (mod 5).
biéu nay vo Iy vi k> =0, 1,4 (mod 5) v6i moi k € N.
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* V6i x > 1, do y chin nén ta dit y = 2m (m € N).
Khi do

_cm_ ot
2"+52’”=k2<:>2x=(k—5’")(k+5m):>{ ’;Jrgm_;x . (t=0).

Vik+5™">k—5"nénx—t>t,suyrak=2142¥t"1,
’ V4 1
Tathéynéut:0thik=§+2"_1¢N. Dodd ¢t >1.

Mitkhacklévat—1<x—t—1nén2'=1=t=1.
Khi d6 k —5™ = 2 & k = 2+ 5™, Thay vao 2* + 52" = k2, ta dugc

2 4+52M = (245" & 2¥=4+2.5™.

Vix>1nén2*:4, suyra2-5":4 (Vo).
Vay phuong trinh vé nghiém khi y chén.
b) Gia st phuong trinh ¢ nghiém, khi d6 y 1é.
e Neux=4z+1 (z €N) thi

k*=2¥4+5"=2%.2+5" =2 (mod 5).

Diéu nay vo Iy vi k> =0, 1,4 (mod 5) v6i moi k € N.
o Neux—4z+3(z€N)th1

k?=2%.2345"=8=23 (mod 5) (Vo).

Vay x chin, dat x =2t (t € N¥).
Ta co

k—2'=5°

k4ot =g SEN).

2X+5‘«V=k2<:>5y:(k—zf)(k+2f):>{

Néus>0thi 57 —5 : 5nén 2 : 5 (vd ly). Do d6s =0.

—_ t
Khidé{ k=1+2

k =5y _ot .Suyral+2{=5"—2=5 —1=2"1

Néu t > 1 thi 2¢*' | 8. Dit y = 21 + 1, khi d6
201 =5Y _1=25'.5—-1=5—-1=4 (mod 8) (v Iy).

Vay t =1, suyra k =3.V6i k =3, tatim dugc x =2va y =1.
Vay phuong trinh ¢6 nghiém khi va chi khi k = 3.

Vi du 6.10. Cho k la s6 nguyén duong va a = 3k? + 3k + 1.
a) Chitng minh rang 2a va a> la téyng ctia ba sb chinh phuong.
b) Chitng minh rdng néu a la uéc cia sb nguyen b va b bang to’ng ctia ba s6
chinh phu’o’ng thl bt ki lily thita véi s6 mil nguyén duong ndo ctia b ciing
la téng ciia ba sb chinh phuong.
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Loi gidi.
a) Tacod

2a = 6k* + 6k + 2 = k* + (k* + 2k + 1) + (4k* + 4k + 1)
=k*+(k+1)*+(2k +1)%

a® = (3k2 + 3k —1+2)" = 9k* + 18Kk> + 15k* + 6k + 1
= (4k* 4+ 12k> + 13k% 4+ 6k + 1) + (4k* + 4k3 + k?) + (k* + 2k + k?)
= (2k? + 3k +1)? + (2k® + k)? + (k* + k)2.

b) Pita®* =d} +a; +aj; Véi a,,a,,a; € Z.
bat b = ca véi ¢ la s6 nguyén duong, do b bang tdng clia ba sé chinh
phuong nén b = b? + b2 + b2 v6i by, b,, by 1a cac s6 nguyén.

Xét sb nguyen du0ng n bat k1 khi do
e Néun =2k (kez") thi

b _ C2ka2k — (Ckak—l)zaz
=(c*a" M (® +a+a?)

—(Ck k— 1a )2+(Ck k— 1a2)2+(ck k— 1a3)2-
e Neun=2k+1 (k€ Z) thi
b" = (b*)*- b = (b*)*(b? + b2 + b2) = (b*b;)* + (b*b,)* + (b*b3)>.

Hoan tAt chting minh.

3. Cac bai tap ren luyén
Bai 1. Tim nghiém nguyén duong ctia phuong trinh
x*+x*+x+1=2011".
Bai 2. Tim tdp nghiém nguyén duong ctia phuong trinh
8%+ 157 =17°.
Bai 3. Tim cdc s6 nguyén duong x,y,z > 1 théa man
(x+1) —x*=1.
Bai 4. Tim nghiém tu nhién cua phuong trinh 5 — 3 = 2.
Bai 5. Tim nghiém nguyén duong cua phuong trinh

2°.3Y +5°=7"
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Bai 6. Cho cdc sb nguyén duong m,n > 2. Tim nghiém nguyén duong ctia phuong trinh
x"+y"=3"

Bai 7. Cho p la mét sb nguyén tb va a,n la cdc s6 nguyén duong. Chitng minh rdng néu
2P +3P =qa" thin=1.

Bai 8. Chitng minh rdng tich ctia ba s6 nguyén lién tiép khong thé la lily thita véi sb mil
6n hon 1 cua mét so nguyén.

Bai 9. Cho phuong trinh 3x* — y? = 23" vdi n la sb tu nhién.
a) Chitng minh néu n chdn thi phuong trinh dd cho khéng cé nghiém nguyén
(x,¥). )
b) Chitng minh néu n lé thi phuong trinh da cho co nghiém nguyén (x, y).

Bai 10.
@) Cho m la sb nguyén. Chitng minh rdng néu tén tai cdc sb nguyen a,b,c khac
0 sao choa+b+c=0vaab+ bc+ca+4m =0 thi cung ton tai cdc sb
nguyén a’,b’,c’ sao choa’+b'+c’'=0vaa’b’+b'c’+a’'c’"+ m=0.
b) Véi k la sb nguyén duong, chitng minh rdng khong ton tai cdc s6 nguyén
a,b,c khdc 0 sao cho a4+ b+c=0vaab+ bc+ca+2¢=0.

(Pé thi tuyén sinh 6p 10 chuyén Todn PTNK 2015)
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Bai tap hinh hoc on thi vao 10
chuyén toan

Vo Hoang Thanh
(Sinh vién truong Dai hoc Su pham thanh pho H6 Chi Minh)

1. Mot s6 vi du

Vi du 7.1. Cho tit gidc ABCD. Gid sit E, F lan lugt la giao diém ctia cdc cdp canh AD
va BC, AB va CD. Goi M,N, P lan lugt la trung diém ctia AC,BD, EF. Chitng minh
rang M,N, P thang hang. .

Loi gidi.
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Ta co

SFMN = SFBC _SFBN _SBNC _SCMN _SFMC

1 1 1 1
= Sppc — ESFBD - ESBCD - ESCNA - ESFAC

1
= Sppc — E(SFBD +Sgcp +Scnat+ Srac)
= Sppc — E(SFBC + Sapc — Sapny — Spnc + Skac)

1
= Sppc — E(SFBC + Sppc — Sapn _SBNC)

1 1

1 > .
Chiing minh tuong tu, ta dudc Sgy,y = ZSABCD = Spyn- Tu day suy ra khoang cach
tit E,F dén dudng thing MN bing nhau, nén MN di qua trung diém cta EF, hay
M, N, P thang hang. O

Phén tich. Két ludn cubi cung cdn thém diéu kién E, F khdc phia dbi véi duong thdng
MN. C6 nhiéu cdch chitng minh dinh ly nay nhu sit dung dinh ly Menelaus. O ddy trinh
bay mét cdch stt dung dién tich tam gidc. Pdy la mét huéng gidi cé nhiéu iing dung trong
cde bai todn so sdnh cdc s6 do (dé dai, dién tich, ...), vi du trong loi gidi trén la so sdnh
khodng cdch ctia hai diém dén mét dudng thdng.

Vi du 7.2. (HSG cdp Tinh Qudng Ngdi 2023) Cho dudng tron tdm O dudng kinh
AB = 2R. Piém M di dong trén doan OA (M khdc A), vé dudng tron tdm K dudng
kinh MB. Goi I la trung diém ciia doan MA, dudng thdng di qua I vudng gdc véi AB
cdt duong tron (0) tai C va D. Pudng thdng CB cdt dudng tron (K) tia P.

a) Chitng minh rang ba diém P, M, D thdng hang.

b) Chitng minh rang PI la tiép tuyén ctia dudng tron (K).

¢) Tim vi tri cia M trén doan OA dé dién tich tam gidc IPK [6n nhdt.

Loi gidi.
a) Ta c6 AM cét CD tai trung diém ctia mbi doan thang va AM L CD nén
ACMD la hinh thoi. Suy ra AC || DM, ma AC L CB nén DM 1 BC. Ta
cling c6 MP L PC, tlt day ta thu dudc D, M, P thang hang.
b) Tacdé APCD «~ APMB va I,K lan lugt 14 trung di€m cta CD, MB nén suy
ra dusc APID «~ APKC, do d6 ZIPD = /KPB. Bién d&i gbc

/IPK = ZIPD + 4DPK = ZKPB+ Z/MPK = ZMPB = 90°.
Vay IP 1a tiép tuyén ctia dudng tron (K).

¢) Goi E 13 hinh chiéu vudng géc ctia P 1én AB. Do AC || PM va CI || PE, ta

Cco
PE _PB _ MB

CI CB AB’
bat Al = MI = x (0 < x < R). Ta tinh dudc BI = 2R — x,MB = 2R —
2x,IK =RvaCI = +IA-IB = +/x(2R—x). Suy ra
o CI-MB (2R—2x)y/x(2R—x) (R—x)v/R2—(R—x)?
~ AB 2R B R ’
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do do6

(R—x)+/R2—(R—x)?

S —1IK PE—lR
IPK = 5 ~5

_ (R—x)v/R2—(R—x)? - R—x)*+R*—(R—x)* R’

bang thitc xay ra khi R—x)?* =R*—(R—x)* & vV2(R—x)=R & x =
R(2—V2)

2
Vay khi M nam trén doan thang AB sao cho AM = R(2 — +/2) thi dién tich
tam giac IPK 16n nhat.

]

Phan tich. Pdy la mét bai todn khong qud khé. Mot y tudng khd hitu dung dé gidi quyet
bai todn cuc tri hinh hoc chmh la dat mot dai lugng thay ddi la x, sau d6 dua vé mét
bai thudn bdt ddng thitc dai sb. Liic nay ta sé dé sit dung linh hoat cdc két qud nhu bdt
ddng thitc AM-GM, BCS, ... hon

Vi du 7.3. Cho tam gidc ABC c6 ba goc nhon (AB < AC). Ve duong tron tdm K duong
kinh BC, cdt canh AB va AC lan lugt tai diém F va E. Goi H la giao diém ctia BE va
CF.
a) Chiing minh: AF - AB = AE - AC.
b) Tit Avé cdc tibp tuyén AM va AN véi duong tron (K) (véi M, N la hai tiép
diém; N thuéc cung EC). Chitng minh: ba diém M,H,N thdng hang.

Loi gidi.
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a)

b)

Phan tich.
a)

Do ti gidc BFEC ndi tiép nén Z/FBE = /FCE, kéo theo AABE «~ AACF.

Suy ra

AB AE
— =— = AB-AF =AC-AE.
AC ~ AF

Goi H 1a giao diém ctia BE va CF. AK cat MN tai D.
Ta c6 AD -AK = AN? = AE - AC = /AF - AB nén cdc t gidc BFDK,CEDK
ndi tiép. Bién d6i goc

/FDE = /FDA+ /EDA = /ABK + /ACK

=90°— /FCB +90° — ZEBC
= 180° — (/HBC + /HCB) = /BHC = /FHE.

Suy ra tt gidc FHDE nbi tiép. Tuong tu ta ciing cé tit gidc BHDC ndi tiép.
Khi d6

/FDH = /FEH = /FEB = /FCB = /HCB = /HDB

nén DH 1 phén giac trong ctia ZFDB. Mit khéc, tit gidc FDKB ndi tiép co
FK = KB nén KD la phén giac ngoai cia ZFDB. Ma DA 1. DM nén DM
13 phén gi4c trong clia ZFDB. VAy nén D,H,M thang hang, hay M,N,H
thang hang.

OJ

Ta c6 thé chitng minh KE,KF la cdc tiép tuyén cia dudng tron dudng kinh
AH va KD - KA = KM? = KE? nén D nam trén duong tron dudng kinh AH,
suy ra HD L KA. Tit ddy thu dugc M,H,N cing nam trén dudng thdng qua
D va vuéng goc véi AK.
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b) Loi gidi trén khéng cdn K ndm trén BC, titc la 101 gidi vdn diing khi gid thiét
chi ¢6 tir gidc BFEC nbi tiep dudng tron tim K.

Vi du 7.4. Cho dudng tron (O) va ddy cung AB. Mot dudng tron (0') tiép xiic trong
véi O tai M va tiép xtic véi AB tai N. Goi E la giao diém thit hai ciia MN va dudng
tron (0). Tiép tuyén EI cia (0') (I la tibp diém) cdt lai (O) tai diém thit hai la C.
Chitng minh rang I la tdm dudng tron néi tiép cia tam gidc ABC.

Loi gidi.

E

Ké tiép tuyén chung Mx clia hai dudng tron nhu hinh vé. Goi D, F 1an ludt 13 giao
diém tht hai ciia MA, MB va dudng tron (0). Ta c6: ZADF = /xMC = /MAB nén
DF || AB.

Ta chitng minh dudc AN? = AD - AM va BN? = BF - BM. Tit day suy ra

AN* AD-AM AD AM _AM AM_AMZ:AN_AM
BN2 BF-BM BF BM BM BM BM? BN BM’

nén suy ra MN 13 phan gidc ZAMB, do d6 E 1a trung diém cung AB. Ta suy ra dudc
CI la phan giac ZACB. o
Tam giac EAI can tai E nén ZEAI = ZEIA. Bién doi goc
0° = LEAI — ZEIA
= /EAB + ZIAB — (LIAC + ZACI)
= (LIAB — ZIAC) + (LEAB — ZACI) = ZIAB — ZIAC.

Suy ra ZIAB = /IAC, hay Al 14 phan gidc ZCAB. Viy I 13 tAm dudng tron ndi tiép
tam giac ABC. O

Phén tich. Két qud trén gitdp dé dung tdm dudng tron ndi tiép trong mét tam gide. Ngodi
ra no cting la mot goi y cho bai todn dung hinh:
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"Cho trudc mét dudng tron va mot doan thdng tiép xic véi dudng tron d6. Dung dudng

tron di qua hai ddu muit ctia doan thdng va tiép xiic véi duong tron dd cho."

Vi du 7.5. Cho ti gidc ABCD ni tiép dudng tron va ngoai tiép mot duong tron véi
M, N, P,Qldn lugt la cdc tiép diém ciia dudng tron ndi tiép va cdc canh AD, BC,AB, CD.

Chitng minh rang MN L PQ.
cdch dung tit gidc vita ndi tiép, vita ngoai tiép

Loi gidi.

A R 7
Bien doi goc

/MPQ+ /PMN = /MQD + /BPN = 90° — MPQ | 9o _ £PBN
/MDQ + /PBN
=180° — Q; = 180° — 90° = 90°.

Viy MN 1 PQ.

]

Phén tich. Bdi todn trén la mét hudng ddn dé dung mét it gidc vita néi tiép, vita nbi

tiép dudng tron.

Vi du 7.6. (HSG cdp Tinh Bén Tre 2023) Cho hai dudng tron (0,) va (0,) tiép xiic
ngodi nhau tai diém T. Hai dudng tron nay ndm trong dudng (Os) va tiép xilc vdi
(0y) ldn luot tai diém M (M € (0,)) va diém N (N € (0,)). Tiép tuyén chung tai T
ctia (0,) va (0,) cdt (0,) tai diém P (P va Oy nam ciing phia ctia dudng thang MN).
Puong thang PM cdt (0,) tai A (A # M), dudng thang PN cdt (O,) tai D (D # N)
va dudng thdng MN cdt (0,) va (0,) lan lugt tai B (B # M) va C (C # N). Goi E la

giao diém ctia AB va CD.
a) Tit gidc AEDP la hinh gi? Gidi thich.
b) Chitng minh rang: ZEBC = ZEDA.
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Loi gidi.

a) Tu ching minh bai 4, ta c6 AB || PN va DC || PM nén AEDP la hinh binh
hanh.

b) Tiép tuyén chung cta (0,) va (O,) tai M cit dudng thing PT tai K thi
KM = KT. Vé tip tuyén tht hai KN’ véi dudng tron (0,), suy ra KN’ =
KM = KT nén KN’ ciing 1 tiép tuyén cta dudng tron (0,). Tut day thu
dudc N'=N.

Goi F 1 trung diém ctia doan thing MN. Khi d6 /ZKPM = ZFPN. (1)
Ta c6: PA-PM = PT? = PD - PN nén APAD «~ APNM. B&i nén néu goi Q
13 trung diém AD thi APAQ «~ PNF, suy ra ZAPQ = /FPN. 2)
Tit (1) va (2) ta thu dudse ZKPM = ZAPQ, suy ra P,Q, K thing hang, hay
5 diém P,Q, T,E,K clung nidm trén mot du’bng thang. Tt d6 EA- EB =
ET?=EC -ED, suy ra ZEBC = ZEDA. Hoan tit chting minh.

U

Phén tich. Trong loi gidi trén 6 st dung mot két qud chua chitng minh: ZKPM =
ZFPN. Tinh chdt nay dugc phdt biéu ddy di nhu sau:

Cho tam gidc PMN khong vuoéng co F la trung diém ctia MN. Hai tiép tuyén tai M,N
cua dudng tron ngoal tlep tam glac PMN cdt nhau tai K. Khi d6 /ZKPM = /FPN.

Ddy la mot két qud dep va ¢ nhiéu ting dung, phdn chitng minh két qud nay xin nhudng
lai cho ban doc.

Vi du 7.7. Cho tam gidc ABC. Goi I,0,G lan luot la tdm dudng tron ndi tiép, tam
dudng tron ngodai tiep va trong tdm cua tam gidc ABC. Chitng minh rang ZAIO = 90°
khi va chi khi IG || BC.

Loi gidi.
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AI 14n lugt cit BC va dudng tron (O) tai D, E (E #A). Ta cb EI = EB = EC, AEDB «
AEBAva ED - EA=EB?. Ta cé

ZAIO = 90° & I 1a trung diém clia AE < EA = 2E] = 2EB
& EB=2ED & AB=2BD <Al =2ID. (%)

Goi M 14 trung diém ctia BC thi AG = 2GM, két hop véi (x), theo dinh 1y Thales thi
(%) tuong duong véi IG || BC. Hoan tat chiing minh. O

Phan tich. Tam gidc théa mdn diéu kién trén cd nhiéu tinh chdt ddc biét, mét trong sb
dé la bai tdp 14 (bén dudi). Ngoai ra, neu goi H la truc tdm cta tam gidc ABC thi cdc
duong tron duong kinh HM va OA sé tiep xuc nhau.

Vi du 7.8. (HSG cép Tinh Qudng Tri 2023) Cho tam gidc nhon ABC (AB < AC) nbi
tiép duong tron (O), AD la dudong cao (D € BC). Goi E,F lan lugt la hinh chibu ctia
D trén AC va AB.
@) Chitng minh tit gidc BCEF ni tiép.
b) Puong tron dudng kinh AD cdt (O) tai diém thit hai la M (M khdc A).
Chitng minh M D la phdn gidc cta goc ZFMC.
¢) Chitng minh dudng thang M D, dudng trung truc ctia BC va dudng trung
truc ciia EF dong quy.

Loi gidi.
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M
0

Ap dung hé thiic lugng trong cac tam glac Vuong ABD,ACD, ta dugc AF -
AB =AD? = AE - AC. Do d6 BCEF 14 tit giac nbi tiép.
Ta c6 ZMBD = 180° — ZMAC = ZMDE va ZMDB = ZMED nén ta thu

dudc AMBD «~ AMDE. Suy ra ZBMD = ZEMD. (D
Lai c6 ZMFB = 180° — ZMFA = 180° — ZMEA = /MEC va /MBF =
/ZMCE nén AMFB ~ AMEC. Suy ra /BMF = ZCME. (2)

Tu (1) va (2) suyra ZFMD = ZCMD, hay M D la tia phan giac caa ZFMC.
Goi T 1a giao diém clia dudng trung truc BC va dudng trung truc EF, N
13 trung diém ctia AD. Ta c6

ZOAC + LAEF =90° — ZABC + ZABC =90°

nén AO L EF. N 1a tim dudng tron ngoai tiép t gidc AFDE nén N nim
trén dudng trung truc cia EF, suyra NT L FE. Do d6 AO || NT. Két hop
vGi AN || OT suy ra ANTO la hinh binh hanh, cho NDOT ciing la hinh
binh hanh, suy ra ON || DT.
Dudng tron ngoai tiép tam gidc AEF va ABC cit nhau tai A, M nén ON L
AM, suyra DT L AM. Ta ciing c6 MD 1 AM, vy nén suy ra M, D, T thing
hang.
Hoan tit ching minh.

O]

Phan tich. Cho trudc tam glac ABC, trén canh AB, AC lan lugt ldy diém E, F bdt ky,
cho cdc dedng tron ngoal tiép cdc tam gidc AEF,ABC cdt nhau lad mdt mé hinh thuong
gap trong cdc dé thi tuyen sinh hay ky thi hoc sinh gioi. Bay la mot mé hinh dep, tao ra
nhiéu tit glac noi tlep neu goi K la giao diém ctia EF va BC thi KMFB,KMEC cung
la cdc tit gide noi tiép (cd lién quan dén diém Mlquel) va cdc tam gidc dong dang, vi du
trén bai trén la tam gidc MFB va MEC. Trong nhiéu bdi todn, cdp tam gidc dong dang
ndy sé gitip ich rdt nhiéu trong bién déi cdc ti s6, vi du bai todn sau:

Cho tam gidc ABC khéng cdn ¢6 (I) la dudng tron ndi tiép. Goi D, E, F lan lugt la hinh
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chiéu ctia I 1én BC, CA,AB. Pudng tron ngoai tiép cdc tam gidc AEF,ABC cdt nhau tai
T. TI cat lai EF tai H. Chitng minh rang DH 1 EF.

Vidu 7.9. ( Tuyen sinh vao 16p 10 chuyén Todn KHTN 2022) Cho tam gidc ABC nhon,
khong can, noi tlep trong du’dng tron (0). Piém P nam trong tam glacABC Goi E,F
lan lugt la hinh chiéu vubng géc cua P trén cdc canh CA,AB. Gid su tir gidc BCEF noi
tiép trong dudng tron (K).
a) Chitng minh rang AP vuéng gdc BC.
b) Chitng minh rang AP = 20K.
¢) Pudng thang qua P vubng géc véi AP cdt dudng tron tai hai diém Q va R.
Chitng minh rang dudng tron tdm A bdn kinh AP tiép xic véi dudng tron
ngoai tiép tam gidc KQR.

Loi gidi.

M

a) AFPE,BFEC la cac tit gi4c ndi tiép, ta dugc
/ABC + /FAP = ZAEP + LFAP = /APF + ZFAP = 90°.

Vay AP 1 BC.
b) Goi I 1a trung diém ctia AP thi I 13 tdm dudng tron ngoai tiép t gidc
AEFP, suyra IK 1 EF. Hon niia,

/AEF + ZOAE = /ABC +90° — ZABC =90°
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nén OA 1 EF. Ta thu dudc AO || IK. Thém nita AP || OK (cung vudng goc

v6i BC), kéo theo AOKI 1a hinh binh hanh, do d6 AP = 2AI = 20K.

Ké dudng kinh AD cta duong tron (O). Vi oK = 1 = bo nén suy ra
AP 2 DA
K,P,D thang hang va K 13 trung diém ctia PD.

Tia KP cit dudng tron (O) tai N va cit dudng tron tdim A ban kinh AP tai
M (M # P). Ta chitng minh dudng tron tAm A ban kinh AP tiép xtc véi
dudng tron ngoai tiép tam gidc KQR tai M.

Do ZANP = ZAND = 90° nén N ciing nam trén dudng tron dudng kinh
AP. Tam gidc APM cén tai Ava AN L MP nén N 1 trung diém ctia MP.
Ta dudc

PD
PQ-PR=PN-PD=2PN-7=PM'PK,

suy ra tit gidc MQKR ndi tiép. Ma PQ || BC,0K L BC nén OK L PQ, do
do KP=KQ nén MP la phan giac ZQMR.

Ve t1ep tuyen Mx clia dudng tron ngoai tiép tam gidc MPQ nhu hinh vé.
Bién déi goc

ZXMP = /xMK = ZMCK

= /MCQ+ /KCQ = /MCQ + /KMC = /MPQ = %AMAP.

Do dé Mx ciing 1a tiép tuyén cua dudng tron tdm A ban k1nh AP. Vay
duong tron tam A ban klnhAP tiép xtic véi dLIOng tron ngoai tiép tam giac
KQR c6 chung tiép tuyén tai M, hay ching tiép xtic nhau tai M.

]

Phan tich. Y cudi ciing la chitng minh hai dudng tron tiép xiic. Ta ¢ thé chitng minh
hai dudng tron dé c6 mét tiep tuyen chung tai giao diém cua chung.

Vi du 7.10. Cho hinh thang ABCD (AB || CD). Ldy M,N trén AB va CD sao cho

DN
— = = Cdc diém P,Q trén MN sao cho ZDPC = /ABC va ZAQB = /BCD.

Chitng minh rdng P,Q,B,C dong viéen.

AM
BM

Loi gidi.
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Theo dinh 1y Thales, ta ¢6 AD, MN,BC ddng quy tai K.
Ap dung dinh Iy Menelaus trong tam giac KDP véi cat tuyen AEQ, ta c6

KA DE PQ _
DA PE KQ
CF PQ . KA KB DE CF
Tuong tu, — - — - — = 1. Ma — = — nén ta thu dudc — = —, suy ra
BC PF KQ DA BC PE PF’

EF || DC.

Theo gia thiét, ZEPF + /EQF = /ABC + /DCB = 180° nen t giac EPFQ noi t1ep
Ta c6 ZDPC = ZABC = 180°—4BCD nén CB la tlep tuyén cta duong tron ngoai t1ep
tam giac DCP. Tt cac ching minh trén, ta dugc

/PQF = /PEF = /PDC = /BCP.
Vay B, P,Q, C cung nam trén mot duong tron. O

Phan tich. Pdy la mét bai todn khéng qud khé vé mdt y tudng nhung khd la khé xit ly
cdc gid thiét dé vé hinh. Ta nén phdn tich gid thiét va xem xét yéu cdu dé bai trudc khi
vé hinh d¢ du dodn mét sb tinh chdt nhdm phuc vu cho viéc vé hinh. Vi du bai nay, CB
tiép xtic véi dudng tron ngoai tiép tam gidc DPC la mot goi y dé ta c6 thé vé hinh.

Vi du 7.11. (Thi thit vao I6p 10 chuyén Pai hoc Su pham Ha N6i 2022 lan 1) Cho
tam gidc ABC khéng cdn, c6 dudng tron ndi tiép (I) (tdm I) tiép xiic véi BC, CA,AB
lan luot tai D, E, F. Goi H, S lan luot la giao diém ctia EF vdi cdc dudng thdng Al va
BC; AD cdt (I) tai diém L (L khdc D).
a) Gid sit AB < AC, chitng minh rang HS la phdn gidc géc ZLHD va IS
vuoéng goc vai LD.
b) Ké duong kinh DK ciia dudong tron (I). Pudng thdng qua K, vuéng géc
vdi DK, cdt AB,AC tai cdc diém M, N tuong ting; AD cdt MN tai diém J.

T/ h > A MJ
mn SO ——.
v NK
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¢) XétB,C cb dinh con A thay ddi (sao cho tam gidc ABC khéng cdn). Goi T

Loi gidi.

S

a)

b)

c)

la giao diém ciia SL va MN. Chitng minh rdng dudng thdng AT ludn di
qua mét diém c6 dinh.

A
\ R

N

Q \

M IN'T K N

- g E

L S
H~
l[ )
F \
) B D G e

Ta c6 AH - Al = AE? = AL - AD nén t gidc LHID ndi tiép. Suy ra
/LHA= /ADI = /LDI = ZILD = ZIHD,

hay ZLHS = ZDHS, do d6 HS la phan giac ZLHD.
Vi ZSHI = ZSDI = 90° nén t giac SHID ndi tiép, suy ra

ZISD = /ZIHD = ZILD = ZIDL.

T day suy ra IS 1 LD.
buong thang qua J vuong goc v6i MN cat Al tai P. Goi Q,R lan lugt la
hinh chiéu vudng gbc ctia P 1én AM,AN. Theo dinh ly Thales, ta c6
PQ AP _PJ
IF Al ID’
két hop v6i ID = IF suy ra PQ = PJ. Viy P 13 tAm dudng tron ndi tiép cla
tam giac AMN. Cht y AQ =AR,MQ = MJ,NJ = NR, ta co
2MJ = MJ+MQ = MN—JN+MA—AQ = MN+MA—(AR+NJ) = MN+MA—AN,
2KN = KN+NE = NM—MK+AE—AN = MN—AN—(MF—AF) = MN—AN+AM.

MJ
Vay MJ = KN, hay — = 1.
NK

Do IS 1 LD nén IS 1a dudng trung truc cta LD. S 1a giao diém clia phan
gidc ZLHD va dudng trung truc cua LD nén L,H,D,S dong vién, hay
L,H,D,S,I dong vién, suy ra ZSLI = 90°. VAy SI la tiép tuyén cua (I).
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Kéo theo TL = TK, ma tam giac JLK vuong tai L nén TK = TL = TJ. Vay
T 13 trung diém ctia MN.
Theo b8 dé hinh thang, AT di qua trung diém G ctia BC 1a mét diém cb
dinh.

O

Phén tich. Trong loi gidi trén c6 sit dung mét két qud dung dé chiing minh tit gidc nbi
tiép:

Pudng phan gidc va dudng trung truc ing véi cing mét dinh ciia tam gidc cdt nhau tai
mét diém ndm trén dudng tron ngogi tiép tam gidc do.

Trén ddy la mét sb vi du thé hién mot sb két qud hitu ich trong cdc bai todn hinh hoc.
Nhiéu bai todn dugc trich trong mot sb dé thi nhdm én tdp lai cdc két qud quan trong
nhu bé dé hinh thang, chiing minh bdng dién tich, dinh ly Menelaus, ... Bén canh dé
ciing c6 mot s6 bai todn la goi y cho nhitng vén dé vé dung hinh. Duéi ddy la mét s6 bai
tdp b sung dé ban doc c6 thé tu luyén tdp thém.

2. Bai tap tu luyén

Bai 1. Cho tam gidc nhon ABC ¢6 I la tdm dudng tron nbi tiép. Goi D, E, F lan lugt
la giao diém thit hai ctia cdc dudng thdng Al,BI, CI vdi d‘uong tron ngoai tiép tam gidc
ABC. DE, DF ldn lugt cdt AC,AB tai M, N. Chitng minh rang MN || BC.

Bai 2. Cho hlnh binh hanh ABCD. Trén canhAB BC ldn lugt lay cdc diém M, N. DLmng
thangAN cdt CM tai P. Duong tron ngoai tlep tam gidc AM P cdt duaong tron ngoai tlep
tam gidc CNP tai diém thit hai la Q. Chitng minh ZPDA = ZQBA.

Bai 3. (HSG cdp Tinh Son La 2023) Cho AABC nhon ndi tiép dudng tron (O). Goi BD
va CE la hai dudng cao ciia AABC. Goi R la giao diém ciia BD va (O) (R khdc diém B),
S la giao diém ctia CE véi (0) (S khdc diém C). Tia AO cdt BC tai M va cdt cung nhé
BC tai N. Tia BO cat AC tai P. Tia CO cat AB tai F.

a) Chitng minh: Tam gidc ADE dong dang vdi tam gidc ABC.

b) Chitng minh: DE || SR va AN la tia phdn gidc ctia goéc SAR.

, ) MB-MC PC-PA FA-FB
¢) Chirng minh: + + =1.
MA? PB2 FC?2

Bai 4. Cho tam gidc nhon ABC. Chitng minh rang tanA+tan B+tan C = tanAtan B tan C

Bai 5. (HSG cdp Tinh Phu Yén 2023) Cho dudng tron (O) dudng kinh AB = 2R. C la
trung diém ctia OA. M la mét diém thudc (O) sao cho MA > MB. Pudng thang MC cdt
(0) tai D (D khdc M), dudng thdng qua D va vudng géc véi AB cdt (O) tai E (E khdc
D), dudng thadng ME cdt dudng thdng AB tai F.

a) Chirng minh AF = AO.

b) Pudng thang qua M song song vdi DE cdt AB tai H va cdt (O) tai diém thit

hai N. Chitng minh rdng 3 diém F,D,N thdng hang.
¢) Trong trudng hop EF = MC, tinh d6 dai doan thdng CH theo R.

Bai 6. (HSG cap Tinh Ben Tre 2023) Cho tam gidc ABC biét /ACB = 45°. Goi O la
tdm duong tron ngoai tlep tam glac ABC va H la truc tdm cta tam glac ABC. buong
thdng qua O va vuéng géc véi CO cdt AC va BC ldn luot tai diém K va diém L. Chiing
minh rdng: chu vi tam gidc HK L bdng véi dudng kinh ctia (O).
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Bai 7. (HSG cdp Tinh Phi Yén 2023) Cho tam gidc ABC vubng tai A, dudng cao AD.
Goi E,F,G lan lugt la tdm duong tron néi tiep cdc tam gidc ABD,ACD,ABC. Goi H la
1 1

1 1
giao diém cua hai duong thang AG va EF. Churng minh rang — =+ — 4+ —
HG HA HE HF’

Bai 8. Cho duong tron (0O), day cung AB khdc dudng kinh. Goi I la trung diém ctia
AB. Qua I vé hai ddy cung MN, PQ ctia dudng tron (0) (M, P nam cung phia nita mdt
phang b la AB). MQ, PN cdt lai AB ldn lugt tai X, Y. Chitng minh rdng I la trung diém
cua XY.

Bai 9. Tir mét diém P nam trén dudng tron ngoqi tiép tam gidc déu ABC ha cdc dudng
vuobng goc vdi cdc canh BC, CA,AB va cat cdc canh nay lan lugt tai D, E, F. Chitng minh
rang D, E, F thang hang.

Bai 10. Cho tam glac ABC ¢6 D la trung diém cia canh BC. Goi I,J lan luot la tdm
deo’ng tron néi tiép cdc tam gidc ABD,ACD. Goi P,Q ldan luot la tam dLmng tron bang
tlep ng véi géc D ctia cdc tam gidc ABD,ACD. Chitng minh rang I,J,P,Q dong vién.

Bai 11. (HSG Tinh Tuyén Quang 2023) Cho ducong tron tdm O, dudng kinh BC = 2R
c6 dinh. Piém A di dong trén (O) sao cho A khdc B, C. Goi M la diém dbi xitng ciia A qua
B, diém H la hinh chiéu ciia A trén BC va I la trung diém ctia HC.
a) Chitng minh rdang AH - CA=AM -CI.
b) Chitng minh rang HM L Al.
¢) Puong thdng MH cdt dudng tron (0) tai E va F (ME < MF). Pudng thang
Al cat duong tron (O) tai diém thit hai G. Chitng minh rdng AF? + FG? +
GE? + EA? khong doi.
Bai 12. (Tuyén sinh vao l6p 10 chuyén Todn Hdi Duong 2008) Cho tam gidc nhon ABC
(AB < AC) duong cao BD,CE cdt nhau tai H, goi I la trung diém BC. buong tron
ngoai tiép cdc tam gidc BDI va CDI cdt nhau tai K. DLmng thang DE cdt d‘uang thang
BC tai M. Chitng minh rdng M, H, K thdng hang va tit gidc BKDM ndi tiép.

Bai 13. Cho tam gidc nhon ABC nhon tiép dudng tron (O) M la trung diém cung nhé
BC. Goi E, F lan luot la trung diém AC, AB. Tia OF, OF lan lugt cdt duong tron duong
kinh AM tai P,Q. Pudng trung truc AM cdt PQ tai D. Chitng minh rang AD || BC.

Bai 14. Chitng minh rang néu mét dudng thdng déng thoi chia dbi chu vi va dién tich
ctia mot tam gidc cho trude thi dudng thdng dé ludn di qua tdm dudng tron néi tiép cla
tam gidc do.
Bai 15. (Tuyén sinh vao 16p 10 chuyén Todn Pai hoc Su pham Ha N6i 2022) Cho tam
gidc déu ABC nbi tiép dudng tron (0), diém D thudc cung nhé AB (D khdc Ava B). Cdc
tiép tuyén véi dudng tron (O) tai B va C cdt AD theo thit tu tai E va G. Goi I la giao
diém ciia CE va BG.

a) Chitng minh rang AEBC «~ ABCG.

b) Tinh sb do géc BIC. Tit d6, hdy chitng minh rdng tit gidc tit gidc BIDE nbi

tiép.

¢) Goi K la giao diém ctia DI va BC. Chitng minh rang BK> =K1 - KD.
Bai 16. (Tuyén sinh vao I6p 10 chuyén Todn KHTN 2018) Cho ngil gidc 16i ABCDE nbi
tiép (0) ¢6 CD || BE. Hai dudng chéo CE va BD cdt nhau tai P. Piém M thudc BE sao
cho ZMAB = /PAE. Piém K thudc AC sao cho MK song song AD, diém L thudc dudng
thdng AD sao cho ML || AC. Pudng tron ngodqi tiép tam gidc KBC cdt BD, CE tai Q va
S (Q khdc B, S khdc C).
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a) Chitng minh 3 diém K,M,Q thang hang

b) Pudng tron ngoqi tiép tam gidc LDE cdt BD,CE tai T va R (T khdc D, R
khdc E). Chitng minh M, S,Q,R, T cung thuéc mét duong tron.

¢) Chitng minh dudng tron ngoai tiép tam gidc PQR tiép xtic (O).

Bai 17. Cho tam gidc nhon ABC c6 O la tdm dudng tron ngoai tiép va H 1a truc tdm.
buong trung truc ctua AH cat AB,AC lan lugt tai D, E. Chitng minh rang OA la phdn
gidc cta ZDOE.

Bai 18. Cho tit gidc ABCD néi tiép dudng tron. Goi P,Q,R, S ldn lugt la giao diém cta
cdc dudng phdn gidc trong ctia cdc cdp goc ZAva /B, /Bva £C, ZC va 4D, ZD va /A
cua tit gide. Chitng minh rang PQRS la tit gidc ndi tiep va MQ L NP.

Bai 19. Cho tam gidc ABC. Goi I, 0 ldn Tuot la tdm dudng tron noi tlep, tam duong
tron ngoai tlep cua tam gidc ABC. Biét rangAB +AC = 2BC. Chitng minh rang tam gidc
AOI vuong.

Bai 20. Cho hai dudng tron cé tdm la Oy, 0, cdt nhau tai hai diém P,Q phdn biét. Trén
duong tron (0,) ldyA B bt ky. AP,BP lan lugt cdt lai d‘m‘mg tron (0,) tai diém thit hai
la C,D. Pudng thdng AB,CD cdt nhau tai E. Chung mlnh rang tam dudng tron ngoai
tiép cdc tam gidc ACE, BDE luén ndm trén mot dudng cb dinh khi A, B thay déi.

Bai 21. Cho tam gidc nhon ABC ¢6 truc tdm H. Goi M, N lan lugt la chdn cdc dudng
cao ké tir dinh B va C, D la diém bdt ky trén canh BC. Goi w1, w, ldn lugt la dudng tron
ngoai tiép tam gidc CDM,BDN. Ké dudng kinh DQ ctia w,,DP ctia w,. Chitng minh
rang P,Q,H thdng hang.

Bai 22. (KSCLHSG chuyén Lam Son Thanh Hoa 2022) Cho duong tron (O,R), dudng
kinh AB c6 dinh. Mot diém C di chuyén trén (O) (C khdc A, B). Goi I la tdm dudng tron
noi tiép tam gidc ABC. V& CH vudng gdc véi AB tai H.
a) V& CM song song véi BI (M € Al). Ldy diém F thudc AB sao cho AC = AF.
Chitng minh CM vudng goc véi FM.
b) Ldy diém P trén tia dbi cﬁa tia AC sao cho AP = AC. Goi Q la trung diém
ctia HB, dudng thang PH cdt CQ tai J. Chung minh ZACH = ZQJB.
¢) Goi K la tdm dudng tron ndi tiép tam gidc AHC; dudng thdng CK cdt AB
tai E. Hay tim vi tr{ diém C trén duong tron (O) sao cho dién tich tam gidc
CEF [6n nhit.

Bai 23. (Kiém tra kién thiic todn chuyén 9 KHTN 2023 dgt 2) Cho hinh thang can
ABCD c6 AB || CD va DA=AB =BC. (K) la duong tron di qua A va B dong thoi tlep
xuc vo’lAD va BC. P la mét diém thudc (K) va nam trong hinh thang. Gid sit PA, PB ldn
luot cdt canh CD tai E, F. Gid sit BE,AF theo thit tu cdt AD,BC tai M,N.

@) Chitng minh rdng ba tam gidc PAB, CBF va DEA déng dang.

b) Chitng minh rdng NF - ME = NA- MB.

¢) Chitng minh rdng PM = PN.

Bai 24. (HSG Tinh Nghé An 2022 Bdng A) Cho dudng tron (O) va ddy cung BC cb
dinh (BC khdc duong kinh). Piém A thubc cung l6n BC sao cho tam gidc ABC nhon va
AB < AC. Pudng tron (I) néi tiép tam gidc ABC tiép xiic vdi cdc canh BC,AB lan lugt
tai D, E. Pudng thdng AD cdt dudng tron (I) tai diém thit hai la M; BM cdt dudng tron
(I) tai diém thit hai la Q; BI cdt DE tai P.
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@) Chitng minh tit gidc IPQM ndi tiép.

b) Chiing minh /BME = ZDMP.

¢) Pudng tron di qua C tiép xtic v6i Al tai I cdt BC tai H va cdt (O) tai diém
thit hai la K. Chitng minh khi A di dong trén (O) thi duong thang HK lubn
di qua mét diém cb dinh.

Bai 25. Cho tam gidc ABC khong cdn c6 (I) la dudng tron ndi tiép. Goi D, E, F ldn lugt
la tiép diém ciia (I) véi cdc canh BC, CA,AB. Goi M, N ldn lugt la giao diém thit hai ctia
IE,IF véi dudng tron (I). MN cdt IB,IC ldn luot tai P,Q. EF cdt BI,CI lan lugt tai
H,G. Chitng minh rang GP = HQ.

Bai 26. (Thi thu todn chuyén DPHSP Ha Néi 2023) Cho tam gidc ABC, vdi AB < AC va
ngoai tiép duong tron (I). Goi D, E, F tuong ng la tiép diém ctia BC, CA, AB vdi dudng
tron (I). Pudng thdng di qua D vubng géc véi EF, cdt dudng tron (I) tai diém thit hai
K (khdc D). Goi L la hinh chiéu vubng goc cua A trén IK. Cdc dudng thang Al,BC cdt
nhau tai H; cdc dudng thang IK, EF cat nhau tai J. Chitng minh rang

@) ZKIF = /ACB va AL la tiép tuyén ctia dudng tron ngoqi tiép tam gidc ABC.

b) LK-BC =AI -EF.

¢) Cdc dudng thdng DK,HJ,AL dbng quy.

Bai 27. Cho ngil gidc 16i ABCDE véi BC = DE. Gid sit rdng c6 mét diém T ndm trong
ABCDE sao cho TB=TD,TC = TE va ZAvd = ZTEA. Pudng thang AB cdt cdc dudng
thdng CD va CT lan lugt tai cdc diém P va Q, trong dé cdc diém P,B,A,Q ndm theo
thit tu trén dudng thdng. Pudng thdng AE cdt cdc dudng thdng CD va DT lan lugt tai
cdc diém R va S, trong dé cdc diém R, E, A, S nam theo thit tu trén dudng thdng. Chitng
minh rdng cdc diém P, S,Q,R ndm trén mét dudng tron.

Bai 28. (Tuyén sinh vao 16p 10 chuyén Todn PTNK 2022) Cho tam gidc ABC c6 truc
tdm H, D dbi xitng véi H qua A. I la trung diém ctia CD, duong tron (I) dudng kinh
CD cdt AB tai E, F (E thudc tia AB).
a) Ching minh ZECD = /FCH va AE = AF.
b) BH cdt AC tai K. Chitng minh tit gidc EFKH noi tiép va EF la tibp tuyén
chung cua duang tron ngoai tiép cdc tam giac CKE va CKF.
¢) Ching mmh tiép tuyén tal C cia (I) va tiép tuyen tai K ctua dudng tron
ngoai tiép tam gidc KEF cdt nhau trén dudng thdng BC.

Tap san Todn hoc STAR EDUCATION



Mot s6 bai toan bat dang thdc chon
loc on thi vao I8p 10 chuyén toan

Poan Quang Pdng - Huynh Trung Hiéu
(SV bai hoc Su pham TP H6 Chi Minh)

1. Bai tap co 10i giai
Vi du 8.1. Cho 9a® + 8ab + 7b? < 6. Chitng minh rang 7a + 5b + 12ab < 9.

Loi gidi. Theo bt ding thitc AM-GM ta c6
1 1
7a+5b+12ab < 7(a®+ ) +5(b% + ) + 12ab
4 4

=(9a*+8ab + 7b*)—2(a—b)*+3
<(9a*+8ab+7b*)+3<6+3=09.

Vi du 8.2. Chifng minh rdng néu 0 < b < a < 2 thi a®>+ b?> < 5.

Loi gidi. Ta co

22 12 22
12 02 _ 3.2 2 2
5=1 +2—b(¥+ﬁ)+(a —b)g
b2 (2 1)? 22
>—|=+= ] +(a®=b%).=
_Z(a b) (a )a2
b2 (2b+a)* |,
=— +(a®*—b?
2( ab ) (a )
b? (2ab)?
o Z(ab) (a )
=a*+ b°.
Pang thiic xay ra khi va chi khi
2 1
a_g a=2
a=2 A b=1
2ab=2a+b
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]
Vi du 8.3. Cho cdc s thuc a, b, ¢ > 1. Chitng minh rang
. (10a®>—5a+1 10b>—5b+1 10c>—5c+1
min , , <abc
b2—5b+10 " c¢2—5¢c+10 " a2—5a+10
Loi gidi. Ta c6
10a®>—5a+1
24T o B e (a—1)° > 0.
a?—5a+10
Khi do
10a®>—5a+ 1Y (10b2—5b+1Y [ 10c2—5c + 1 5
<(abc)".
b2—5b+10 c2—5¢+10 a?—5a+10
Nhu vay
. (10a®*—5a+1 10b*—5b+1 10c*—5c+1
min , , <abc.
b2—5b+10 " ¢2—5¢c+10 a%?—5a+10
]

Phan tich. Ta ¢ thé tong qudt bai todn nhu sau:
Cho x4, X5, ...,Xx, = 1 (n la mot so nguyén duong cho trudc). Khi do

. 10x?—5x;+1 33 3
min SX{X) ... Xp,
X

1<i<n\ x%, —5x;,, + 10

trong do ta quy udc X, = X;.

Vi du 8.4. Cho cdc sb thuc duong a, b, c sao cho a+ b + ¢ > 3. Tim gid tri nhé nhdt
ctia biéu thitc
1 1 1

az+b+c a+b2+c a+b+c2

Lyi gidi. Ap dung Bt dang thiic Bunhiacopsky, ta c6

(a+b+c)*<(a®>+b+c)(1+b+c)
(a+b+c)<(a+b*+c)a+1+c)
(a+b+c)y<(a+b+c*)(a+b+1)

Do doé
1 1 1

+ +
al+b+c a+b%2+c a+b+c?
1+b+c l+c+a l1+a+b

+ +
“(a+b+c)? (a+b+c)? (a+b+c)
_3+2(a+b+c)

~ (a+b+c)

Q=

Dang thtic x4y ra khi va chi khi a = b = ¢ = 1. Nhu vy, gia tri nhé nhét cta biéu thic
Qlal. 0
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Phan tich. Bdi tdp tuong tu: Cho ba sé thuc duong a, b, ¢ théa man

1 1 1
+ + =
a2+b+c a+b2+c a+b+c?

Chitng minh rang 1+ V2 <a+b+c < 3.

Vi du 8.5. Cho a, b, c la cdc s6 thuc I6n hon 1. Chitng minh rdng

a+b+c_ Vab—1 Vbc—1 +Vca—1
> + + .
4 b+c c+a a+b

Loi gidi. Ap dung bat dang thitc AM - GM, ta c6

vab—1 +ab—1 1,/la 1 1 1( 1) 1(1 1)
< =-\\-——=z\|-la—7|)=<=[=+a—7).
b+c 24/bc 2\c bc 2\c 4

Thuc hién tuong tu, ta co:

—X<
c+a

Vbc—1 %(1 1).

a C

XEEEE<<1(1 1)‘

<—-|(=+c—-
a+b 4\ b a
Cong vé theo vé cac bat déng thtc trén, ta dudc bat dezlng thiic cAn chiing minh.
Dau bang xdy ra khia = b =c = v/2. O

Hai bai todn dudi ddy tuy chi dp dung bt ddng thitc Cauchy, nhung doi héi su khéo léo
nhdt dinh trong cdch lua chon cdc thanh phdn tham gia bat ddng thitc Cauchy.
Vi du 8.6. Cho x, y,z la cdc s6 thuc duong. Chitng minh rdng

3x +z 4y 3z +x
+ + > 6.
y+z z+x x+Yy

Loi gidi. Ta co

3x+z+ 4y +32+x+4:(3x+z+1)+( 4y +2)+(32+x+1)

y+z z+x x+Yy y+z Z2+ X x+y
:3x+22+y+4y+22+2x+32+2x+y
yY+z z2+Xx x+y
:2(x+z)+(x+y)+2(x+y)+2(y+z)+2(z+x)+(z+y)
yY+z z2+Xx x+y
:[2(x+z)+2(y+z)]+(x+y+y+z)+[2(x+y)+2(z+x)]
y+z Z+x y+z x+y 2+ X x+y
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Ap dung bét ding thtic AM - GM, ta c6:

2 2(y +
(x+2)  2y+2) _,
y+sz z2+ X

X+ +2z
J’+y

> 2.
y+z x+y

2(x+y)+2(z+x) S

> 4.

Tu do, ta co

3x+3z

zZ+Xx

4y

x+y

3z+x

y+z

2+ X
3x+z
+

4 3z+x
M-

+4>4+24+4
x+y

>6

y+z

z+Xx

x+y

DAu béng x4y ra khi x = y = z. Viy bat ding thtic dudc chiing minh.

Vi du 8.7. Cho a, b, c la cdc sb thuc duong. Chitng minh rdng

2a a+b 6a+2c

4a+3b+c 32a
>

+ = .
a+b a+c 3b+c b+c 2a+b+c
Loi gidi. Ta co
2a a+b 6a+2c 4a+3b+c
VT = + +
a+b a+c 3b+c b+c
_ 2a a+b 2(a+c) 3b+c 4 3b+c 4 4a N 4a
" a+b a+c 3b+c  2(b+c¢) 2(b+c¢) 3b+c b+c

2a a+b 2(a+c) 3b+c

>4 . . .
\a+b a+c 3b+c 2(b+c)
_ 24 2a +2\j 2a + 4a
B \b—l—c b+c b+c’
Tiép theo, ta chitng minh
4# 2a +2\J 2a_, 4a 32
b+c b+c b+c 2a+b+c

2 A 2
That vay, dat t = f/ ﬁ(t > 0). Khi do, bat dang thtic (1) tuong duong
c

4
t3+1
Mit khac, 4p dung bat ding thitc AM-GM, ta cé:

t*+ 2+ 2t > — (2+t+2)(t*+1)>8¢t3.

t*+1>22vatd+t+2=(t3+1+1)+t >3t +t =4t.

Do do, (£3 +t+2)(t*+1) > 2t2.4t = 8¢3.

T d6, bat ding thic (2) ding va b4t dang thitc ban diu dude chiing minh.

3b+c 4a + 4a
2(b+c)3b+c b+c
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Vi du 8.8. Cho a, b, c la cdc sb thuc duong. Chitng minh rdng

a __,b ,c 3
J43+¢c3) c+a a+b 2

Loi gidi. Theo bt dang thiic Cauchy - Schwarz, ta cé

a N b L a? N b2 N c?
3/4(b3+c3) c+a a+b a«3/4(b3+c3) bc+ba ca+ch
(a+b+c)

>
a+/4(b3 +c3)+2bc +a(b +c).

T d6, d€ chitng minh bt ding thitc ban diu, ta ching minh bat ddng thitc sau day

(a+b+c)?

>
av/4(b3+c3)+2bc+a(b+c)

Thét véy, bat ddng thitc (1) tuong duong véi

3
% (D

(1) & 2a® +a(b +c) +2(b*—bc +¢*) > 3a4/4(b3 + ¢3).

Dé thiy b*>— bc + ¢ > 0, 4p dung bat ding thic AM - GM cho 3 sb thuc duong
2a?,a(b +c),2(b*— bc + ¢?), ta dudc

2a® +a(b +c¢) + 2(b* — bc + ¢2) > 34/4a3(b3 + c3) = a4/ 4(b3 + c3).

VAy bat ding thitc ban diu dudc chitng minh.
Dau bang xay ra khia =b =c. O

Phén tich. Bdi todn trén ¢ thé xem la mot ddnh gid lam chdt hon bt ddng thitc Nesbit
quen thudc:

a + b + ¢ >3\7’abc>0
b+c c¢c+a a+b 27 '

Vi du 8.9. Cho ba s6 thuc duong a, b, ¢ théa mdn diéu kién
2(a+b+c)+ab+bc+ca=09.

Tim gid tri [6n nhdt ctia biéu thiic

a+1 b+1 c+1
= + + :
az+10a+21 b2+10b+21 c2+410c+21
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Loi gidi. Ditx =a+1,y = b+1,z = c+1 thi gia thiét d cho trd thanh xy + yz+zx =
12. Khi d6

M: X + y + 2
x24+8x+12 y2+8y+12 22+8z+12
— X + Y + b4
C(x®2+4)+8x+8 (y2+4)+8y+8 (22+4)+82+8

x y 2
< + +
12x+8 12y +8 12z+8

, ) 3 . .
+ Y + . Ta chtng minh P < — hay chitng minh

12x+8 12y +8 12248 16

X y Z < §

+ + <=5
3x+2 3y+2 3z+2 4
That vay, thuc hién quy dong va riat gon, ta co:

Dit P =

x Yy .z _ 27xyz+12(xy + yz+2zx)+4(x +y +2)
3x+2 3y+2 3242 27xyz+18(xy+yz+zx)+12(x+y+2)+8

Ta can chiing minh

27xyz+12(xy + yz+2x)+4(x +y +2)
27xyz+18(xy +yz+zx)+12(x+y +2)+8

3
< P (1)

St dung diéu kién xy + yz + zx = 12, ta c6 bt dang thic (1) tuong duong véi bat
déng thitc
20(x +y +2)+96 > 27xyz.

Ap dung bit dang thitc AM-GM, ta cé:
12=xy+yz+zx=> W, suyra xyz < 8.

Mit khac, ta cd (x + y +2)* > 3(xy + yz +2x),suyra x + y +z > 6. Tt d4, suy ra
20(x +y +2)+96>20.6+96 =216 > 27xyz.

DAu bing xdyrakhix =y =z=2haya=b=c=1.
3 .
VéymaxMzE,xayrakh1a=b:c=1. ]

Phén tich. Bai todn trén la dang khéng mdi, nhung ta cdn bién déi gid thiét 2(a + b +
¢)+ab + bc + ca =9 mét cdch phit hop dé dua vé dang Cauchy quen thudc.

Vi du 8.10. Cho sb tw nhién n > 2, n s thuc by, b,,...,b, va n—1 s thuc duong
a,,a,,...,d,_; théa man a; + a, + - -+ + a,_; = 1. Chirng minh rang
2 b2 2

b2+ 24244 —>2b (by+ byt +b,).
a; a An—1
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Lvi gidi. Ap dung BAt dang thitc Cauchy Schwarz, ta c6

> b: b? by+bs+---+b,)>
2., (b2t by ) = b2+ (by+by+ - +b,)%

b4 2424+ > b2
al Cl2 an_l Cll +Cl2+"‘+an_1

batb=b,+ b;+---+b,. Khido, ta co

b? +x* > 2b,x.

Tit cac khang dinh trén, ta suy ra
2 b2 b2
b+ 24+ 24+ 2 >2b(by+ by+--+b,).
a a n—

Vi du 8.11. Cho n la sb nguyén duong. Chitng minh rdng véi moi sb thuc duong

X1, Xg,...,Xp, ta co bat dang thitc sau

1+x? 1+x? 1+x?
oot ———=n
1+x3xy 1+x5x5 1+ x,x;

Loi gidi. Ap dung bit ddng thitc Bunhiacopsky, ta cé

\/(1 +x2)(1+x3) =1+ x,x,.
1+x? (1+x3)

, , 1+x?
Do do, ta co > = >
T4xx, 3 /(1+x3)(1+x2) IT+x;

Thuc hién tuong tu, ta co

1+4x? 1+4x? Vieo3 ( ) )
— > ,Vi=2,3,...,n (quy ubc x,,; = x;).
14 x;X;41 14+ x7, qawy AR

Cong vé theo vé cac bt ding thiic trén, ta duge

1+4+x? 1+x2 1+x? - 1+4+x? 1+x?
A > + +
1+ x,x; 1+ x3 1+ x3

1+x;x5 14+ Xx9x3

Mt khac, ap dung bat ding thitc AM - GM, ta cb

1+x2 1+4x2 1+x2 W | 1T4+x2 | 1+x2
Lt 2+ >>n . 2.
1+x2 1—|—x3 1+x1 1+x2 1—+—x3

T (1) va (2), bt ding thic duge chitng minh.
Dau bang xay ra khi x; = x;,Vi,j € {1,2,3,...,n}.

Tap san Todn hoc STAR EDUCATION



69

Vi du 8.12. Cho cdc sé x,y,2 thod 0 < x <y <z <1vd 3x+2y+z < 4. Tim GTLN

ctia biéu thitc
S =3x%+2y*+22

2. 7 . 10 A 2 . 1 Y ’ 7
Loi giai. Ta ching minh S < 3 Dau '=’ xay ra khi x = g,y = z = 1 bang cach xét
cac truong hop:
1
Truong hgp 1: 0 <x < g.ViO<ySzS1nén

s<3(%f+211+LP:¥§.

Truong hop 2: —<x<1.Vi0<x <y <znén4>3x+2y+z>6xvadodd

W

1 2 , 2
ng<§<:)(3x—1)(3x—2)§0<:>3x SSx—g.
Lai c6 y? < y,z* < z nén ta dugc

s g 2 2 10
3x“+2y“+z £3x+2y+z—§ﬁ4—§— 3

diéu phai chitng minh.
O

Vi du 8.13. Cho cdc sb duong a, b. Chitng minh rdng

a+b+|a_b|+|bz_b| >2

b b2 a
Y ., a VA, 22 , A LR A .1
Loi giai. Dat — = c thi bat dang thic ban dau co thé viét lai thanh

1 1
|Cb|+wclzz. D

b+c+

Vai trd ctia b, ¢ nhu nhau nén khéng mat tinh téng quat, gia sit b > c. Xét cac trudng

hop sau:
e Trudng hop 1: ¢ > 1. Khi d6 b > 1. V& trai ctia bat dang thitc (1) viét lai 1a

b+c+c_1+b_1—(£+E)+(b—l)+(c—1)>2
b \b ¢ b c)™ 7

(o

* Truong hop2: 0<c< 1.
+ Néu b > 1 thi vé trai cta (1) c6 thé viét lai thanh

b—1 1—
‘> 2
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Thét vy, bit dang thic (2) tuong duong véi

(b—1)+?+(c—1)+1_c >0.
<:>(b—1)(1+%)+(c—1)( —%)20.
1 c—1
<:>(b—1)(1+E+T)ZO. 3)

Dé théy bt déng thitc (3) diing vi b > 1,¢ > 0.
+ Néu 0 < b < 1 thi vé trai ctia (1) c6 thé viét lai thanh

1-b 1-—c¢
b+c+——+
c b

> 2. 4)

BAt dang thtic (4) tuong duong v6i bt ding thiic

(b-1lc—-1)  (b-1)(c—-1) >0

5

b : (5)
Dé théy bét dang thitc (5) diing vi 0 < b, ¢ < 1.

Vay bat ding thitc ban diu dudc chiing minh. O

Vi du 8.14. Cho cdc sb thuc duong a, b, c théa mdn ab + bc + ca = 1. Chitng minh
rang

1—a® 1-—0b> 2
a4 + < 2+/2.
1+a2 1+b2 J1tc2

Loi gidi. Tac6 1+a® = a?+ab+bc+ca = (a+b)(a+c),1+b%=(b+c)(b+a),1+c? =
(c+a)(c+ b). Do do, ta co

1—a2+1—b2: 1—a? N 1-—0b?
1+a2 14+b2 (a+b)la+c) (b+c)(b+a)
(1 =a®)(b+)+(1—-b*)(c+a)

B (a+b)(b+c)a+c)
_(1-a®)b+)+(1—-bH)(c+a)
VA+a)A+b)+c2)

Ta co

(1—a®)(b+c)+(1=b*)(c+a)=a+Db+2c—abla+b)—c(a®+b?)
=(a+Db)(1—ab)+2c—c(a®+ b3
=(a+Db)c(a+b)+2c—c(a+b)*+2abc =2¢c(1 +ab).

Ma theo bét ddng thiic Bunhiacopsky, ta c6

1+ab <+4/(1+a2)(1+ b2).
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Do d6, (1—a?®)(b+c)+(1—b?)(c+a)=2c(1+ab) <2c/(1+a2)(1+ b2).
Tu do, ta co

1—a* 1-—b? 2 201+ 1+
4 + < ( C):ZJZ———JL—szJZ
1+a2 14+b%2 J1+c2 J1+¢2 vV 2(1 +¢2)
VAy bat ding thitc ban diu dudc chiing minh.
. , . 2
Déubéngxayrakhla:b:g,c:l. ]

2. Bai tap ren luyén

X Y

+ Vvéi x, y L& cdc s6 duon
x2+1 y2+1 Y §

Bai 29. Tim gid tri [6n nhdt ctia biéu thitc P =

thay d6i nhung ludén théa mdn x +y = 1.

Bai 30. Vdi a, b, ¢ la cdc sb thuc théa mdn 1 < a, b, ¢ < 2. Tim gid tri [6n nhdt ctia bidu
thirc

a®? b* ¢?
_ c  a
a+b+c

Bai 31. Véia,b,c la cdc sb thuc théa mdn 1 < a, b, ¢ < 2. Chitng minh rdng

1 1 1
(a+b+d(—+—+—)£10
a b c
Bai 32. Véi x, v,z la cdc sb thuc duong théa man x>+ y?+2* = 3. Tim gid tri [6n nhdt
ctia biéu thitc: , , ,
x“+1 +1 2z°+1
F= + Loy :
Z2+2 x+2 y+2

Bai 33. Vdia, b, c la cdc sb thuc c6 téng bang 0. Chitng minh rdng
a—1 b—1 c¢c—1 3
>

+ + >,
az+8 b24+8 248 8
Bai 34. Cho cdc sb thuc a, b,c thay d6i théa man 1 < a, b,c < 2. Tim gid tri l6n nhdt
ctia biéu thitc
S=(a—b)*+(b—c)*+(c—a)
Bai 35. Cho cdc sé thuc duong a, b théa man a®+b* < a®+b3. Chitng minh a®+b% < 2.
Bai 36. Cho 0 < x,y < 1. Chitng minh rang
8(x+y—1 —9xy(x+y—1)+xy >0.

Bai 37. Vdia,b > 0 théa mdn a + b = 2, chitng minh rang

KJ 2—a +\J 2-b _,
2+ 6a 24+6b
Bai 38. Goi S la tdp hop cdc s6 nguyén n (n > 1) sao cho véi n sb thuc bdt ky thudc
khodng (—2;2) ¢6 tong bang O thi téng lily thita bdc 4 ctia chiing luén nhé hon 32.
a) Héi cdc sb nguyén 2 va 3 c6 thudc S hay khong?
b) Chitng minhrang a ¢ S, Ya € N,a > 4.
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Dé thi th& mdn toan chung cho tat

ca thi sinh

A. PHAN TRAC NGHIEM (2 diém)

Hoc sinh ké bdng sau vao gidy lam bai thi va ghi cdu trd 151 tuong tng vao 6:

Cdu hoi 112(3|4|5|6|7[8|9]10
Cdu trd loi
2
Cau 1. Biéu thitc xdc dinh khi va chi khi:
x+1
A x>-—1 B. x>-1 C. x€R D. x=0
Cau 2. Cho a, b € R. Trong cdc khdng dinh sau khdng dinh nao diing?
A Ja-vb=+vab C. Jya++vb=+va+b (iab>
a_+a . 0)
B. /- =—=(W6ia=0;b>0 N
\/; gp (otaz0b>0 e ¢ by ding
Cau 3. Cdu nao sau ddy dung?
B=0 A=0
A ‘/Z_B(:){A:B C. x/Z+\/§—O<:>{B:0
B. |A|=|B|<A=B \/z JA
D. /= =22
B VB
Cau 4. Cho ham sb y = 3 —2x, diém A(a;b) thudc db thi ctia ham sb y = 3 —2x
khi:
A —2a+3=0b B. 3—2b=a C. 3+2a=b D. 3a—2b=0
; 1
Cau 5. Cho 2 duong thang: y =—kx+1vay = (2k+1)x—1, (k #0;k # —5)
Hai duong thang cdt nhau khi:
A k=-3 B. k#—3 Ck=_1 D k#—+
3 3
Cdu 6. Vdi gid tri nao ctia m thi phuong trinh x* — 3x + 2m = 0 v6 nghiém?
A.m>—2 B.m<—2 C.m>2 D.m<2
8 8 8 8
Cdu 7. Cho tam gidc ABC ni tiép dudng tron tdm O bdn kinh R, biét ZACB = 45°.

Tinh d6 dai ddy cung AB.
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A. AB=R B. AB=2R C. AB=Rv2  D. AB=RV3

2 3
Z_Z =4
a b 1 1

Cau 8. Goi (ay; by) la nghiém ctia hé phuong trinh: . Tinh —+ o
1 3 a
1,3 4 o Yo
a 2b

A . ]_ ., B - s 5 ° Ae oA . \_1 \ A
Cau 9. CEL\O tam gidc ABC nhon (A% 5< AC) co ZEACO 2 75° noi tiep guang tron tam
0. Goi M va N theo thit tu la diém chinh giita ciia hai cung nhé AB va AC.
Day MN cat AB tai H, AC tai K. Tam gidc AHK la tam gidc gi?

A. Tam gidc vudng C. Tam gidc déu
B. Tam gidc vuéng cdn D. Tam gidc cdn

Cau 10. Tit diém P & bén ngoai dudng tron (O) vé tiép tuyén PM véi (0), M la tiép
diém. Pudong thang PO cdt (0) tai Ava B (A 6 giita P va O). Khdng dinh nao
sau day dung?

A. APAM ~ APMB C. PM?>=PA-PO
B. PM = PA-PB D. Cd Ava B déu dung

B. PHAN TU LUAN (8 diém)

Bai 1. (1,5 diém)
(a) Cho biéu thiic:

P(x):(4—ﬁ—j’¥‘/fl) (;/_T/E 1 )véix20vdx7é4.

Tinh gid tri ctia P(x) khi x =21 —124/3.
(b) Cho hinh chit nhdt ABCD (AB < AD) ¢ AC = 13. Goi H, K ldn lugt la

\ A A s 2 A A 60 s ‘A s ’,
hinh chiéu vuéng goc cua B, D lén AC. Biét BH = 13 Tinh dién tich tu

Bai 2. (2 aiéiy BHPX-
(a) Gidi phuong trinh: (2x*—3x2—9)(v/2x+1+x—1)=0
(b) Péo Hdi Vdn, déo ndi Hué va Pa Ndng c6 chiéu dai 21km véi dinh
cao nhdt la 496m so véi muc nuéc bién. Hién nay déo Hdi Vin dd c6
hdm qua nii nhung nhiéu ngudi van chon cdch di tau dé c6 thé thudng
ngoan phong canh ky thu ctia Hdi Vin - noi dugc ménh danh la "Thién
ha dé nhdt hiing quan'. Cung dudng sdt Hdi Vin nam phia déng truc
d‘ubng b6 (Qubc 16 1), sdt bién. Poan tau sé di trén trién nii, qua 18
cdu va 6 hdm chui
Nguoi ta thay rdng khi doan tau chui qua hdm dai 600m cta deo Hai
Védn tht mdt 52 gidy méi hoan toan ra khéi hdm. Ciing vdn tbc dé,
ngudi ta lai thdy doan tau luét qua mét ngudi di bé ngugc chiéu vdi
né trong 3,75 gidy. Biét vdn tbc ngudi di b la 3 km/h, héi vdn tbc va
chleu dai doan tau la bao nhleu?
Bai 3. (1,5 diém) Cho phuong trinh: x*>+ (5m+3)x +4m?>+6m+2=0.
(a) Tim m dé phuong trinh c6 hai nghiém phdn biét.

Tap san Todn hoc STAR EDUCATION



(b)

75

Tim m dé phuong trinh ¢é hai nghiém phdn biét x,, x, théa: 2x,—x, =
3

Bai 4. (3 diém) Cho tam gidc ABC vudng can tai A canh a véi M la trung diém
ctia BC. Piém D la mét diém thudc tia dbi ciia tia MA sao cho MD < MA.
Goi E, F theo thit tu la hinh chibu ciia D trén AB va AC. Dung EHLMF (H
thuoc MF).

(a)

(b)
©

Chitng minh tit gidc AHDF néi tiép dudng tron tdm O va FM - FH =
DF?.
Chitng minh rang AF - AC = AM -AD va B, H, D thdng hang.
Goi S la giao diém clia MB va DE, P va Q theo thit tu la trung diém
ctua BD va MF. Chitng minh AS = BD va AQLQP.

—HET—

LOI GIAI

A. PHAN TRAC NGHIEM (2 diém)

Cdu hoi

1

2|3 5167 |8 10

Clu trd loi | A

wl e}
b

4
B|C|A|D|C|C|B

B. PHAN TU LUAN (8 diém)

Bail. (a) p(x)=(4—ﬁ—

(b)

3Vx )-(ﬁ+2+ 1 )

Jx+1 2—Jx x—4
[ D30 [ 2P o1]
Vx+1 4—x
_4-x  (JXHD/T+3)
/X +1 4—x
=/x+3 0,5d

Thay x = 21 —12+/3 vao P(x), ta cd:

P(21—124/3) = v/21—-12v/3+4+3=+/(2/3—-3)2+3=2+/3 0,25d
bdt AH = x (x > 0)

AABC vuong tai B c6 BH la duong cao nén:

_ 144
5 60 =713
BH*=AH -HC S| — | =x-(13—x) & 95 0,25d
13 )
13 144
Vi AB < BC suy ra AH < HC nén ta logi truong hop AH = x = o5
, 25
Do d6 AH = —
13
25 60
AABH = ACDK (ch.gn) suy ra AH = CK = 3 BH =DK = 3
p 119
Ta co: HK =AC —2AH = 13 0,25d
A g s g 7140
Dién tich tir gidc BHDK: Sgypx = 2Sgux = BH - HK = 169 0,25d
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Bai 2. (a)

(b)

Bai 3. (a)

(b)

B C

1
(2x*—3x2—-9)(vV2x+1+x—1)=0 (DKXD:xZ—E)

- 2x*—3x2—-9=0 (1)
V2x+1+x—1=0 (2)

- 5 _ x =43 (n)
(1) & (x2—3)(2x +3)_0<:}[ Y 0,5d
(2) = VaxFi=1—x (PK:x < 1)
& 2x+1=1—2x+x?
(:)x2—4x(=)0
x=0(n
[x:4(l) 0,5d

Vdy S = {0; v/3}

Goi x (m/s) la vdn toc cua doan tau; y (m) la chiéu dai doan tau.
(x,y>0)

Poi don vi: 3 km/h = 2 m/s

Doan tau chui hoan toan khdi hdm khi dudi tau chui ra khdi hdm, nén
qudng duong tau di sau 52 gidy la: 600 + y 0,25d
boan tau lwét qua ngudi di bé nghia la dudi tau phdi qua khoi ngudi
di b6, nén tdéng qudng dudng ctia doan tau va ngudi di bé ngugc chiéu
sau 3,75 gidy bang chiéu dai doan tau. 0,25d
Do dé ta co hé phuong trinh:

52x =600+ y 52x —y =600 Y =125
5 = 25 & ’
3,75x+3,75-€=y 3,75x—y:_§ {y:50
0,25d
Vay doan tau di véi van toc 12,5 m/s va cé chiéu dai 50m. 0,25d

A=(05Bm+3)—44m*+6m+2)=9m?*+6m+1=3m+1)*0,25d
Phuong trinh c¢é hai nghiém phdn biét & A>0< (3m+1)2 >0

1
m ——
7 3

0,25d
1 \ \ 7/ . A A A
Vay m # —3 thi phuong trinh c6 hai nghiém phan biét.
1
Phuong trinh co hai nghiém phdn biét khi m # —3
Vi A = (3m + 1)? suy ra phuong trinh c6 hai nghiém
x =—m—1 hodc x = —4m—2
0,5d
Khi x; =—m—1va x, = —4m—2, ta co:
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Bai 4. (a)

(b)

(©
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3
2x;—x,=3=2(—m—1)—(4m—-2)=3 S m= > (nhan) 0,25d
Khi x; =—4m—2va x, =—m—1, ta co:

6
2X;—xy =3 2(-4m—-2)—(—m—-1)=3 & m = — (nhan)
0,25d

A 3 o 6 2 A A .
Vdy m = > hodc m = . thoa yéu cau bai.

Nam diém A,E,H, D, F ciing thuéc dudng tron dudng kinh AD, vi vdy

tit gidc AHDF ndi tiép. 0,5d
AFMD ~ AFDH(g.g) Suyra FM - FH = DF? 0,5d
AAFD ~ AAMC(g.g) Suy ra AF - AC =AM - AD.

Theo tinh chdt dbi xitng truc, AF - AC = AE - AB. 0,5d

Suy ra AAEM ~ AADB(c.g.c) suy ra tit gidc BEM D néi tiép.

Ta co: /ZEDB = /EMB = /MEF = /MFE = ZEDH.

Vi vdy hai tia DH, DB trung nhau suy ra B, H, D thdng hang. 0,5d
Vi S la truc tdm cta tam gidc ABD nén AH di qua S.

ABMD = AAMS(c.g.c) Suy ra AS = BD. 0,5d
Ta c6: ANAEM ~ AADB va AAEM = ANAFM

Nén AAFM «~ AADB Suy ra AAQM «~ AAPB(c.g.c)

Suy ra ZAQM = /APB suy ra tit gidc APHQ ndi tiép,

suy ra ZAQP = ZAHP = 90° 0,5d

c

I3 D

Q
M
P
H
S
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Dé thi thi vao I6p 10 chuyén toan

1. Dé thi

Thoi gian lam bai: 120 phut

Bai 1. (2,5 diém)

(a) Gidi phuong trinh 3x®+ x +3+ (8x —3)v2x2+1=0.

(b) Cho phuong trinh (vx+1)(x?—3(m+ 1)x +2m?+5m+2)=0(m
la tham sb). Tim tdt cd cdc gid tri ctia m d€ phuong trinh ¢6 hai nghiém
phdn biét thoa mdn nghiém nay la binh phuong nghiém kia.

(c) nla s tu nhién I6n hon hodc bang 4, cho n sb thuca, < a, < ---<a,
théa man a; + a, +---a, =0va |a;| + |a,| + - - - |a,| = A. Chitng minh
rang

a,—a; = —
n
Bai 2. (1,5 diém) Xét cdc s6 a, b, ¢ khdc 0 va d6i mot phdn biét sao cho cdc phuong
trinh sau ddy co mét nghiém chung:

ax®+bx+c=0(1),bx®+cx+a=0(2),cx®+ax+b=0(3).

(a) Ching minha+b+c=0.
(b) Chitng minh rang mot trong cdc phutong trinh ndy cé ba nghiém (khéng
nhdt thiét phan biée).
Bai 3. (1,5 diém)
() Tim sb tu nhién 6 hai chit sb sao cho né bdng téng binh phuong cdc
chit s6 ctia né.
(b) Tim tdt cd cdc sb nguyén tb p, sao cho p c6 thé biéu dién duoc dudi

2
\ —4 . N A
dang Z Y trong do a, b la cdc so nguyén duong.

Bai 4. (3,5 diém) Cho dudng tron (O;R) va ddy cung BC = R+/3 ¢6 dinh, A thay
dbi trén cung 16n BC sao cho tam gidc ABC nhon. Cdc dudng cao BD,CE
cdt nhau tai H. Phdn gidc trong géc A cdt DE va BC lan lugt tai K, L.
(a) Tinh /BAC va ZOHC.
(b) Chitng minh i—Iz khéng d6i. Tim vi tri ctia A &€ KL 16n nhdt, tinh gid
tri do theo R.
(c) Chiing minh dudng thang d qua L vudng gdc OA tiép xiic véi mdt duong
tron cb dinh.
(d) Pudng thang qua K vudng géc DE va dudng thdng qua L vudng goc
BC cdt nhau tai P. Chitng minh AP luén di qua mét diém cb dinh.
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Bai 5. (1 diém) C6 10 vién bi vang va 10 vién bi xanh dugc xép thanh mét hang.
Chitng minh rang ton tai 10 vién bi lién tiep sao cho so vién bi vang va xanh
bang nhau.

2. bap an

Bai 1. (a) (1 diém) Phuong trinh dd cho tuong duong vdi

(b)

(c)

Bai 2. (a)

3x (x2+3)+(8x—3)(V2x2 +1-1) =0.

2x(8x=3) _

V2P +1+1

o _(3x2+9)(1/2x2+1—+—1)+2x(8x—3)] 0
X prmy

&3x (x?+3) +

] V2xZ+1+1
[(3x2+9) vV2x2+ 1+ 18x% + (x —3)
VaxZ¥1+1

=X

- (3x*+9)vV2xZ+1+18x%+ (x —3)?
Dé thay
V221141
nghiém duy nhat cua phuong trinh.
(1 diém) Phuong trinh dd cho tuong duong

> 0, vay x = 0 la

x2=3(m+Dx+2m*+5m+2=0=x=m+2Vx =2m+1.

Phuong trinh ¢ hai nghiém phdn biét khi x*>—3(m+1)x+2m?+5m+
2 = 0 ¢6 hai nghiém khéng dm phdn biét, tic la

m+2>0 .
2m+1>0 S m>——.
m+2#2m+1 2

Do nghiém nay la binh phuong nghiém kia nén ta co 2 truong hop.
Trudng hop 1. (m+2)?> =2m+ 1 < m? + 2m + 3 = 0 (v6 nghiém).
Truong hop 2. 2m+ 1> =m+2 < 4m*+3m—1=0=m=—1
(loai) Vm = % (nhan).

(0,5 diém) Gidst 0 <k <nthdaa, <a,<---a, <0< a,,; <--a,
Khidéa;+---+a,=0,—a;—ay - —a, + @1+ -+a,=A Suyra

Gt Q= — VA Qg+, = = Suyraa; < — vda, > ———.
1 k 5 k+1 nT 5 Ly 1= 5 "= n—k)

Suyraa,—a >A( L +1)>2A
u — —(——+-)=>—.
Y " 'Z“2'n—k k'T n

(0.75 diem)Goi x, la nghiém thuc chung ctia ba da thitc. Khi do ta cé

ax}+bxy+c=0
bx)+cxo+a=0
cxi+ax,+b=0
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(b)

Bai 3. (a)

(b)

Cong vé theo vé ba ddng thiftc trén lai ta thu dugc

3 _ atb+c=0
(a+b+c)(x0+xo+1)—0<:>[ X§+Xo+1=0
Gid st x, théa mdn x3 + xo +1 =0, khi do

c—a

a—>b

axj+axy+a=0=ax)+bx,+c=ax,+a=bx,+c=x,=

Chitng minh tuong tu duogc

_ —b b-—
_fa_da = C:>xg=1:>x0:1(vél)7)
a—b b—c c—a

Xo

Dodéa+b+c=0.

(0.75 diém)Do a + b+ ¢ = 0 nén ta c6 1 la nghiém chung ciia ba da

thirc
ax3+bx+c=(x—1)(ax2+ax—c)
bx®+cex+a=(x—1)(bx2>+bx—a) .
cx®+ax+b=(x—1)(cx®>+cx—b)

Vi a,b,c la ba sb thuc phdn biét suy ra ton tai it nhdt hai s ciing ddu,
hay trong ba s6 A, = a® + 4ac, A, = b*>+4ab, Ay = c® + 4cb ¢4 it
nhdt mét sb duong. Kéo theo, Lé‘n tai mot da thitc co6 ba nghiém thuc.
(0.5 diém) Goi s6 can tim la ab ta ¢cé 10a+b = a>+ b, suy ra a chdn,
xét truong hop cu thé ta cé phuong trinh vé nghiém.

(1 diém) (0,25 diém)Dé thdy, p = 2 la mot s6 nguyén té théa mdn

yéu cdu dé bai, do
2 __
¥4
22—1

(0,75 diém)Gid sit p > 2 la mot s6 nguyén t6 théa mdn yéu cdu dé bai.
Khi do, ton tai cdc so nguyén duong a, b sao cho

4| a2—4
P= \Jb2—1

p*(b*—1)=(a—2)(a+2)

hay

Do do
p? | (a—2)(a+2).

Nhdn thdy, p khong thé chia hét dong thoi cd hai sb a —2 va a + 2, vi
khi do, sé co

plla+2)—(a—2)=4,
la diéu vé 1y, do p la sb nguyén tb 16n hon 2 . Vi thé, tir (2), do p la
0 nguyén to, suy ra p? | a — 2 hodc p? | a + 2. Tir dd, véi luu y a > 2
(dé dang suy ra tir (1)), ta dudc a — 2 > p?, hodc a + 2 > p?; hay,
a > p?+2, hodc a > p*—2. Do vdy, ta c6

2a+1>p*—4
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Bai 4. (a)

(b)
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Tir (1), ta dugc:
p?b:=a®+p?—4

Tit (4), do p > 2 suy ra p?b* > a*(5). Hon nita, tit (3) va (4), ta co:

(a+1)?=a*+2a+1>a*+p*—4
:p2b2

Tir (5) va (6), ta dugc:
a* < p*b* < (a+1)>*

la diéu vé li, do a® va (a +1)? ld hai sb chinh phuong lién tiép. Piéu vo
Iy nhdn dugc & trén cho thdy, khong ton tai sb nguyén té p > 2 théa
mdn yéu cdu dé bai. Vdy tém lai, p = 2 la sb nguyén t6 duy nhdt théa
man yéu cdu dé bai.

(1 diém)Ta ¢ /BAC = 60°, suy ra ZBOC = /BHC = 120°, tit gidc
BHOC néi tiép, suy ra ZOHC = ZOBC = 30°. P

» \ AK
1 diem) Tt idc AEK va ACL dong dang, — = — = —. Khi
(1 diem)Tam gidc va ong dang, suy ra AL —AC 3 i

1 4 g , .
do KL = EAL’ [6n nhat khi A la diém chinh giita cung BC.

(c) (0,5 d‘ié’m)G_oi X la diém chinh giita cung BC, M la trung diém BC. Ve

XULd. Do /BAH = /CAO, suy ra ZALB = ZALR (R la giao diém ctia
d va AO), suy ra XU = XM khéng dbi. Nén d tiép xiic v6i duong tron
tam X bdn kinh X M.
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(d) (1 diém)Goi M la trung diém BC, Q la giao diém ctia EF véi BC, khi
do ta chirng minh dugc QH vudng goc AM tai T.
. , N A TD AD KD
Mat khdc MD,ME la tiep tuyen cua (AED), suy ra — = — = —
; o TE AE KE
nén TK la phan gidc ZETD.
7/ 1 1
Khido ZKTQ = LKTE+ZETQ = 90°—§LA+90°—LB = ELA+ZC =

ZKLQ, suy ra TKQL noi tiép, do dé 5 diém Q,K,T,P,L cung thudc
duong tron.

Ma ZATP = 90° suy ra T, P, M thdng hang.

Do dé AP qua trung diém M ctia BC cb dinh.

Bai 5. (1 diém) Goi cdc vién bi ldn lugt xudt hién theo thit tu la Ay, A,, -+ ,Ayg. VOi
mbi sb nguyén duong 1 < k < 11, goi d, la hiéu cila s6 luong bi mau xanh
va s6 lugng bi mau dé trong bo 10 bi lién tibp 1a Ay, Ay, > Arso. Yeu cdu
ctia bai todn tuong duong vdi viéc ton tai chi s6 1 < k < 11 dé d, = 0. C6
cdc nhdn xét sau:

 d, —d,; = 0. Thdt vdy, hiéu nay la chénh léch gitta s6 bi mau xanh va
s6 bi mau dé trong 20 bi dd cho, va hiéu nay bang O theo gid thiét.

* V6i1 <k <11 thi d, la s chdn. Thdt vdy, néu trong cdc bi Ay, Ay, -+ »Arso
c6 | bi mau xanh (0 < 1 < 10) thi sé ¢6 10— bi mau dé, do do
d, =21 —10 la s6 chdn.

* V6i 1 <k <10 thi d, —d,,, € {0,—2,2}. Thdt vdy, co cdc truong hop
sau xdy ra:

— néu A, va Ay, cting mau thi d, —d,,; = 0;

— néu A, mau dé va A, ,, mau xanh thi d, —d,,, = 2;

— néu A, mau xanh va A, ., mau dé thi d, —d,,, = —2.
Vi cdc nhdn xét trén, cé nhitng trudng hop sau cdn gidi quyét:

* Néud, =0 hodc d;; =0 thi A}, Ay, Ay, la bd diém can tim.

e Nguoc lai, gid sit rdng dy,d,; # 0. Khéng mdt tinh tong qudt, gid sit
rang d, < 0 va dy; > 0. Goi | la chi s6 16n nhdt &€ d, < 0. Khi d6
d; £ —2vad;,; > 0. Hon nita:

22dl+1_dl 20_(—2):2,

cho thdy d;,; =0 hay A;,1,A;.9, "+ »Ars10 la b bi can tim.
Vady bai todn dugc chitng minh hoan toan.
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THANH TiCH TIEU BIEU HOC VIEN STAR EDUCATION

X Nam hoc 2015 - 2016

* 10 giadi nhat Ky thi HSG thanh phé mén Toan (Thu
khoa Ding Doan Dirc Trung).

* Hon 100 hoc sinh d6 vao PTNK va cac trudng chuyén
tai Tp.HCM.

<> Nam hoc 2016 - 2017

* Hon 150 hoc sinh d6 vao PTNK va cac trudng chuyén
dia ban Tp.HCM.

* 87 giai HSG Thanh phé: 32 giai nhat, 30 giai nhiva 25
giai ba & nhiéu mén khac nhau, trong dé cé Thu khoa
Toan - Tiéu Vinh Khang.

* 2 huy chuong vang Olympic 30/4: Cao Hoang Dirc va
Vi Thé Viét.

3 Nam hoc 2017 - 2018

* Hon 150 hoc sinh d6 vao PTNK va cac trudng chuyén
dia ban Tp.HCM.

* 103 giai HSG Thanh pho: 34 giai nhat, 33 giai nhi va
36 giai ba. Trong dé cé cac Thi khoa, A khoa: Lé Trung
Nghia (Toan), Tran Song Ha Anh (Toan), Phan Hoang
Trudng Tho (Toan), Nguyén Ngoc Van Anh (Sinh hoc),
H6 Nguyén Ky Trung (A khoa Vat Iy).

* 4 huy chuong vang Olympic 30/4: Nguyén Viét
Phuong, Thai Tai, Nguyén Mac Nam Trung, Nguyén
Tién Hoang.

* 13 hoc sinh dat giai ky thi HSG Qudc gia.

* Pang Doan Purc Trung xuat sic tham du ky thi Tin
hoc chau A 2018.

< Nam hoc 2018 - 2019

* Gan 100 giai trong ky thi HSG Thanh phé I6p 9 va l6p
12 va trén 20 giai trong ky thi HSG Quéc gia 2018.

* Trén 180 hoc sinh d6 vao PTNK va cac trudng chuyén
TP. HCM.

* Ky thi Olympic 30/4 c6 5 huy chuwong vang va 2 huy
chuong bac mén Toan.

3 Nam hoc 2019 - 2020

* Gan 100 giai trong ky thi HSG Thanh phé 16p 9 va [6p
12.

* Trén 150 hoc sinh db vao truong PTNK va cac trudng
chuyén TP. HCM. Trong dé cé 6 Thu khoa va A khoa
(Nguyén Pham Thuan Thién - Tha khoa Toan PTNK;
Pham Tran Thanh Trac - Tha khoa Van PTNK; Pham
Quang Minh - Thi khoa Anh PTNK; Truong Hoang
Quan - A khoa Ly PTNK & Thu khoa Ly Lé Hong Phong;
Pham An Tran - A khoa Héa & A khoa Anh PTNK; Lw
Tuan Thanh - Tha khoa Toan THTH- BHSP).

* Tran Quang Hung Tha khoa 10 diém mén Toan ky thi

3 Nam hoc 2020 - 2021

* Gan 200 giai trong ky thi HSG Thanh phé [6p 9 va I6p
12.

* Pat 13 gidi HSG Quéc gia 2020 vai 1 gidi Nhat mén
Toan (Pham Hoang Son), 5 giai Nhi, 4 giai Ba va 3 giai
Khuyén khich & cac mén Todan, Ly, Hda, Van, Anh.

* Ky thi Olympic 30/4 cé 15 huy chuong Vang - 6 huy
chuong Bac - 2 huy chuong Doéng vai 3 Thu khoa
(Trwong Cong Huy Hoang - Toan 10; Pham Hoang Son
- Toan 11; Nguyén Khic Hong Hai - Vat ly 10).

* Trén 200 hoc sinh d6 PTNK va cac trudng chuyén TP.
HCM. Trong d6 cé 3 Thu khoa va A khoa (Poan Ngoc
Kim Chau - Thu khoa Van PTNK; Trinh Thi Khanh
Nguyén - A khoa Toan PTNK; D& Gia Huy - A khoa Tin
PTNK).

* Pham Tran Lan Khué - Tha khoa dau vao nganh Rang
- Ham - Mat Dai hoc Y Dugc Thanh phé H6 Chi Minh.
<> Nam hoc 2021 - 2022

* Hon 150 giai trong ky thi HSG Thanh pho 16p 9 va l6p
12.

* Dat 8 giai HSG Quéc gia NH 2021-2022 véi 2 giai
Nhat mén Toan (Pham Hoang Son, Tran Nguyén Thanh
Danh), 1 giai Nhi, 1 giai Ba va 4 giai Khuyén khich & cac
moén Todn, Tin, Hoa.

* Pham Hoang Son - Tha khoa mén Toan Ky thi HSG
Quaéc gia ndm hoc 2021-2022, Huy chuong Bac Ky thi
Olympic Toan Quéc té 2022.

* Trén 180 hoc sinh d6 vao PTNK. Trong dé c6 2 Tha
khoa va A khoa.

* 3 hoc sinh dat diém 10 mén Toan Ky thi THPT Quéc
gia 2022 (Nguyén Tuan Khai, Nguyén Minh Thirc, Phan
Anh Khoi)

<> Nam hoc 2022 - 2023

* Hon 140 giai trong ky thi HSG Thanh phé 16p 9 va lép
12.

* Pat 11 gidi HSG Qudc gia NH 2021-2022 véi 1 giai
Nhat mén Toan (Tran Nguyén Thanh Danh), 5 giai Nhi,
1 giai Ba va 4 giai KK & cac mén Toan, Hoa.

* Ky thi Olympic 30/4 c6 9 huy chuong Vang - 2 huy
chuwong Bac - 1 huy chuong Dong.
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